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1. INTRODUCTION

Study on bivariate distributions attracted the attention of researchers over a long period
of time. These distributions are important in modeling data in many areas. Construc-
tion of discrete bivariate data is quite common in practice. Discrete bivariate data arise in
many real life situations and are often highly correlated. Several bivariate discrete distri-
butions are available in the literature. Different discrete bivariate distributions are given
in Kocherlakota and Kocherlakota (1992). Even if the samples are taken from contin-
uous distributions, the observed values are actually discrete because they are measured
to only a finite number of decimal places and cannot really constitute all points in a
continuum. The observations taken on a continuous scale may be recorded in a way
making discrete model more appropriate. So deriving discrete analogues of continuous
distribution has drawn attention of researchers (Chakraborty, 2015). Different discrete
distributions have been derived by discretizing known continuous distributions.

The Weibull distribution is a versatile family of life distribution. It is one of the most
popular and widely used distributions for failure time in reliability theory. Also it has
been extensively used in the analysis of manufactured data due to its physical interpre-
tation and flexibility for empirical fit.

Modified Weibull distribution was proposed by Lai et al. (2003) is capable of design-
ing a bathtub shaped hazard rate function. Noughabi ez al. (2011) introduced a discrete
analogue for modified Weibull distribution.

Analyzing discrete bivariate data is quite common in practice. Discrete bivariate
data arise quite naturally in many real life situations. Kundu and Nekoukhou (2018)
introduced a new bivariate discrete Weibull distribution which can be taken as a discrete
analogue of Marshall and Olkin bivariate Weibull distribution (see Kundu and Gupta,
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2013). The main aim of the present paper is to discretize the new bivariate modified
Weibull distribution proposed by El-Bassiouny et al. (2018).

The rest of this study is organized as follows. Section 2 provides the univariate modified
Weibull distribution, bivariate modified Weibull distribution, discrete modified Weibull
distribution and generalized likelihood ratio test. Several properties of bivariate discrete
modified Weibull distribution are discussed in Section 3. Section 4 discusses parameter
estimation of the distribution. Section 5 involves data analysis using a real life data set.
Section 6 provides the mixture of bivariate discrete modified Weibull distributions and
its properties and finally we conclude the paper in Section 7.

2. PRELIMINARIES

2.1.  Univariate Modified Weibull (MW) Distribution
Here we are considering univariate modified Weibull distribution having parameters

B,7,and A with distribution function

FMW(x;ﬁ,y,))zl—efﬁxyeAx, x>0,6>0, y>0, A>0. (1)

2.2.  Bivariate Modified Weibull (BMW) Distribution

2.2.1.  The Joint Survival Function of Bivariate Modified Weibull Distribution

Suppose that U, i = 1,2,3, are univariate modified Weibull (MW) distributions and
U ~MW(B,,7,4), Uy ~ MW(B,,7,4) and Uy ~ MW([3;,7, A) are independent ran-
dom variables. Let X; =min(U,, U;) and X, =min(U,, U;). Then, we get the bivariate
vector (X|,X,) is a Dbivariate modified Weibull (BMW) distribution,

(X1, X,) ~BMW(B,, B,, B35, 75 A)-

The joint survival function of X; and X, Spynw (%4, %,), is given by
Seaw (%1, %5) = P(X; > x;, X, > x;)
= P(min(Uj, Uy) > x; min(Uj, Us) > x,)
= P(U, > x, Uy > x,, Uy > max(x,, x,)), )

where U,, i = 1,2,3, are independent random variables. Therefore, we get the survival
function as

A A A
Spvw (X, %,) = e P e g Bax 2 g fiszte Y oz= max(x, x,), 3)

where x;,x,>0, 8,>0, 5,>0, 8;>0, y >0, A>0 (see El-Bassiouny ez al., 2018).

2.3.  Discrete Modified Weibull (DMW) Distribution

Discrete modified Weibull distribution was proposed by Noughabi ez al. (2011), discrete
analogue of the modified Weibull distribution of Lai et a/. (2003).
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Survival function of discrete modified Weibull distribution, Sy (59,8, ¢), is

SDMW(XS%Q»C):quCx, x=0,1,2,.... )

The corresponding probability mass function, fhyn(x;9,6,¢), is

fDMW(x;q,Q,C):qxﬁcx—q(”l)ﬁcw, x=0,1,2,.., 0<g<1, >0, c¢>1. (5

2.4.  Generalized likelihood ratio test

Let X|,X,,...,X, be n independent observations from a distribution with probability
mass function f(x, 0) where 0 is the parameter vector assuming 0 = (6,,0,,...,0,). It
the likelihood function is denoted by L (x;8), then

log L (x:6) = > log(f (x,.0)). ©

Here we test the null hypothesis
Hy: X ~ fo(x), 0€0;, @)
against the alternative
Hy: X~ fo(x), 0€0,. ®)
Under the null hypothesis let & satisfy a set of k restrictions.
Then, the Generalized likelihood ratio test procedure is based on the statistic
5Py, L550)

- : 9
supgeo L (x;0) ©)

where © is the parametric space. The supremum in the numerator is evaluated under
the set of restrictions imposed by H,, while that in the denominator is unrestricted.
The test statistic is

—2logA =log L(x; é)—logL(g; é’), (10)

where @ is the maximum likelihood estimator of 6 with no restrictions, while 6" is the
maximum likelihood estimator under the null hypothesis H,,. The test statistic (10) is
asymptotically distributed as y? with & degrees of freedom.

2.5, Mixture of bivariate distributions

Finite mixtures of distributions have provided a mathematical based approach in sta-
tistical modeling of a wide variety of random phenomena. As an extremely flexible
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method of modeling, finite mixture models have received an increasing attention over
the years from practical and theoretical point of view. Consequently, the extent and the
potential of the applications of finite mixture models have widened considerably in the
last decade. Application of mixture models spread over astronomy, biology, genetics,
medicine, psychiatry, economics, engineering, marketing and other fields in the biolog-
ical, physical and social sciences. For details see McLachlan and Peel (2000). In many
of these applications, finite mixture models support a variety of techniques in major ar-
eas of statistics including cluster and latent class analysis, discriminant analysis, image
analysis and survival analysis. There is a vast literature available on finite mixture mod-
els. For example, see Everitt and Hande (1981) and Titterington et al. (1985) and review
article of Titterington (1990). Here, first we present some general idea about mixture
distribution.

Let (X,,X,) be a bivariate discrete distribution with joint probability mass function

g
f(xl,xz):Zaifi(xl,xz), (11)

where for each 7 = 1,2,...,¢, @; > 0 with 3¥ @, = 1 and fj(x;,x,) > 0 such that
hININ f(x;,%,) = 1. Then, we say that (X;, X,) hasa mixture distribution and £ (x;, x,)

is a finite mixture distribution. The parameters a,,a,,...,a, are known as mixing

g
weights and f;(x;,x,), the components of the mixture for i = 1,2,...,g. We denote
© as the collection of all distinct parameters occurring in the components and ¥ as the
complete collection of all distinct parameters occurring in the mixture model.

