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THE RANGE OF DERIVATIVE’S ARBITRAGE PRICES
IN A GENERAL INCOMPLETE MARKET

Silvia Romagnoli

1. INTRODUCTION

In valuing financial derivatives, is crucial the completeness of the market that
assure the uniqueness of the price and the replication, only by the hypothesis of
the absence of arbitrage opportunities. In this contest, it is possible also represent
this arbitrage price, in term of the expected value of the derivative's final payoff
under the unique martingale measure relative to the choosen numeraire by the
martingale representations and by the Girsanov Theorem.

This arguments failed if we consider an incomplete market where, by the ab-
sence of arbitrage opportunities hypothesis, we can't define an unique derivative's
price and where the perfect hedging is not possible. En effect, we have several
equivalent martingale measures relative to such a numeraire and this set is strictly
linked by the replication problem.

In this contest we have different approach like the one by utility function hy-
pothesis proposed by (Davis, 1994), the one of risk-minimizing strathegy by
(Follmer and Schweizer, 1991) and the super-replication approach proposed by
(El Karoui and Quenez, 1995). In a general incomplete market driven by a mixed
diffusion of finite dimension, we follow the super-replication approach to charac-
terize the range of derivative's arbitrage prices in term of solution of the related
dynamic control problem and of the dependence of the price's bounds by the
relevant parameters.

In the section 2, we propose a model in the hypothesis of deterministic interest
rate and present some applications in different incomplete situations, like one in a
standard stochastic volatility model (by the other we remember the model of Hull
and White, 1987, the one of Stein and Stein, 1991 and the one of Heston, 1993).
The other application of DIRH model is to Gas market, where we consider a
model like the one proposed by Marzo and Romagnoli (2005) but in an incom-
plete contest; we observe that here we may apply the DIRH model also if the in-
terest rate is stochastic, because we consider an exponential affine structure of
contingent claim's final payoff and so we may insert this variable like a compo-
nent of the director process of the market.
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By the other hand, if we don't have this particular function of final payoff we
have to consider separatly the stochasticity of interest rate and we have to apply
the model in the hypothesis of stochastic interest rate (SIRH) presented in sec-
tion 5. We can see that, in this case, we define a different set of equivalent mar-
tingale measure but after we can characterize the range of contingent claim's arbi-
trage prices in the same way of in DIRH model.

2. THE DIRH MODEL

We consider a financial market where the incertainty is represented by a sto-

chastic variable (X), € R”, that is the price of risky assets, which dynamic is the
following jump diffusion:

dX, = u(t,X,)dr + o(2,X,)dWV, +dZ,

where, u(#,X,)eR", o(¢+,X,)eR"™, (W), is a P-Brownian motion in R” de-
fined on a probability space (Q,F,P)! and (Z), is a pure P-jump process re-
lated to IP-martingale (M), with stochastic intensity A(#,.X), whose jump size

distribution is v, a probability distribution on R”. We define the jump transform
vector 6(¢) that determines the probability distribution of each jump measure v,

so that for any ¢ € R", we have:
o) = [,ep’R)dv(z)

where ceR” and 7 eR”.

3. THE SET OF EQUIVALENT MARTINGALE MEASURE AND THE RANGE OF ARBITRAGE
PRICES IN THE DIRH

If we suppose that the market is incomplete, to determine the range of prices
of a contingent claim on X , we have to consider the set of equivalent martingale

measures Q7 for X, so that:
T
EQ}, exp(—jj l’ﬂdﬂ)XT | F, =X,

where the interest rate 7, is a deterministic function of the time?. In the following

1 This probability is the conventional so called hystorical or objective probability measure.
2 In the section 5 we consider the case of SIRH.
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we suppose, for computational semplicity and without loosing in generality, that
the interest rate is null (NIRH).
We have the following;

Proposition 1. 1In a general incomplete market in the NIRH, the set of equiva-

lent martingale measures Q” for X is defined by the following Radon-Nycodim
derivatives:

=1 1)

L= eXpHﬁJ dw, —% (1818 du+ [[n+y,)] dM, - J;‘e(mAw,X”)d%} @)

assumed to be a IP-square integrable strictly positive martingales and where the
process (y), 1s so that (1+y,)>0.

In particular (B,y), are two predictable process in R” linked by the following

relation3:
u(,X,)+o(,X,)B, +0(r,)A(,X,)1=0 3

where 1 is the 7 -vector of units and 0 is the #-vector of zero components.