Let A = {F(x,,x,),x;, X, € R} be the class of distribution functions from which mix-
tures are to be formed. We identify the class of finite mixtures of A with the appropriate

class of distribution functions, defined by

. g
H:{H(x):H(x):ZaiFi(xl,xZ), a;>0, F(,)eA, i=12,...,g}, (@12
=1

so that H is the convex hull of A. We denote F;(x,,x,) by F, and the mixture by

3. BIVARIATE DISCRETE MODIFIED WEIBULL DISTRIBUTION

Consider three independent discrete modified Weibul(DMW) distributions,
U ~DMW(g,,0,c), i =0,1,2. Let X; = min(U,, Uj), X, = min(U,, Uj), then (X}, X,)
has a  bivariate  discrete modified Weibull ~(BDMW) distribution,
(X1, X,) ~ BDMW(q4,9,,95,0,¢), where x,x, = 0,1,2,...,0< ¢, < 1,0 < ¢, < 1,
0<¢q,<1,0>0,c>1. Asaspecial case, if c = 1, then bivariate discrete Weibull
(BDW) distribution of Kundu and Nekoukhou (2018) is achieved.
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3.1, Joint Survival Function

If (X,,X,) has a bivariate discrete modified Weibull (BDMW) distribution,
(X1, X,) ~ BDMW(qy,9,,9,,0,¢), the joint survival function, Sgpyw(xy,%,), 1s given
by

Somw(X13915 0> ) Spmw (%2394, 05 ¢) - if x; < x,

Seomw (X1, %2) = 4 Spviw (%15 9015 05 €)Spaw (X292, 05 ¢) - if x, < xy (13)
SDM\W(’“%%%"Q’C) if x; = x, = x.
PROOF. See in the Appendix. O

3.2, Joint Probability Mass Function

The joint probability mass function fgp)ny (%, X,) of bivariate discrete modified Weibull
(BDMW) distribution with parameters ¢, ;, ¢,, & and ¢ is

F10x1 %3905 915425 05 ¢) - if 2 < x,
Joomw (%15 %) = { fo(%1, %2590, q1,G2, 05¢)  if xy <x (14)
fo(x§%a511’42’9’6> if x; =x, =x,

where

J1(%15%93 90> 41> 425 05 €) :fDMW(xl;ql’e’C>fDMW(x2;qu2’6)’C>
fz(xpxz;%’%"lz’g’c) :fDMw<x15%%’9aC)fDMw(x2542>9’C)

xﬁcx x 96x+1
Jo(x346:91> 92,6, ) =47 forw (396920, €) —(900)" T forw (%3920 ).

(15)
PROOF. See in the Appendix. O

Now we present some applications of BDMW in reliability through the following re-
sults.

3.3, Application of BDMW in Risk Model

Suppose a system has two components, say component 1 and component 2. First com-
ponent fails due to two different causes, say Cause A and Cause C. Second component
fails due to two causes, say Cause B and Cause C. Let the failure time of the compo-
nents are discrete, say X, for component 1 and X, for component 2. If U,, U, and U,
denote the lifetime of Components due to Cause C, Cause A and Cause B, respectively.
Then, X; = min(U,, U,) and X, = min(Uj,, U,) denote the lifetime of Component 1 and
Component 2, respectively. Therefore, if U ~ DMW(q,,8,¢), U, ~ DMW(q,,0,c)
and U, ~DMW(g,, 0, ¢), then (X,,X,) ~ BDMW(q,, 4,45, 0 ¢).
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3.4. Application of BDMW in Shock Model

Suppose a system has two components, say component A and component B. It is as-
sumed that the system receive shocks from three different sources. System receives
shocks randomly and independently of other shocks at discrete times from the sources,
say Source 0, Source 1 and Source 2. Also Component A receives shocks from Source 0
and Source 1. Similarly, Component B receives shocks from Source 0 and Source 2.

Let U, U; and U, denote the discrete times at which shocks appear from Source 0,
Source 1 and Source 2, respectively. Any component fails as soon as it receives the first
shock. Here X; = min(Uj,, U;) and X, = min(U,, U,) denote the lifetime of Component
A and Component B, respectively. Therefore, if U, ~ DMW(q,,0,c),
U, ~DMW/(q,,8,c) and U, ~ DMW(q,, 0, ¢), then (X,,X,) ~ BDMW(qq, 4,4, 0, ¢).

In Figures 1 and 2 the joint probability mass function (PMF) is plotted for two dif-
ferent values of the parameters.
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Figure 1 - The joint PMF of a BDMW distribution with parameters ¢, = 0.95, g, =0.5, ¢, = 0.8,
6 =0.9 and c = 1.018.

Joint PMF

Figure 2 - The joint PMF of a BDMW distribution with parameters g, = 0.9, ¢, = 0.6, g, = 0.85,
6 =0.9 and ¢ = 1.018.
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3.5.  Joint Cumulative Distribution Function

If (X,,X,) is a bivariate discrete modified Weibull distribution with parameters qo, 4y
¢,, @ and ¢, then the cumulative distribution function of (X, X,), Fypaw(%1» X, ), is given

by

xfc"l .
Fapanw (X1, %,) = { fDMW(XZ;qZ’e’C>_qi CXZfDM\SV(xZ;quZ’e’C) Tf X <X (16)
fDMW(xl;ql’ 0, 5)_422 fDMW(xﬁ%‘h: 0,¢)if x, < x;.
PROOF. See in the Appendix. ]

3.6.  Marginal Survival Function

If (X,,X,) is bivariate discrete modified Weibull distribution, then the marginal distri-
butions of X, i = 1,2, are discrete modified Weibull with marginal survival function

Sx (%) = Spmw(%:34:90, 0, ¢), i = 1,2. (17)

PROOF. The marginal survival function of X;, 7 = 1,2, (S (x;)) can be obtained as

SXi(xi):P(Xi > x;)

P(min(U Uy) > x; )
P(U; z x;, Uy 2 x;)

=P(U. > x,)P(U, > x;)
(4:40)""
Somw(%;39:90,05¢), 1 =1,2.

If (X,,X,) ~ BDMW(qy,9;59,, 0, ¢), then the marginals are DMW distributions.
Also X; ~DMW(q,q,,0,c) and X, ~ DMW(q,q,,0,¢). O

3.7.  Conditional Probability Mass Function of X, given X, = x,

The conditional probability mass function of a bivariate discrete modified Weibull dis-
tribution is given by

Jomw(x1391,05¢) if x; < x,
Jomw(%139091,0,€) fomw (%239,05¢) :
fX1|X2:x2<x1 |x2> = o }Dilv;(xz;qoqiz,c)z : if Xy <Xy (18)

x0cx x 0 cx+l X3q,,0,¢
q; _(qoq1>( +1) e+ _fomw(¥395,0,¢)

if x, =x, =x.
Fomw(x3904,0,¢) 1 2
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PROOF.
Jeomw (*1,%,)
fX X, = (x1|x2>:
= Jomw (%25 40425 05 ¢)
fDMw(xﬁ%,@,C) if Xy < Xy
— Fomw(¥139091,95¢) fomw (%2392,05¢) 1f X, < X,

P fDMw(xz%qzﬁ’f&) - 6,0)
x/c® __ (x4+1)7c**! _Jomw(*32,0,¢ : — —
gdl (qoq1) Jomw(x39092,05¢) if X=X =X

3.8, The conditional survival function of X, given X, > x,

If (X,,X,) is a bivariate discrete modified Weibull distribution with parameters ¢, g,
45, 0 and ¢, then

SDMW((xﬁqn@,Ce) ) if x; < x,
Somw(X1390d1,0,¢) .
SX1|X22x2(x1): ?MW (; ; 1(9 5 if Xy < X4 (19)
DMw{X25G0s Vs
SDMW(x;ql)Q’C) ifxllezx_

PROOF. Using the definition

SX1|X22x2(x1) =P(X; = x|X; > x,)

_ P(Xl > x1aX2 > xz)
P(X; > x))
xfm( )xfcxz
022
_ @)
022
(@@d)”"
(@ TR
Somw (%1391, 05¢) if x, < x,
— Somw (*1590915 05 €) fx < x
Soaw (%2590, 05 ¢) 2=
SDM\W(x;qla 6; C) if X| =X =X.
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THEOREM 1. If (Y,,Y,) ~ BUW(3,, B,, 35,0, A) as proposed by El-Bassiouny et al.
(2018), then (X,,X,) ~ BDMW(q4, 41, 45,0, ¢), where X, =[Y,], X, =[Y,], gy = e 71,
q, = e 2, q, = e 7 and c = e”. Therefore, the proposed modified bivariate discrete
Weibull distribution can be considered as a discrete analogue of the continuons bivariate

modified Weibull distribution.

THEOREM 2. If X, = min(U,, U,) and X, = min(U,, U,) where U, ~ DMW(q;,0,¢),
i =0,1,2, then X, and X, are Positive Quadrant Dependent (PQD).

PROOF. If x; > x,, then

Spomw (%15 %2) = Spvw (%13 915 0, )Spmw (%25 45 0, )Spmw (23 905 0,c)
=P(X; 2 x,X, > x;),

where z = max(y,,7,).

P(X, > x)P(X; > x3) = Spvw (%15 90415 0, ¢)Spmw (%25 905 0,c)
= Spaw (%1390, 05 €) Spvw (%1341, 6, €)X
X Spamw (%23 905 95C)SDMW(x2;qza ,c).

Since0<¢; <1,7=0,1,2, then
P(Xy 2 x, X, 2 x)) 2 P(X; 2 x))P(X; 2 x).
Similarly, we can prove that
P(X,>x,X, > x,) > P(X, > x,)P(X, > x,) forx; <x,.

O

THEOREM 3. Suppose (X,,X;,) ~ BDMWAG;0,9;1>9:2,05¢) for i = 1,2,...,n and
they are independently distributed. Ify = mnX,,X,,.X,) and
Y, =min(X,,,X,,,...X,,), then

(Yl’Y2>~BDMW(H%O’H%DH%Z’Q’C>' (20)
=1 =1 =1

PROOF. Let (X;;,X;,) ~ BDMW(q,0,9;1,9;2.0,¢) for i = 1,2,...,n, where
X, = min(Uy, U;y) and X,, = min(U,y, U,,). Uy, Uy and Uy, 1 = 1,2,...,7n are in-

1 1

dependent discrete modified Weibull distribution (U, i~ DMW(qg; i O,c),7 =0,1,2).
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The joint survival function of (Y7,Y)) is

P(Y12y1,Y22y2):P(ml n(X;,1=1,2,. n>y1,Xl-2,i:1,2,...,n2y2))
X 23’1’X12>3’2’l—1 2,...,n)
mi (UiO’Uil)Zyl’mln<UiO’Uiz)Zy2>
Ui Zyl’UizZyzanoZmaX(J’pyz)ai:1’2,---’">
n n
P(U; 23’1)1_[1)((]1'2 Zyz)HP(UioZmaX(ypyz))

=1 =1

CH ” 072 S007 _
l_[ l_[qz‘o s z=max(y;,,)-
i=1

(T
=23

i zx Ez:

Therefore,

(Y}, Y,) ~BDMW <1_[ql'o’1_[ql'1a1_[qz'2’ 9,C> .
i=1 i=1 i=1

THEOREM 4. If discrete random variables X, X, and X, are independent geometric
distributions with probability mass function P(X; = x) = qfp, x = 0,1,...,

0< pgi <1, po+q, =1, i =012and U = (%)ﬁ%l, ¢ = logk, then
(min(Uy, U,), min(U,, U,)) follows a bivariate discrete modified Weibull distribution with
parameters qo, q,, 4y, 0 and c.

PROOF. The probability function of X; be given by P(X;=x)=qp;;x=0,1,.

0<pig; <1, pi+q;=1,:=0,1,2 and U, = ( )€+1 ¢ =logk. Then, if the survwal
function of U is given by Sy, (#), we have

SQ<M)2P<<1£/€>§L > u>

(X; > logku’*")
(X, >u"c")
q! e (Roy, 2002).

p
pr

Since X;s are independent, U;s are also independent. Consider Y| = min(Uj,, U,) and
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Y,=

Yz(yl’yz)

min(U,, Uj). The joint survival function of Y and Y, is

P(Y,Z2y,Y,2>7,)

(mm Uy, U)) >y1,m1n(UO,U)>y2)
(U 29Uy 29, Uo>max(y1,y2))
yie
1

yzcyl Zﬁcz
4o

q ' y Z= max(yl’yz)’

that is the survival function of bivariate discrete modified Weibull distribution with
parameters ¢,,4,,¢,,0 and c. O

3.9, Joint Hazard Rate Function (HRF)

The joint hazard rate function by (%, X,) of bivariate discrete modified Weibull dis-

tribution is given by

S (x,+1;4,,0,¢) S (x,+1;9095,05¢) .
1— DMW\ X1 1 )(1_ DMW\*2 092 > f
( Soaw (x1391,05¢) Spomw(*239092,05¢) ! < X2
(1 _ SDMW(x1+'1;quIé€=C)> (1 _ SDM\W(XZ‘F. iqz ¢ > if X, < X,
bBDMW(x13x2> = Somw (*13d041,0,¢) Somw (%2342,05)
<1 _ SDMW(x+1;qu2’(9’C)> _ Somw(x+159091,0,¢) (1 _ SDMW(X+1§¢12)9)C))
Somw (x39042,05¢) Somw(%3q091,0:¢) Somw (x5g2,0,¢)
ifx; =x, = x.
@1
PROOF. See in the Appendix. O

Also the joint hazard rate function (HRF) is plotted in the Figures 3 and 4.

Joint HRF

Figure 3 - The joint HRF of a BDMW distribution with parameters g, = 0.95, g, = 0.5, ¢, = 0.8,

6 =0.9 and ¢ =1.018.
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Joint HRF

Figure 4 - The joint HRF of a BDMW disribution with parameters g, = 0.9, ¢, = 0.6, ¢, = 0.85,

f# =0.9 and c =1.018.

3.10.  Joint Probability Generating Function

The joint probability generating function (PGF) of X, and X,, Gppyw(%,%,),

for|Z,| < 1and |Z,| < 1, can be written as infinite mixtures.

10 i 0 it i0ci
Gepmw (15 %) = ((%41) —(qoq)" " )<¢Iz
i0c i+1)fcitt i0c
(" =2 ) (a0

;0 i 0 il i
<(‘]o‘]z)l —(q02)" " >Z122

+zq{'96i

e i Bcz 1 iﬁci i 961+1 i
_Z(%%)( e <‘12 —4§ = >Z1 Z.
=0

PROOF. See in the Appendix.

4. ESTIMATION

4.1.  Maximum Likelihood Estimation

— (9092

(i+1)€ci+1 i ]
e 21%)

i ]

(i+1)95i+1
) %1%

22)

To estimate unknown parameters ¢y, q;, ¢,, & and ¢ of bivariate discrete Weibull distri-
bution using maximum likelihood estimation, consider a sample of size n
{Ce115 %21, (%120 %92)s -+ (X1 %)} from bivariat.e discrete modified Weibull distribution.
I ={isxy; <xy;}, L, = {i3%; > x,} and [y = {i;x;; = x,; = x;} and 7; are the number

of elements in the set 1,7 =0,1,2.
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The likelihood function L(x;qq,4;,4,,0,¢) is given by

! ) "y

L(x390, 915955 @sc):l_[f(xlj’xzj)l_[f(xlj’xzj)l_[f(xlj’xzj')' 23)

Thus, the log likelihood function / =log L(x; ¢4, 4q;,9,,0,¢) 1s

I = ilog <qfﬁc”1/ _qixu-kl)g[ﬂjﬂ) <(qoqz)x2§”xzj (st o— x2]+1>
j=1
+§log ((@oa) " —(qoq) " )(q;w —q§x2’+l)ecxz’“>
+Zlog<% < (4022)"" —(g00) " )
— (o4 ) (1) <q;}9€x, _qéx]+1)96’6]'+1>>
_Zlog< xfey Exl +1)c 1]+1>+Zlog((qoq2) 0c (2ot )x2/+1)g x2]+1)

5 M RIS xf. ¢ (2 +1)0 %!
+Zlog< (@od)" " —(qoqy) < >+Zlog<qzz’ —q,” >

j= =1
el x,HCX/ x0ci x; 4—1)9814rl
+> log( g, <(qoqz) 1 — (o) )
=

” 0%+ x0c% (x _H)HCX]'H
_(%‘]1)(]+1> / (q/ —q,’ >> 24)
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Then, we have