Proof. 'The dynamic of (X), under the probability Q”, defined by the Radon-
Nycodim derivative (2) is the following:

AX, = (u(t, X))+ o(, X )B)dt + o2, X)dW ¥ +dz¥ +6(y)A(1,X,)ds

that is a Q" -martingale under condition (3) and where, by Girsanov theorem, we
define the Q”-Brownian motion (WQ7 ), and the Q7 -pure jump process

(ZQy ), , as follows:

¥ 7
W = W, - [ B,dn

MY = 2¥ = [0, )N, X, )dn
where (M o ), is a Q" -martingale. [

3 If the interest rate is a deterministic function of the time but not null, equation (3) is equal to

r,1 where 1 is a z-vector with unit components.
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Proposition 2. In a general incomplete market in the NIRH, the arbitrage prices

bounds of a contingent claim which final payoff is a function f(z,x)eC"* is

[f “ S|, where f" is the vischiosity solution of the following:
1
=0, f"(t,x)— E”(O'(f, x)o [ (t,x)o(t,x)) 20 )

subject to the final condition f*(T",x)2 f(x), where 0,/"(¢,x)eR",

d.. f"(t,x) e R™ and where f is the vischiosity solution of the following:
1
0,/ (t,x) 5 ir(o(t,x)1 0., F(t,x)0(t,x)) <0
subject to the final condition /(T ,x)< f(x).

Proof. We define the upper bound f” of contingent claim's price interval, as

follows:

f1= supB [ £(X)]

yeD
= ~infB,, [~ /(X))

where D is the set of F -adapted and limited process with values on R”, and
consider the related dynamic problem:

S x)=sup [ F (X)X, = x]
yeD Q
so that /" = f"(0,x,). If we consider the Bellman's equation for this stochastic

control, we can characterize f”(#,x) like as the vischiosity supet-solution of the

tfollowing:

=0, (63%)  inf {Hu,) + 016,308, + 0G0, f* () +

1 o)
—Ez‘r(d(z‘,x)T 0. 1" (z‘,x)a(l,x))} >0

with the final condition f”(T7,x)2> f(x). We observe that, if the condition (3)
is satisfied, so (5) begun the (4) in the thesis of proposition.

For the bound /7 we proceed in the same way.[|
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Proposition 3. 1f we suppose that the volatility o(#,x) is not bounded, so the
upper bound f” is not increasing on ¢ and is concave on X and by the same

d - . .
argument f° is not decreasing on  and is convex on X .

Proof. It we suppose that o(#,x) is a matrix with null components in the prin-

cipal diagonal, so equation (4) prove the not increasing property of f“(#,x) re-
spect to 7.

By the other hand, if we suppose the limit case in which the principal diago-
nal's components of the matrix o(#,x)—>+00, so to respect (4) we must have

o f"(t,x)<0.

By the same arguments we find the characterization of f*(#,x) .

In the following Proposition we make the explicit characterization of the
bounds of derivative's prices;

Proposition 4. 1f f%(x) is the f-price of the concave envelopment of function
f(x), ie. the minimal concave function that is not minor of f, in NIRH model

we have that:
Srx)= [ (x)

and in particular /" = /7 (x,).
In the same way, if /™ (x) is the #-price of the convex envelopment of

f(x),1.e. the maximal convex function that is minor of f, we have that:
S 0= )
and in particular /7 = £ (x,).

Proof. By the final condition on f”(#,x) and his not increasing property on 7,
we have that:

F(t,x) 2 f(x) V(¢,x) €0, T[xR"
and, by the concave on x characterization of f"(#,x), we have that:
fr(tx)2 [ (x) V(¢,x) €0, T[xR"

So, if we remember the definition of the super-replication price like as the mi-
nor initial investment to super-hedge the contingent claim, follows that:
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SU(tx) < [ (%) V(¢,x) €0, T[xR"

and finally we have the thesis of proposition. To prove the explicit characteriza-

tion of £, we proceed in the same way. [

For particular function of payoff f(x) it may be possible to define explicitly
the bounds of derivative's prices. For example in (Bellamy and JeanBlanc, 1997) is

shown that the range of the European call option's prices [ £, £"[ , is:
JI(tx)=x

and in particular /" = x, and as:
S (1) = BSC(1,%)

where BSC(#,x) is the Black-Scholes price of the call option written on X :
dX =0, X)dW, X, =x

while the range of the European put option's prices, [ f;, /51, is explicitly de-

fined as follow:

f1tx)=K

where K is the option's strike price, and that:
f7(#,5) = BSP(#,x)

where BSP(#,x) is the 7 -Black-Scholes price of the put option.