& g1(x1j’41,6’5)_g1(x1,'+1’41’6’5)

a0 j=1 fDMW(xlj;q1’6>C)
+i gl(xzj’%%’esc)_gl(xzj +1,4095,0,¢)
=1 fDMW(xsz%%,@’C)
+i (%1901, 0, ¢) — &1 (%1 + 1,901, 0, ¢)
=1 fDMW(xlj;qul’e’c)
i gl(xzj’qz’e’c)_gl(xzj +1, qZ)(Q’C)
j:l fDMW(xzj?%ﬁ’C)
+Z 81(x]"%5]142’€>c)+g1(x]' +1,9019,0,¢)
x; 0% . 5ij+1
=g, fomw(x s%%’g,f)_@o‘h)( i+ fDMw(xj;%s@’C)
< 8(%;,91,9092, 05 ¢) + &}, 95,9091, 0, ¢) 25)
- x‘gcxl . Lgcx +1 ’
=g’ fDMW(Xﬁ%%,‘9’5)—@0%)( pHifer Jomw(%32,05¢)
al i &(x1,91,0,¢)— g(xy; +1,41,0,¢)
dec

j=1 fDMW(xlj;ql’g’C)
+§: 83(x2j’%42’ 0,c)— gz(xzj +1,9095, 0, ¢)
j 1 fDMW(xzﬁ%%»H’C)

+Z &(x1;,9091,0,¢) — g (x1; + 1,4094, 6, ¢)
Jomw( xlﬁ‘]oéhﬁ,c)
Z &3(%)59,0,¢)— &5(x3; + 1,45, 0,¢)
j=1 fDMW(xz;‘;ﬂIz’@»C)

gs(xja‘]o‘h‘]z: 0,¢)+ gs(x~ +1,90919,,0,¢)

: x0c% M
=t g, fDMW(xj;%%ﬁ,C)—(%Ch)( Pyt fDMw ,92,‘9"‘)
_Z g(x "5]1aqoqza<9’c)+84(x's42a%41’6 c)

XUC

= s (26)
=t q,’ Fomw(x ,4042»9’C)_(404 )(xH fDM\X/( :‘12,‘9»5)
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al 1 |: o gs(%5 9092, 05 ¢) + 2 gs(%1;,90915,05¢)
3610 dol= ? fomw (%23 9042, 05 €) = = fomw(x13 01, 05)

69(
X
> q, gs(x',610612’6’c)_86(xj+1»%‘11:9’C)fDMW(x"‘Iza‘9»5)
+ xgc , (27)

x; +1) VAR

=l q Joaw(x ’4104]2"9’C>_<‘]o¢]) Jomw(x a%)a’f)

ﬁ_i[ & &pgntio) 3 g5 90d1,65)
dq a4 =1 fDMw(’%/;ﬂh,e,C) =1 fDMW(’Cw;%%’@,C)
+ 20, fomw(x "%42’e’f)ge(xjaﬂh,e’f)—g(,(x'+1 510611’9 C)fDMw(x/’%,eaf)]

xéc 7

=1 fDMW( ,‘]o‘]z,&’f)_(%q )<x+1 fDM\X/( ,qz,ﬁ,c)
(28)
and
al 1 [ o gs(%)5 90920 05 €) L2y g5(%;5 40, 050)
342 12 ,1fDMw(x2p%42"9 <) =1 Jomw(x2342, 6, ¢)
20 x0c%i
) 7, &(x9092,0,¢)—(9091)” gs(x~,612,9,6)
+3 B J e

)x+1

=gy fomw(%39092: 05 ¢) — (90 " o (x;392,0,¢)
where:
® gl(x,q,e,c)—x ¢ qx “log(x +q),
0.x (x4+1)0c+D X X
o 8(x.41,020,0) =47 gy (2 e loglx+q,)+(x+1) ¢ log(x+q,+1)),
o &(x,q,0,0)=x""1c*71g"" log(q),
6.x (x 0 o(x+1) — X
b g4(x’ql’q2’ (9’6) = qf ‘ qg W <x6+1c ! 1Og(ql) + (x + 1)(9-‘_1 10%( ))
° gs(x’q’e’c> —xY qx c* (x+1>9 x+1q(x+1)5 cxtl and g(,(x q)e C) _ xﬁqux =1
The maximum likelthood estimators of the parameters ¢, ¢, g,, & and ¢ can be
obtained by solving these five non linear equations. The solution of these equations

are not easy to solve. We need a numerical technique to get the maximum likelihood
estimators.
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5. DATA ANALYSIS

In this Section we discuss maximum likelihood estimators of the parameters of BDMW
distribution using a real life data and compare the bivariate discrete modified Weibull dis-
tribution with the BDW distribution proposed by Kundu and Nekoukhou (2018) using
maximized Log-Likelihood (-L), Akaike information criterion (AIC), corrected Akaike
information criterion (AICc), Bayesian information criterion (BIC) and Hannan-Quinn
information criterion (HQC). Here the maximum likelihood estimates of parameters
are obtained by limited memory quasi Newton algorithm (Byrd ez al., 1995).

The data set given in Table 1 consists of a football match scored in Italian football
match (Series A) during 1996 to 2011, between ACF Fiorentina (X, ) and Juventus (X,).

The values for -L, AIC, AICc, BIC and HQC of bivariate discrete modified Weibull
distribution less than the values corresponding to the discrete Weibull distribution. Val-
ues are provided in Table 2. Thus, we can say that the bivariate discrete modified Weibull
distribution provide better fit than the bivariate discrete Weibull distribution.

TABLE 1
The Score data between ACF Fiorentina(X,) and Juventus (X,)
Obs. MatchDate X, X, Obs. MatchDate X, X,.
1 25/10/2011 1 2 14 16/02/2002 1 2
2 17/04/2011 0 0 15  19/12/2001 1 1
3 27/11/2010 1 1 16  12/05/2001 1 3
4 06/03/2010 1 2 17  06/01/2001 3 3
5 17/10/2009 1 1 18  21/04/2000 0 1
6 24/01/2009 O 1 19 18/12/1999 1 1
7 31/08/2008 1 1 20  24/04/1999 1 2
8 02/03/2008 3 2 21  12/12/1998 1 0O
9 07/10/2007 1 1 22 21/02/1998 3 0O
10 09/04/2006 1 1 23  04/10/1997 1 2
11 04/12/2005 1 2 24  22/02/1997 1 1
12 09/04/2005 3 3 25 28/09/1996 0O 1
13 10/11/2004 © 1 26  23/03/19% 0 1
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TABLE 2
The MLEs,-L,AIC,AICc,BIC and HQIC values for the data.

BDW distribution BDMW distribution

9 1 0.96
4 0.78 0.92
A 0.95 0.95
% 4.98 0.34
c — 2.6
-L 293.08 67.17
AIC 594.16 144.33
AlCc 596.07 147.33
BIC 599.19 141.41
HQC 595.61 135.48

5.1, Testing of additional parameter in BDMW

Let {(x115 %51 ), (%12, X3)s -5 (X1, X5, )} be independent observations from a bivariate dis-
crete modified Weibull distribution with parameters ¢y, ¢,,4,,0 and c.

To test the significance of the additional parameter ¢ of BDMW, we use GLRT dis-
cussed in Section 2.4. Here we test the null hypothesis H : ¢ = 1 against the alternative
Hi:c>1.

The generalized likelihood ratio test procedure is based on the statistic

A = SPemt L5 0,41, 02,0, €). (0)
SUpco L(%: 90, 91,9205 )

where © is the parametric space and L(x; ¢y, q,,¢,, 0, ¢) is the likelihood function of the
distribution.
Then, the test statistic is

—2log A =log L(x; 40,41, 45, 05 ¢) —log L(x; 45, 41,43, 6, 1), (31)

where ¢ is the maximum likelihood estimator of ¢ without restrictions. The test statistic
-2logA is asymptotically distributed as y? with 1 degrees of freedom.

Here, —2log A = 360.25 and, for a significance level a equal to 0.001, the theoretical
value is 10.83. Therefore, we reject the null hypothesis.

6. MIXTURE OF BIVARIATE DISCRETE MODIFIED WEIBULL DISTRIBUTIONS

Suppose f(x;,%,), i =1,2,..., g be bivariate discrete modified Weibull distributions.

Let
g

H(xy,x,) = Z“ifi(xlsxz)’ (32)

=1
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where a; are nonnegative quantities with0<o; <1,i=12,...,gand 3%  o; =1,
which are the weights or mixing proportions. f; (xl, x,) are component densities. Thus,
H(x,,x,) is a g-component finite mixture density, where

H(x;,x,) ifx; <x,
H(xy,%,) =< Hy(xy,%) if x, <x (33)

Hy(x) if x;, =x, =x,

8 b; x1 0; >¢14rl 6; x v+l
x ' (x +1)% i X2 0; 2t
Hi(x,%,) :Z“z <‘2’1l1 —4q; >((6]oﬂzi)x2 K —(40i612i)(x2+1) g ), (€2))

=1

oq

* L xH ik (xp+ 1) 2
xl’xz :Zal<q01qlz 1C; _(quqlz) ) g )<q212 l _qu2 ' > (35)

=1

and

§ X zc 9 (x+1)€l cxHl
)=>a;(aqy; " (Goig2)* " — (@00 )

i=1
8 6. «x 0; x+1
0; ox+1 i (x+1) ic
_Z a; < quqlz A (q;l “— 95; )) . (36)

6.1.  The joint survival function

The joint survival function of the mixture distribution is given by

g
$(x1,%;) Z P(X; 2 x, X, 2 x))

£ it i g6
X6 X i
Z 9 9 i o 37)

=1

where z = max(x, x,).
To find the marginal distribution we can consider the marginal survival function

S<x1):zg:aiP<X1 > x)

g
:Zaip(min(Uoi, U;)> xl)

ﬁxl

g
:Zaz(quqlz) : (38)
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Thus, we get the marginal distribution of the mixture distribution as

8 6; x

fle)=2a <(qoz-6111> 1 = (g ) (39)

=1

which is a mixed discrete modified Weibull distribution.
Then, marginal distribution functions of X, and X, are given by

91 C?‘I
F(xy)= 1_Zai(40i611i>x’ i (40)
i=1
and
8 6 x
F(x,)) = I—Zai(%i%i)xz i (41)
i=1

6.2.  The joint distribution function

The joint distribution function of mixture of bivariate discrete modified Weibull distri-
bution can be obtained by

F(xy,%,) = F(x;) + F(x5) + S(x;,x,) — 1

_ Fi(x,%y) ifx; <x, )
Fy(x;,%y) if x, <x;.

If x; < x,, then

8 i 8 Jien < & 0 2
F1<x1’x2>:1_zai(q0iqlz v _Zal 90i92i)" i +Za ql (90:92:)™
i=1
g xe e
=1->a <<‘]0;6]1z) U () (1 g )>- (43)
i=1
If x, < x,, then
$ £ z ‘1 x‘ngZ
(xl’xZ)_l Zaz quqlz & _Z ququZ Cl +Za quqlz & qzlz '
1=1 =1

i en oica x@ c?
=1—Zai<<q0iqli>l M) (1= ). (9
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6.3. Identifiability Condition
The identifiability condition of the bivariate discrete modified Weibull distribution with

joint probability mass function

H(xy,x,) ifx; <x,
H(xy,x,) =< Hy(x,%,) if x, < x, (45)
Hy(x) if x, =x, =x,

where

0; x1

8 x+
i ( 1+1)5 ! xg’c%z X f; ¥t
Hl(xl’XZ):Za <qul —q,; ><(‘10i42i)2 = (qoiqas) TV >, (46)
1=1

oq

X 6, K111 i sz (xy+1)0i C;2+1
xl)x2 Z a; ( quqlz i C’ _(q01q11> (ot ) b )<q212 _quZ > (47)

8

xVick -
Zaz (qu (G0 )" —(qoi )V ))
g (X-‘rl)gl ct xi c (x+1)% s
_Z i ( (90:41:) (4 "~ )) (48)

and go; 7 qoj> 91; F 91> Dai # 40> 0i £ 95 i F ¢jp for i, j €{1,2,..., g} such that i # /.

PROOF. See in the Appendix. ]

6.4.  Maximum Likelihood Estimation

To estimate unknown parameters qq, g, ¢,, &, ¢ of bivariate discrete Weibull distribu-
tion using maximum likelihood estimation, consider a sample of size n,
{(xll’xﬂ):(xlz’xzz?a---g ) ) . o ‘
(%1,5%5,)} from bivariate discrete modified Weibull distribution. 7; = {7;x;; < x,,},
L ={i;x;; > xy;} and [y = {i3x; = x,; = x;} and n; is the number of elements in the
set Ij,j =0,1,2.u

The likelihood function L(x;qq,4;,q,,0,¢) is given by

L(E%’ﬂh,‘]z,e»c):r[f(xu‘sxz/)l_[ﬂxmxz;‘)l—[f(xu’xz;‘)- (49)
j=1 j=1 j

j=1
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Thus, the log likelihood function / is
ot 8
I = Z log <Z aifDMW(xlj’qli’ b;.¢; )fDMW(xzj’quqzi’ o;, Ci)>
j=1 i=1

] g
+Zlog <Z 2, fomw (%15 90: 915 O35 ) Fonw (%2> i 91‘»Ci)>
j=1

i=1
g Wi "J
+Zlog<2az ‘111 fDMW(xj’qoiqzi’ei’Ci)
=1
—(%i‘h,)x Ak t fDMW(x »‘Izuaafi)))- (50)

Moreover, we have

ﬁ_iZ§:1aifDM\W(xlj’qli’6i>c')<g1(x2j’q0iq2i’6i’ci)_g1<x2j+1’qoiq2i’6i’ci))
a0, B =1 Z, 1 szMW(xlj’qlw "Ci)fDMW(xzj>qoiqzivei’ci)
+Z > 2; fonw( xzp‘lo;ﬂzwe' C')(&("u"]m‘g' C')_g1<x1j+1’q1i’6i’ci)>
Zz 1 2; fonw( xl]’qlz’é)z’c)fDMW(XZ/’qOLqu’e')Ci)
+Z > 2; fomw( x1]a‘lo;%z>‘9' C')(&("zp@zia‘9;')51')_81(’62;'+1’42ia‘9w5i)>
Zz 1 2; fonw( xl]’thqlz’ "C')fDM\)(/(xzj’qzi’ei’Ci)
+Z > 2; fonw( xz]a‘Izw&wC)(&(’H;a%;%na C')_gl(xlj+1’qoiq1i’6i’ci))
Z, 1 ;fDMw(xm%;‘llwewC)fDMW(xz/)sze'aCi)

P2 <g1(xj»510i41i‘12i» 0;5¢,)+ &i(x; +1,90,91:92> 91‘»(;‘)>

gic"z
zgl ;<41, fDM\X/(xj’ququ’ei’Ci)_<q0iq1;)<x s C fDMW( a‘lz;‘"%aﬁ))

+Z

il g, xjH
. 251 1<‘]1, ' 81(’9'+L‘Io;“]zpei’ci)“‘(‘]o;‘qzi)(XJH) i gl(xj+1’qli’9i’ci)>

— chx/' g x +1
= g <% fDMw(x,"%iCIzi’eisc) (%;‘11)“ e fDMW(xj’qzi’ei’Ci)>

x;+1

6; i
g <(qo;%z) A 81(xja‘12i’6)i>fi)>

)
_Zl 5ic"/ (a1
= x;+1)"zc.
! f 1 1<41, Jomw(x j!ququ’gi’ci)_(quqU) ! ‘ fDMW(xj’qu’Hi’Ci)>

x+1

—_—
o i <(%lqzz)< 0 gl(xj+1’q1i3‘9i’ci)>

91 Vi x;+1 ’
=1 X 0¢ 0; 0
’ i l<q1; Jomw(x ’qoiqzi’ei’ci)_<qoiqli)<x]+l) i fDMW(x]'>‘12p‘9i’Ci)>

G1)
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al & PR aifDM\W(xlj’qlz’91’Cz)(g3(x2j’q0iq2i’ei’ci)_gS(ij+1’q0iq2;’9;’cz))
a_ci_jz—; Z, 1 2; fonw( X1j>%1i> "Ci)fDMW<x2j’qoiq2i’6i’ci)
+Z i 10‘fDMw xZ]’ququ’g' C'><g3(x1j’qli’€i’ci)_g}(xlj+1’q1i’€i’ci))
Z, 1afDM\W(x1/’q1z’ "Ci)fDMW(xzj’ququ’ei’Ci)
+Z i 10‘fDMw xl/’quqlz’e' C'><g3(x2j’q2i’€i’ci)_g}(xzj+1’q2i’€i’ci))
Z, 1afDM\W(x1/’quqlz’ "Ci)fDMW(xzj’qzi’ei’Ci)
+Z > 10‘ Somw( x2/’q21’€z’Cz)(g3(x1j’q0iqli’ei’ci)_gS(xlj +1’%i41p9u9))
Z, 1 2; fonw( X17>90i91i> "C')fDMW(xzj’qzi’ei’Ci)
+Z Z -<g3(xj,qol-q1iq2,,91,61)4—g3(x-+1,qol-q1iq2i,9~,c-))