4. SOME EXAMPLES IN THE DIRH

4.1. The future price of gas in an affine model

In this example we consider a particular incomplete market driven by an affine
jump diffusion where, we may follows the transform method proposed by Duffie
et al. (1999) to determine explicitly the derivative's price. This constraint of the
model structure, applied to the market of gas derivatives, make the problem more
tractable, mathematically specking (see for the same application, but in the con-
test of complete market, the paper by (Marzo and Romagnoli, 2005).

In this contest, we consider the future price of gas, as a function of the actual

spot price of gas G, the price of petrol P which is modellized by a diffusion
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with jump, the convenience yield 6, the stochastic volatility » and the the sto-
chastic interest rate r 4

FG= f(G, P", 5,0, r)
The price of petrol follows a diffusion with jump?:

AP’ =P (r=8)dt + ' NvdW 2 + dz}

where (W,%), is a Brownian motion defined on a probability space (€, F,Q) and
(Z%), is a pure Q -jump process with stochastic intensity A(¢,P", whose jump
size distribution is v, a probability distribution on R. We suppose that A(2,P")

is affine on P” , SO that:
A(t,P*y=1,+1,PF

and we define the jump transform 6(¢) that determines the probability distribu-
tion of each jump measure v, so that for any ¢ € R, we have:

0(e)= [ exp(z)dv(z)

The convenience yield (), follows the diffusion:
48, = (@~ P8,)dt + ¢ ssvdW),
and the volatility is stochastic and follows the diffusion:

dv, = (0~ kv,)dt + o, \vd W2

where (W,?), and (I7,?), are independent Brownian motions defined on a prob-
ability space (Q,F,Q).

The instantaneous interest rate (r), follows an Ornstein-Uhlenbeck mean-
reverting process:

dr, = a(b—r,)dt — GrdW/E

4 Here we consider the problem as a case of DIRH model because we have a particular function
of final payoff of contingent claim, like an affine exponential function of vector X and we may re-
verse the incertainty of »in the vector X, that is in the exponential of the final payoff of contingent
claim.

. -, P
5 Here we suppose to work under the risk-neutral probability measure for P .
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where the parameters 4,5 and o, are constants, and where (), is a Brownian
motion defined on a probability space (€2, F,Q) .

We note that all the processes are constructed on the probability space

.....

is well known that the Brownian motion (I7,%), is independent by (Z%),, and

we suppose that also the others Brownian motions of this model are independent

-----

lated.
If we introduce a matrix notation, the vector X, , defined as:

PP ]

S

follows the diffusion:
dX, = u(1,X,)dt + o(, X ,)dW, 2 +17dZ?

where IT=[1 0 0 0] and (W?), is a standard Brownian vector in R" like
that:

and we may write u(7,X,) and o(#,X,) like as two affine functions of X, :

u(t,X,) = K, +KX,
o(t,X,)o(t,X)' = H,+HX]

where:
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Ki(#) =

0

a 4

p ; KpeR

-5, 0 0 ]

—,E 0 4x4
; Ki(H)eR
0 —& 1(9)

_O 0 —a |
000 0]
00 0 0

H R4><4
000 olf"S
000 o
H” 0 0 0|
2

O H1(> Q Q ;H1€R4X4X4
0 0 HY 0

0o 0 o HY

where 0 is the null vector in R* and where:

L HO e R

. HO e R
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We may write also 7, like as an affine function of X, :

(X, = py +PIX,

where:
po = 0
0
0
P = 0
_1_

In the matrix-notation we have:

AN X,) = L,+L X,

,+ /P ]
B 0
0
— O -
where:
T
I 0 I..eR*
0 O 0
_O_
'/, 0 0 O]
0 0 0 0
L, = ; L, e R™
0 0 0 0
0 0 0 0
and also:
() = [aexp(cTdv(z)

Op(c); O(c)eR

In this contest we have to change probability, considering that only the first
component of X is the price of risky asset.
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Corollary 5. In an incomplete market driven by an affine jump diffusion, like

explicitly before, the set of equivalent martingale measures Q" for the risky as-

set's price, that is the first component of the vector X , is defined by the follow-
ing Radon-Nycodim derivatives:

dQ”
= Lif 6
1), ©)

where 1] has the same expression presented in (2).
In particular (,7), are two predictable process in R* linked by the following
relation:

Mt X))+ o (1, X)B, +0(r )AL X )1=Y, )

where 1 is the 4-dimensional unit vector and Y, is a 4 -dimensional vector

where the first component is null.

Proof. We proceed like in proof of proposition 1, but here we consider a mar-
tingale measure only respect the first component of vector X , unlike in the pre-
vious section where all the vector X represent the risky asset's prices.[]

So we have the following corollary, like as an application of the proposition 2;

Corollary 6. 1f we suppose that the future price of gas is the actual price of gas
G, times the expectation of an exponential affine function on X,

g(t,x) e c? , in an incomplete market driven by an affine jump diffusion, the
range of his arbitrage future prices is the gas price G, times [FG?, FG"[, where

FG" is the vischiosity solution of the following:
1
—0,FG" (£,5) — 5(0(1’1) (f,x))zappppFG” (£,x)>0 (8)

subject to the final condition FG"(T™,x)2 g(x), and where FGd(z‘,x) is the
vischiosity solution of the following:

1
8,FG (1,x)+ E(am(;‘,x))zapppp FGY(,x)<0

subject to the final condition FG’ T ,x)< o(x), with g(x)=exp(#"x) for a
J g g 1%

given #€R" and where 8PPPP FG?(¢,x) is the first component in the diagonal
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of matrix GXXFGd (¢,x) and ™" is the component in place (1,1) of the matrix

o(t,x)°.

Progf. We proceed like as in proof of proposition 2, but when we consider the

Bellman's equation (5), and suppose that the condition (7) is satisfied, FG"(¢,x)

is the vischiosity super-solution of the following:

1
—0,FG" (¢,x) + inf —Y;@XFG”(;‘,X)—Elr(O'(f,x)TGXXFG”(l,x)O'(z‘,x)) >0 (9
yeD

with the final condition FG"(T™,x)2 g(x), whete D is the set of F -adapted

and limited process with values on R”.
If we suppose that S,y — Foo in equation (9), we have to impose that

0,.FG"(#,x) is a vector where the components, except the first, ate null and
from this follows that also the second derivatives respect these variables, in the
principal diagonal of matrix 0 _ FG"(#,x), are null. So the only variable that is

not null is the first component in the principal diagonal of matrix o _ FG"(#,x),

that is the second derivative respect to the first component of vector X , like in
the thesis of proposition.

For the bound FG?(z,x), we proceed in the same way. [

We observe that the bounds FG? and FG” are function only of time # and

of the price of petrol P”, so in the tfollowing we may write FG™ (¢,P"). Also
we may characterize these extremes of the interval of prices, like in the following;

Corollary 7. If we suppose that the volatility of the price of petrol p* , ot , 1s
not bounded, so the upper bound FG” not increase on ¢ and is a concave func-
tion on the first component P of X and by the same argument FG? is not
decreasing on # and is a convex function on P”.

LY

Proof. 1f we suppose that o is null, so equation (8) prove the not increasing

property of FG”(¢,P") respect to .

¢ Here we have only the first component of the diagonal of o(#,x), because the change of

probability from Q to Q' , make null only the drift of the first component of the vector X , that
is the drift of the risky asset's price.
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By the other hand, if we suppose that o — +00, so to respect (8) we must

have 8,y FG"(#,P")<0.

By the same arguments we find the characterization of FG*(¢,P") ]

In this example of DIRH model, we consider an exponential function g(x)

for the final payoff of contingent claim and so, applying the proposition 4, we
have the following characterization of the Future Gas prices bounds;

Corollary 8. In this exponential affine model, we have that FG*(T,P") is the

convex envelopment of g(P"), while the upper bound of prices is not defined.
Proof. 'This is an application of proposition 4 to the case of an affine exponen-
tial function of contingent claim's final payoff.[|

4.2. Stochastic volatility model

Here we consider a particular application of our model to the case of incom-
plete market where the incertainty is characterize by a 2-dimensional Brownian
motion, one which drive the price of risky asset and one which drive his volatility.
In this standard case, we doesn't have a mixed diffusion so is not necessary to
impose a particular restriction on the structure of parameters and final payoff of
contingent claim.