91 ]
g <‘11; fDMw(x)%142;"9"Ci)_(‘10ﬂ1z)(x+1> C fDMW( ’qzi’ei’ci)>

xgl.[x]- g xj+l
0 > <qu/ l g3(xj+1’quq2i’girci)_'_(qoiqu)(lerl) i gs(xj“’l’%i’gi’ci))

7
j=1

9;'["1'
zgl ;<CI1, fDMW(xj>quq2i’ei’ci)_(qoiqh)(x +1)l€ fDMw >42i’9i»‘i)>

X 5”:”1“
Zlg1 ;((%z i)(/+1) ‘ g3<x/':q2i’(9i9ci)>

- 0; % x;i+1
=1 ¢ x+1)ic!
! g <qll fDMW(xj’ququ’9i’ci>_(q0iqli)( TG fDMW(x]‘)queiaci))

g x+1)glcxj+1 l 6
9 i (90190 g+ Lq,0,0)

91 *j x;4+1 ’
i=1 wi1)lic
! g <‘11; fDMW(x ’quqZ;’e"ci)_(quqli)( i fDMW(xj’qzi’ei’Ci)>

(2)

51 *2j

a1 n Zz 1 2; fonw( xlp‘l1w6wc)< gé(x2]"q0i’(9i>ci)>

94y =1 Z{g:l‘ZifDMw(xm%i’Hi»ci)fDMw xzj’qoiqzi’ei’ci>

x9;+1
(eaj+1)ic,

w2y @i fonw (%1591, 0556 )<%, 8 (x2j+1>%n9irci)>
=1 2521 aifDMW(xlj’qli 0556 )fDM\W(xzj’ququ’ 0;,¢;)
xgz 1y
. Z; 1 lfDMW(XZ]’qZL’el’C><q1 gé(xlj’qoi’gi’ci)>
+2]

=1 Zf:l‘ZifDMw(xz]‘r%i’ei’ci)fDMw(xu’%i%i»eiaci)
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x1]+1) Lc

1+
n Zl 1 2, fomrw( xzj’qu’ewc)( gé(x1j+l3qoi’9i’ci)>
=1 Z§:1 aifDMW(xzj’qzi’ei’Ci)fDMW(xlj’quqli’(gi’Ci)
xelcx]
25:1 a; <(41i512i)’ ! 86(’6,"‘101',6;"51'))

+Z

03 i X+l
¢ a1icd
1g1 z<‘]u fDM\X/(xj’quqzi’ei’ci)_<qoiqli)<x]+l) i fDMW(xj’qzi’ei’Ci)>

g xf’c;j (x].+1)0ic%/+]
o im i (@) " ay © )&%+ 1,40, 0,5))

- 5LC_/ 5
= g <‘11, fDMw(xj,‘]oﬂzw@isCi)—(‘Iol"]11)<xH) fDMW "]21'»(91‘3%))

g ()c1+1)[gzc;jJrl
_Z i=1 %9 gé(xj’qoi’ei’ci)fDMW(xlj’quqli’ei’ci)
5;01 ( 1)& x]+1 )
iaila) " foww(x a%i‘]zi’@nci)_(%i%i)x’+ i fDMw(x]"‘bi,@i’Ci))

(33)

al & %2 fomw( X3390 %2> 0;» C')<g6(x1j’qli’9i7ci)_gé(xlj+1>q1i’9irci))
aq;; =1 Zl 1 @ fomw( xl/’qlz’ irCi fDMW(xzj’ququ’Hi’ci)

516 1j
n Zig=1aifDMW<x2j’q2i76i’Ci) %1 g(xz]"‘]m@i’ci)
>
+
=1 Zf:laifDM\SV(xzj’qzi’9i’ci)fDMW(x1j3quq1i’gi’Ci)

1+
(x +1) Lc
n Z, 1 2; fomrw( le,qzl,el,c)< v gé(x1j+l3q1i’6i’ci)>

=1 > aifDM\W(xzj’qzi’ 0, Ci)fDMW(xlj’quqli’ei’Ci)
+Z Z§:1 aifDM\W(xj’qoiqzi’ei’ci)ge(xj’qli’ 0;¢;)

X +1

05 i
=1 < x+1fic
"~ 1g 1% <qll fDMW(xj’quqzi’ei’C) (%;‘hz) e fDMw(xja‘bi’@i’Ci))

+1
(x; +1) i c

&(x; +1,9,;,0,.¢)

_ﬁ: > @ fouw(x ,qzlﬁ,,c)q

‘91 Vi x;+1 ’
—1 xtc RN
! Y2 <‘11, Jomw(x ’qoiqzi’ei’ci)_(qoiqli)(x]+l) i fDMW(x]"‘lzl'ﬁi’Ci))

(54)
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0; *2j

a1 " Z, 1 ; fomw( x1],q1l,(9~,cl-)<qof]’ g()(xzj’qu’gi’Ci)>

e _/:1 Z, 1 ;fDMw(xw%u "Ci)fDMW(xzj’quqzi’ei’ci)

xp;+1
(x2 +1)0ic %

ny Zl 1 szMW(x1]’qlz’9z’Cz><qo,'/ i g(,(xzj-i-l,qzl-,@i,ci))
=1 Zf—1 2; fomw( xlj’qli’gi’ci)fDM\W(ij’ququ’ei’ci>

+Z > @ fouw( xl;’quqlz’9"Ci)(ge(xzjrqzi’9i’ci)_g6(x2j+13q2i’9i’ci)>
Zi:1 2; fomrw( xzj’qzi’(91"Ci)fDMW(xlj’quqli’9i’ci)

xj+1 0; %
(x +1) Lc c

9; f]' x i ;
D l<(qo/11,) B ACTN NN RN q,) ' g(x;+1,q,,0

n
+2]
=1

4

9;'["1' p
i=1 ;<‘I1, fDMW(xj’qoiqzi’ei’ci)_<q0iqli><x]+l) g fDMw ’%’ >

» eicx]'+l
25:1 ai(‘10i41i)(]+1) : <ge(xj1q2i’6iac) ge(x +1,9,0;, C))

_Z i N
f 1% <q1, Jonw(x ’%i‘bi:ei’fi)_(%i‘lli)(xjH) fDMW ’qu’ez’C)
(55)

and

ﬁ_i S8 fonw(®ijs 1o Ois ) fomw (%2 G0: 2 035 ;)
da; =1 Z§:1aifDM\X/(xlj’qli’€i9ci)fDMW(x2j’quq2i’ez”Ci)
7y

Z Zf:IfDMW(xzj’qzi’9;"Ci)fDMW(xlj’ququ’gi’ci)
=1 Zf:l aifDM\W(xzj’qzi’ei’ci)fDMW(xlpqoiqli’ei’ci)
01‘[”1 R
n <q1; Jomw(x "Io/]zi!ei’ci)_(40i41i)<x]+) E fDMW(xj’qu’gi’ci)>
+Z 9; 5 ’
— C N

! g <‘J1l fDMW(xj’ququ’gi’c) (9091 )( +fs fDM\W(xj?qzi’ei’ci)>
(56)

where g,(x,4,6,¢) = x0c*q*"" log(x + q), g(x,4,6,¢) = x+1c*14%"" log(g) and

6 .x xfer—1

8(x,q,0,c)=x"c*q

The maximum likelihood estimators of the parameters qq;, q;, ¢,;, 0; and c;,
i = 1,2,...,g, can be obtained by solving these 6g non linear equations. We need a
numerical technique to get the maximum likelihood estimators, since the solution of
these equations is not easy.
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7. CONCLUSION

In this paper we developed a bivariate discrete modified Weibull (BDMW) distribution
and some of its important properties, such as joint survival function, joint probability
mass function, joint cumulative distribution, marginal survival function, conditional
probability mass function and joint hazard rate function. The maximum likelihood
estimates of the parameters of BDMW are obtained. The suitability of BDMW is illus-
trated through a real life data set.
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APPENDIX
PROOFs

Derivation of Survival Function

We have

Spomw (%1, %) = P(X; = x1, X, > x,)
P(min(Ul, Uy) > x, min(U,, U,) > xz)

Pl U > x,Uy>x,, Uy > max(xl,x2)>

0 .x 0 .x
_ox{ct xjc™2 200z _
=q," g, 45, wherez=max(x,x,).