We suppose that under the probability measure P, the dynamics ate the fol-
lowing:

dX, = u(X,)dt+odlV,

12

where u(X,)eR*, o(X,)eR** and (), is a 2-dimensional P -Brownian
motion in R”.
Explicitly the vector X has the following expression:

d{%} _ {/ﬂt}dh{ff@) O}PWM}
Y, n 0 Y dWZ,;

Like as in the previous example, we have to change probability from measure

P to Q”, thatis a martingale measure respect to the first component of X | the
risky asset price;

Corollary 9. In a standard stochastic volatility model in NIRH, like explicitly be-

fore, the set of equivalent martingale measures Q’ for the risky asset's price, that

is the first component of the vector X, is defined by the following Radon-
Nycodim derivatives:
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a’

=17 10
P ; (10)

%

where Lf has the following expression:
B — ' AT _l .
L em{L@dW; ZLua@|wﬁ

assumed to be a square integrable strictly positive martingale.

In particular (f), is a predictable process in R” satisfying the following relation:
H(X,)+af, =Y, (1D
where Y, is a 2-dimensional vector where the first component is null.

Proof. We proceed like in proof of proposition 1, but here we consider a mar-
tingale measure only respect to the first component of vector X and we don't
have a jump process, unlike in the section 2 where all the vector X, that is a

mixed diffusion, represent the risky asset's prices.]
Like as an application of the proposition 2 we have the following;

Corollary 10. In a standard stochastic volatility model in NIRH, the range of the
arbitrage prices of a contingent claim which final payoff is a function

Flt,x)eC? is [f4, £, where f” is the vischiosity solution of the following:
u 1 2 u
0,/ (63) =5 %0 /" (1,3) 20 (12

subject to the final condition f”"(T7,x)2 f(x), and where f * is the vischiosity
solution of the following:

1
8, 1 (¢,%x)+ 562% F(t,x)<0

subject to the final condition fd (T™,x)< f(x) and where O f"(#,x) is the
first component in the diagonal of matrix 0, f"(#,x) and o is the component

in place (1,1) of the matrix o .

Proof. We proceed like as in proof of proposition 2, but when we consider the

Bellman's equation (5), and suppose that the condition (11) is satisfied, /" (#,x)
1s the vischiosity super-solution of the following:
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1
=0, " (#,x) + inf —Yfﬁxf”O‘,X)—Efr(gTﬁxxf”(f,x)g) 20 (13)
peD

with the final condition f"(T7,x)2 f(x), where D is the set of F-adapted and

limited process with values on R”.
If we suppose that S — Foo in equation (13), we have to impose that

0. /" (t,x) is a vector where the second component are null and from this follows
that also the second derivatives respect this variable, in the principal diagonal of
matrix 0. /" (#,x), is null. So the only variable that is not null is the first compo-
nent in the principal diagonal of matrix 0. f"(#,x), that is the second derivative
respect to ', the first component of vector X | like in the thesis of proposition.

For the bound f (2,5, we procede in the same way.l]

We observe that the range of derivative's prices depend only on # and on the

price S, so in the following we may write f (2,8) . Also we may characterize

these extremes of the interval of contingent claims prices, like in the following;

Corollary 11. 1f we suppose that the volatility of the price of risky asset ', o, is
not bounded, in NIRH model, so the upper bound f” not increase on 7 and is a
concave function on the first component § of X and by the same argument

d - . . .
f* is not decreasing on # and is a convex function on §'.

Proof. 1f we suppose that o is null, so equation (12) prove the not increasing
property of f"(2,5) respectto 7.

By the other hand, if we suppose that o — +00, so to respect (12) we must
have 0 /" (#,5)<0.

By the same arguments we find the characterization of f (2,8).0

An explicitly characterization of the derivative's prices bounds, is possible only for
patticular derivative's final payoff functions, like as it is pointed in proposition 4.
5. THE MODEL IN THE SIRH

We consider a financial market where the incertainty is represented by a sto-

chastic variable (X), € R”, that is the price of risky assets, which dynamic is the
tfollowing jump diffusion’:

7 Here we consider the proportional drift and diffusion on X, to semplify the calculation.
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dx
o= ndr ot X )T dw ¥ +17dz%

12

where, 7, is the spot interest rate, 1€R", o(#,X,)€R", and the parameters are

defined like in section 2 and section 3.
We suppose that the interest rate is stochastic and in particular we suppose

that the dynamic of the zero coupon price (B(.,T)),, is the following:

B(#,T
4B, 1) rdt+T(,T)TdIW (14)
B(2,T)

ot equivalently, on the measure Q” :

dB(z,T)

— T T Q”
BT (r, +T(2,T) B)dr+T(2,T) dIV, (15)

where, B(#,T)eR and I'(z,T)eR".