If x; < x,, then

6 x:
X, 2

xfc”
Spomw (X1, %) = 9, (909,)

= Spmw (13915 0, ¢)Spmw (%25 90425 0,c).
If x, < x;, then

4 x:
xch1 xyc®2

Seomw (1> %2) = (9091) 9,
= Somw (%13 9091 0, ¢)Spmw (%23 425 0,c).
If x, = x, = x, then
x0cx
Seomw (1> %2) = (909192)
= SDMW(x5qulq2’€’C)'
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Thus, we have

Somw (%1391 05 ) Spaw (%23 904, 05 ¢)  if x; < x,
Seomw (%15 %2) = Spavw (1390415 05 ) Spaw (%2392, 0, ¢) - if %y < x4
SDMW(X;ququ’Q’C) if x; =x, =x.

Derivation of Joint Probability Mass Function
We have

Fx,x, (%1, %2) = Sx x (%0, %5) =Sy, x (%1, + 1) =Sy x (x+1,%)+ Sy x (x;+1,x,4+1).

If x; < x,, then

f= Qicfcxl ((‘Io%)xfﬁz _<‘Io‘12)(x2+l)gcxz+l>

— gl (o) — (o) =)
=" =gl (@005 — (o) )
= fomw(*1391, 0, ) fomw (%23 9092, 0, €)-

If x, < x;, then

X+

xc X, C; x,+1)¢ x 6 cxq+1 xfex o 1) c2+1
f =) @ =g ) = () (g = g
0 x1+1 xgc’fz 1 O xy+1
- <<qoq1)xlc —(qoq) V¢ ) >(q22 _quﬁ re )
= fomw (%13 9091 05 €) fonw (%23 42, 0, €).

If x, = x, = x, then

x0c* x0cx x4-1)0 cx+! x41)0cx . xOcx x41)0 cxtl
f=(@0019)" =4t (q0g) T —(q0q) T g3+ (900142) Y
x0c* x0c* x+1)7cxt! x+1)0cxtl s xfcx x4+ 1)7 e
=af  ((@2)" " = (@@ )= (0g) (g T =)

)x+19x+1

xfcx
=9 fDMW(X;quP&’C)_(qul Jomw(xs %a@ c).

From the previous three equations, we obtain

F10x1 %0390, 915405 05 ¢) - if x; < x,
Joomw (X1 %2) = 4 f(x15 %95 905 1,925 0, ¢) i x5 <,
Jo(x390: 9159250, ) if x; =x, =x,
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where

ﬂ(xpxz?%’%"lz’@’c) :fDMW(xl;%’9)C>fDMW(x2;QOqZ’6’C>
fz(xpxz;%’%»%ﬁ,c) :fDMw<x15%Q1>‘9’C)fDMW(’CZJ‘Iz’@»C)

xHCx x Scxl
fo(%5 90, 91,42, 05 ) =47 fonw(¥39092 0, ) = (2091) " fortw (%3256, 0).

Derivation of Joint Cumulative Distribution Function

The joint cumulative distribution function of (X;,X,) can be easily obtained from the
following relation

Fy x,(x1,%,) = Fy (x1) + Fy (%) + Sx, x, (%1, %) — 1.

Then,

Fypnw (%15 %) = Fopnrw (1) + Fonw(%2) + Spoaaw (%1, %) — 1

0 .x 0 .x
c*1 xzcz ZHCZ

+q," gy qh -1

xlﬁ x 22

0
=1—gq Cl—}—l—q;z

6 .x 6 x 6 x 6 .x
_ x]cl xzc2 xlcl xzcz Zecz
=l=q" —a’ +4q/ 4" 4
6 x 6 .x 6 x
x{ ¢t x; ¢*2 xy ¢l e -
l—q" —q +q," (92)"" ifx<x,

x0ct

— 1 xfc“l x0cx xZHC"‘Z .
“\1=-q;" —47 +(99)" g, if x, <x
xgcx ngx xecx . _ _
l—gf ¢ —q5 ¢ +(909:192) ifx; =x,=x
6 .x x G .x .
1—q " (1=(qo@)" )= ifx <,

0 .x 0 .x
x/c*t X, c*2

x0 et .
1= =g (1= (qoq)"<") i x, <%,

[ .
{FDMW(xz;%"%C)_QiClC FDMW(x25quZ’9’C) if x; < x,

x@ xy .
FDMW(M?%’@,C)—%ZC FDMW(”M%%’@,C) if x, < x;.

Derivation of Joint Hazard Rate Function

The joint hazard rate function can be obtained by using the following relations

b _ Fepmw (%15 %)
soMw (%15 X2) = [ETRY
soMw (%15 %2)
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If x; < x,, then

xfcxt A1) 0 .x 0 xp+1
g =g >(<q 925 —(gogn) V)

hrpaw (X1 %,) = e -
0" (qodn)™*
x,+1)0cx1+Hl—x0cx1 6 xy+1_ .0
= (1—g T (1 (gogy) V),

If x, < x,, then

Dot x 6 px1 x0cx2 x,41)7 cx2t1
((20a)" <" —(qoq) "™ Y (g, — gy ™)

Pypaw (X1, X,) = e
(4091 5"
x 6 ox +17x5Cx +1)0 X+ __,.0 .y
:<1_(%611>( e 1)<1_qu2 oo )-

If x, = x, = x, then

xﬁcx x<9‘.x x <9Cx+1
7" ((909)""" —(g0g0) <)

Pronw (X1, %,) = Oox
(909192)
0x+l xﬂcx X ﬁcx+1
(og) T gy =g
(909192

x+1)f ¥+l —xfcx x+1)f ¥+ x+1)0 et —x0cx
= (1= (g2 )= (@0q) " (=gl )

Thus, we obtain

Somw(x1+15q1,05¢) Sonw (2 +1:4045,05¢) .
1 — oMWt it 1 — oMWl 092> 1f x X

( SSI)MV(V(X_}quI 0, 6)9 ))( SSI)MW(ECZ Zﬁ]z ‘95) )) 1 < 2
DMW (X1 T 139091,0,¢ MW\ X2 T 1345,7,¢ :

(1 Somw (¥139091,0,¢) >(1 Sontw (%232,05) > lf % < X1

( qu@e))_
Somw(%39042,0,¢)

SDMW(X+1’qul5z! )(1 SDM\W(’H'l;qZﬁ’C))

Somw (¥3901,0:¢) Spmw(*392,0,¢)

hypaw (X1, %,) =

ifx;, =x, =x.
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Derivation of Joint Probability Generating Function