6. THE SET OF EQUIVALENT MARTINGALE MEASURE AND THE INTERVAL OF ARBITRAGE
PRICES IN THE SIRH

If we suppose that the market is incomplete and we make the SIRH, to deter-
mine the range of prices of a contingent claim of X, we have to consider the set

of equivalent martingale measures Q" for X, so that:

Xt
B(#,T)

EQ’? [XT |’7:t]:

where the zcb price follows the SDE (14) or (15).
We have the following;

Proposition 12. In a general incomplete market with SIRH, the set of equivalent

martingale measures Q7 for X is defined by the following Radon-Nycodim de-

rivatives:
n
2 -n (16
dQ” -
1

where:
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L= exp[ [graw? —% [1&1¢, 1du+ [pn+n,) T aM? +
(17
- [ )A X, )

assumed to be a Q” -square integrable strictly positive martingale and where the

process (77), is so that (1+7,)>0.
In particular (&£,7), are two predictable process in R” linked by the following

relation:

X, ) P T
(B(f,T)jD F(LTYTT( T)| =TT B, = o, X0 T) +

(18)
+|0(4,X,) =T, & +0(1)A¢.X,)|=0

where 0 is the 7 -dimensional vector of zeros.

X
Proof. The dynamic of [—j under the probability Q7, defined by the
t

>l

Radon-Nycodim derivative (17) is the following®

{5en)
B(,T)
Xl
B(2,T)

= (|T@¢T)'0@¢T)|-T¢#T) B, —o(t,X,) T(2,T))ds +

+o(,X,) =T T[T dw,? +17dz¥
= (| F(ZL>T)TF(ZL>T) | _F(IJT)Tﬁt - O-(lzXf)TF(ZL’T)—i_ | O-(ZL>X1) —F(f,T) |T ét +
+ 001, A1, X, )dr+ | (2, X,) =T, T[T AW +17dZY

that is a Q" -martingale under condition (18) and where, by Girsanov theorem,
we define the Q”-Brownian motion (WQ” ), and the Q"-pure jump process

(ZQn ), > as follows:

A 4 1
8 By applying the It 6 lemma, we find the dynamic of {—j :
4

B(,T)

o
@ =—[(r,+T(,T) )t +T(+,T)T th@y —|T(,T)'T(,T)|d?]

B(2,T)
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LVth — I/V;@y _ J‘Ofé:ﬂd%
M = 27 = [on,)Aw, X, )du
where (M o ), is a Q7 -martingale.
Proposition 13. In a general incomplete market with SIRH, the arbitrage prices

range of a contingent claim which final payoff is a function F(z,x) eC™, is

[F/,F"[, where F” is the vischiosity solution of the following:

u _l X ) — T " »
— 0,F"(2,x) erKB(f’T)j\a(f, ) =T, T)| 0, F"(#,x)

|o(2,5)=T(2,T) [ 5, T)j >0

subject to the final conditon F“(T7,x)2>F(x), whete 0,F"(¢,x)eR",

8, F"(¢,x)eR” and where F“ is the vischiosity solution of the following:

d l X ) — T Vi »
0,F (z‘,x)-i—zerB(t’TJ‘a(t, ) =TT 0, F"(#,x)

:
|o(2,x) — m’T)‘(B(;,T)j ] <0

subject to the final condition FUT™,x)< F(X;).

(20)

Proof. We define the upper bound F” of contingent claim's prices range, as
follows:

F" = SuPEQn[F(XT)]
neD
= —infB_,[—F(X;)]
neD Q

where D is the set of F -adapted and limited process with values on R”, and
consider the related dynamic problem:
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F'(¢,x)= suEEQU [F(X;)] X, =x]
ne
so that F" = F"(0,x,) . If we consider the Bellman's equation for this stochastic

control, we can characterize F“(#,x) like as the vischiosity supet-solution of the
tollowing:

T
_atF”(f’,X')-i-’i]IelZf; _KB(};T)) [| (2, 0, T | -T2, T)BT +

—o(#,X,)0(,T) +|0(4,X,) =T+, T)| & +0(1,)A(,X,) |0 F" (2,5) +

1 X T ! - —
5 [B(z,T)j\G(fM—F(tT)\ 0uF" (1,200 (t2) r(j’T)‘(BU,T)] -

(21)

with the final condition F”(T™,x)> F(x). We observe that, if the condition (18)
1s satisfied, so (21) begun the (19) in the thesis of proposition.

For the bound F* we proceed in the same way.[

Proposition 14. 1f we suppose that |o(¢,x)—I'(#,T)| is a not bounded vector,

so the upper bound F” is not increasing on ¢ and is concave on X and by the

d . . .
same argument F° is not decreasing on # and is convex on X .

Proof. 1t we suppose that |o(¢,x)—I'(#,T)| is a vector with null components,

so equation (19) prove the not increasing property of F“(#,x) respectto 7.

By the other hand, if we suppose the limit case in which all the components
of the vector |o(#,x)—I(#,T)|—>+w, so to respect (19) we must have

0. F"(1,x)<0. By the same arguments we find the characterization of

Fi(2,5).0

Like as in DIRH model, we have the following explicitly characterization of
the bounds of derivative's prices in SIRH model;

Proposition 15. 1f F%(x) is the # -price of the concave envelopment of func-
tion F(x),in SIRH model we have that:

F(#,x)= F"(x)
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and in particular F* = F%(x,).
In the same way, if F(x) is the #-price of the convex envelopment of

F(x), we have that:
F(1,5x)= F™ (x)
and in particular F* = F% (x,).

Proof: We proceed like as in proof of proposition 4. []

7. SOME EXAMPLES IN THE SIRH

7.1. The future price of gas in an affine model

In this example we consider a particular incomplete market driven by an affine
jump diffusion like this presented in subsection 4.1, applied to the market of gas
derivatives where we suppose that the final payoff function of future contract is
not exponential affine and the interest rate is stochastic.

We consider the future price of gas, as a function of the actual spot price of

gas G , the price of petrol P” which is modellized by a diffusion with jump, the
convenience yield 0 and the stochastic volatility »:

FG= f(G,P",5,»)

where the variables follows a process like this proposed in subsection 4.1., and
the instantaneous interest rate (r), follows an Ornstein-Uhlenbeck mean-

reverting process:
dr, = a(b—r,)dt — o, dW,}

where the parameters a,b and o, are constants, and where (W,), is a Brownian
motion defined on a probability space (Q,F,Q). From this hypothesis follow
that the zcb price B(#,T) is:

2
O-r

4a

B(#,T) = exp— {TROO +(R, —r)C(T - ) +—=C(T - ;)2}

2

where R, =b— % and the zcb's price volatility is:
a
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', T)=0,C(T —1)

_ —a(T=1)
where C(T —#)=

a

So we define the vector }_(t , as:

that follows the following diffusion:

dX - -
% L= pu(t, X )t +o(t, X)) AW, +17dZ}

12

where IT=[1 0 0], u(t,X,)eR, o(+,X,)eR’ and (W?), is a standard
Brownian vector in R’ and where we may write u(7,X,) and o(7,X,) like as

two affine functions of X, :

/‘(fa}_{z) = K, +K1}?;

o(t,X))o(t,X,)] = H,+HX’
where:
0
K, = |a|;K,eR’
I
-5, 0 0
K@ =10 =B 0;K(@)eR™
i 0 -k
0 0 0
H, = |0 0 0};H,eR>
0 0 0
HY 0 0
H =110 HY 0 |;HeR™
0o 0o HY
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where 0 is the null vector in R” and where:

HY = |0 HYeR’
2v
_6’
0
H? = 0 |;H”eRrR’
2v__2
¢ 95
HY = |0 | HY eR’
2
_O-v

In this contest we have to change probability, considering that only the first

component of X is the price of risky asset.

Corollary 16. In an incomplete market driven by an affine jump diffusion and in
the SIRH, like explicitly before, the set of equivalent martingale measures Q" for

the risky asset's price, that is the first component of the vector X , is defined by
the following Radon-Nycodim derivatives:

n
de =17 22)
4’|,

13

where L7 has the same expression presented in (17) of proposition 12.
In particular (&£,7), are two predictable process in R’ linked by the relation

(18) equated to a vector Y, € R’ where the first component is null, and where
['(¢,T) is zcb's price volatility in the Ornstein-Uhlenbeck hypothesis.