Xl XZ
Gppmw (X1, %,) = E(Z )

i~
(N

M EMS

I

o
-

[l

+

M 11
Iy
+

~

[l
‘“l" o
-

P(X,=i,X,=1)ziz,

Fomw (239041505 €) fonrw (25 925 0, c)zfzﬁ

e

|l
o
~

+
M8 o

X

Fomw(és ‘11a6 ¢)fomw(s %42,‘9 C)Z1 é
]:l

z+1)9 i+1

+

VY

Il
o

0 .
[411 Jomw(E39042, 05 €)= (90a1) Jomw(#3 92,05 C)]Z 7

2
1

i
(402" — (g0

i

e

I
o
-

n
Me <
Me

~
1
o

i+1)f it ifci i+t
N @h =gy )27

Z'HCi 1 0 i+l l'ﬁci i §Cz+1 i
(g " —a'"" ) ((02)" —(902) ) 217
J=i+l

‘ﬁi

¢ ifct i+1)0ct i i
gt (092" —(q02:) V") 214

+
MS

~
|l
o

0. i+l , 0.0 i+ 1)lcitly
> (@a) V@ —ay T )zl

Mz

~.
I
o

Identifiability Condition

First, we consider g = 2.
For the condition x; < x,, let

a1 A (x5 %) +aAy(x1,%7) = 0,

where a; and 4, are any two arbitrary real numbers, A,(x,x,) and A,(x,, x,) are distri-
bution function, in which A,(x,, x,) is obtained from A,(x;, x,) by replacing ¢,; by p;,
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G1; bY P1is @o; bY P> 0; by 8; and ¢; by p,. Assume that for each i = 1,2, go; # py;>
Q1 # Pii» Do F Pai» 0 # 81 and ¢; # p;. Then, we have

X X%

51 l+1)91c’+1 ) o 9 L‘]+1
131, %) = ZZ[ ‘]11 i )<(%1‘]21)] 1 1_(%16121)(]+ 4 )
=1 j=1

%2 (i+1)P2ci*! 621 i 11)02 o
+(1— )(‘]112 E 9 ’ )<(‘]026]22)] ‘o _(%2‘122)(]Jr1> 22 )],
X X 51,01 H_l)slpwrl /,3110, ]+1)31,0]+1

2(x1,%,) ZZ P11 ) (Po1 P21) '_(P01P21)

=1 j=1

;0 i 8y i+l 8 ) 5 i+l
+(1—=a)(py, ' Pi;l) P ><(P02P22)/8 PZ_(Pozpzz)]H)sp >],

X X 29161 (l+1 61 Cz+1 ].91 ¢ <].+1)51 c/+1
ZZ ay(qy, ' — W (@01921) " —(q01921) !
i=1 =1

i1} ‘+1)3]/0;+1
+ “2(1711 - pu

><(P01P21>j81’91 _(P01P21)(j+1)81p1+ >] =0

0y i ; 0y 41
i%2¢ (14+1)2¢
2 2
E |:611(q12 q
1

0y ) )02 It
12 )((qozqzz)] ? _(%zqzz>(]+1) 2 >

i (i+1)%2 01! 8 o 8y it
+ﬂz<P1z i 20 & )((pozpzz)] 02— (poy )V P2 ):| =0

For k = 1,2, we have

% ¢l

< (i+1)0k it Op ol 6 C/+1
Ay, Jirj _(q w9 ‘ )((‘]ok‘]zk)j “% _(‘]o/e‘bk)]H) ‘ ),
%ol (z+1)‘9/e,o""1 8y o) N\ i
Mij=(py, " — 1Py )((Po/epzk)] Pt — (pop )TV P >,
X X
ZZ [“1A1,i,j +42A1,i,;‘] =0,
=1 j=1
X1 X
33 @+ | =0
=1 j=1
and X X X X
2,2 A iy = 20 B
=1 j=

1=1 j=
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This implies that 2, = 0. Similarly, we get 4, =0.
If x, > x,, we consider

by B, (x5 %) + byBy(x;,x,) =0,

where b, and b, are any two arbitrary real numbers, B (x,,x,) and B,(x, x,) are distri-
bution function, in which B,(x,, x,) is obtained from B,(x,, x,) by replacing qq; by p;,
q1; bY pii» @i by pais 0; by 8; and ¢; by p,. Assume that, for each i = 1,2, go; # po;,
@i # Pri» 92 7 Pai» Ui # 81 and ¢; # p;. Then, we have

(E=Varas

o %1 i+1)01 i 1]
B1(x1,x2)222[a<(‘]o1411) 1_(‘]01‘]11>( e )(‘];1 — 4
=1 j=1

. 0 ()02
(i+1)f2ci+! (q] 2¢] q(]+1) 2¢)
22 22 >

%l
+(1—a) ((%2412) ? —(402912)

X X
;81 S 1)1 piH 101 0/ (j+1)%1 0/
2(x15%;) ZZ[ (p01p11> "Pr— (poy pyg) T >P£1 pl_Pzé )

=1 j=1

8y it 20) 52 1
+(1_“)<(P02P12) —(poapr) T >(P22p P;JZH) & )}

Xy X

N

]"916{ (]'+1)€1 C{+1

i 01 cit1
|: (%1411 G —(qongr) TV )(%1 — 49y

—_

=1 ]:
)1 it 191 71 81 ot
by ()P = o)) (01— | =0

and

X%

. . 1 . 1
)(H—l)gzcz”'l ]92 Cé (]+1>€z CZH- )
92 92

[ ( %z%z) — (902912
1

=1 j=
82 i 1) pit 182 57 (j+1)%2 00"
b, ((PozPu) P —(poapr) T )(Péz e S )] =0.

For k = 1,2, we have

%l 1)k i+ Okl (j+1)% CJ+1
Y j :((‘]qulk) 4 — (qopgue) TV >( F—

2k 2k >
%ol i+ 1)kt ik G+
i = ((Por i) 7 = (Por i) VA ) (0 S =y ),

X X
p3p3 [RASETE 3 B
1=1 j=1
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)

|:b1‘1’z,i,j + bz¢2,i,j:| =
1

=1 j=
and
X X XL %
blz :: :\Ile](lej_b : ::: 2,i,] lz,j'
i=1 j=1 =1 j=

This implies that 5, = 0. Similarly we obtain 5, =0.
For x; = x, =x, let
£ Ty(%1%0) + 15 T(x,, %) =0,

where ¢, and ¢, are any two arbitrary real numbers, 7)(x,,x,) and T5(x,,x,) are distri-
bution function, in which 7,(x,, x,) is obtained from T(x,,x,) by replacing qq; by py;,
q1; bY P1i> @i bY pais 0; by 8; and ¢; by p,. Assume that for each i = 1,2, go; # p;,

q1; 3’é P1i> Qi 7£ P> 0; 7é 8, and ¢ 7é p;- Then, we have

- i1 i i+1)01cit!
T1(x1,x2):Z[ <q11 ((6]016]21) _(%1%1) H) >

=1

- (‘1015111)(1.7%)91 o (‘11.91 g (i+1) 1t )>

21 T4
102 ¢ i L‘ i 0 C7+1
+(1—0!)<‘]i2 Cz<(¢]oz¢]zz) ’ (‘]oz‘]zz) ()2 >

i) 2citt, % (i+1)02 i
_(%2412>( g (G *—ay 2 )>:|

and

X

i 81 Hitl
Ty(xy, %)) = Z[ <P11 <P01P21) pl_(P 1P21> Y )
i=1
8y it %10 i 31 l+1
(1170111)11)1+1 Pr(py “ P§1+1) >>
%2 i i02 i i41)02 pit
+(1 _01)<P12 Pz((Poszz) R _(P02P22>( e >

i 8 i+l ié‘z i (i+1)32 i+1
(Poz]’u) (11202 (P2 Pz_p22 i )>i|

Using the same procedure we get 1, =0and ¢, =0.
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SUMMARY

In this paper we develop a bivariate discrete modified Weibull BDMW) distribution and derived
some of its important properties such as joint survival function, marginal survival function, con-
ditional survival function, joint probability generating function and hazard rate function. The
significance of additional parameter in BDMW is tested using generalized likelihood ratio test.
Also we construct a finite mixture of BDMW and established its identifiability condition. Certain
properties of the mixture model are derived. The parameters of BDMW are estimated through
method of maximum likelihood.

Keywords: Weibull distribution; Joint survival function; Probability mass function; Maximum
likelihood estimation
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