Proof. We proceed like in proof of proposition 12, but here we consider a mar-
tingale measure only respect the first component of vector X , unlike in the pre-

vious section where all the vector X represent the risky asset's prices.]
So we have the following corollary, like as an application of the Proposition 13;

Corollary 17. If we suppose that the future price of gas is the actual price of gas

G , times a function on X, g(#,%)e C"?, in an incomplete market driven by an
affine jump diffusion in SIRH, the range of his arbitrage future prices is the gas
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price G, times [FG?,FG"[, where FG” is the vischiosity solution of the follow-
ing:

—afc”(;,;«)—%(B(I: T)J (a@(;,y)—r(z,T))ZaPPPPFG”(;,y)zo (23)

subject to the final condition FG"(T~,X)> g(¥), and where FG*(¢,%) is the
vischiosity solution of the following:

2
=d,, — 1 PP M,, — 2 =d,, —
= — <
0,FG (;,x)+2 BT (o (t,x)=T(2,T)) aPPPPFG (1,x)<0

subject to the final condition FG'(T~,%)< g(x) and where aPPPP FG""(#,%) is

the first component in the diagonal of matrix 8 FG"’(#,%) and o is the first

component of the vector o(¢,x)°.

Proof: We proceed like as in proof of proposition 2 and proposition 12, but
when we consider the Bellman's equation (21), if we suppose that the condition

(18) equated to Y is satisfied, and that &,7 — Foo in equation (21), we have to
impose that 6_FG"(¢,%) is a vector where the components, except the first, are
null and from this follows that also the second derivatives respect these variables,

in the principal diagonal of matrix 8, FG”(z,x), are null. So the only variable
that is not null is the first component in the principal diagonal of matrix

0, . FG"(1,%), that is the second derivative respect to the first component of vec-
tor X , like in the thesis of proposition.

For the bound FG’(#,%), we proceed in the same way.[]

Also in the contest of a SIRH model, we may characterize the bounds of the
range of future gas prices, like in the proposition 14 and proposition 15 in the

case of "V(£,%)~T'(2,T) €[0,+o0] .

7.2. Stochastic volatility model

Here we consider the example proposed in subsection 4.2 in the contest of
SIRH model.

? Here we have only the first component of the vector o(#,x), because the change of probabil-

ity from Q" to Q”, make null only the drift of the first component of the vector X , that is the
drift of the risky asset's price.
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We suppose that under the probability measure PP, the dynamics of the vector
X , with component § and Y, is the following:

d;;t = u(X,)dr + 677,

12

where u(X,)eR, 6eR” and (7), is a 2-dimensional P -Brownian motion.
Like as in the previous example, we have to change probability from measure P

to Q°, that is a martingale measure respect to the first component of X, the
risky asset price;

Corollary 18. In a standard stochastic volatility model in SIRH, like explicitly be-
fore, the set of equivalent martingale measures Q° for the risky asset's price, that

is the first component of the vector X , is defined by the following Radon-
Nycodim derivatives:

o

0 =1 (24)

%

where Lf has the following expression:

/ 1 ¢
§ _ T IE/ _ T

assumed to be a square integrable strictly positive martingale.
In particular (&), is a predictable process in R satisfying the relation (18) but

equated to Y, , a 2 -dimensional vector where the first component is null.

Proof: We proceed like in proof of proposition 12, but here we consider a mar-

tingale measure only respect to the first component of vector X and we don't
have a jump process, unlike in the section 6 where all the vector X, that is a
mixed diffusion, represent the risky asset's prices.l

Like as an application of the proposition 12 we have the following;

Corollary 19. In a standard stochastic volatility model in SIRH, the range of the
arbitrage prices of a contingent claim which final payoff is a function

F(X,)eC is [f9, £, where f” is the vischiosity solution of the following:
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S
B(z2,T)

—0,/"(1,%) —%[ j (&Y =T, T) 85 f"(1,%)20 (25)

subject to the final condition 7“(T~,%)> f(X), and where 74 is the vischiosity
solution of the following:

0,/  (1,%)+ %( J (6 =T, 1) 8, f* (1,5%)< 0

B(z2,T)

subject to the final condition f“(T7,%)< f(xX) and where 8 /" (#,%) is the

n,d

tirst component in the diagonal of matrix GXX]_‘ (¢,%) and 6% is the first com-

ponent of the vector & .

Proof: We proceed like as in proof of proposition 13, but when we consider the
Bellman's equaton (21), and suppose that the condition (18)) equated to vector

Y, is satisfied, f”(z,x) is the vischiosity super-solution of the following:
=0,f R+ inf (Y0 F (6.F)+

1 X X

] ) o 6)
57 (B@,T)]‘G—FU,T)\ Ot V’X)“’_W’T)‘[BU,T J +

with the final condition ]7” (T",x)2 f(x), where D is the set of F -adapted

and limited process with values on R,
If we suppose that &—>Foo in equation (26), we have to impose that

o f"(¢,%) is a vector where the second component are null and from this follows
that also the second derivatives respect this variable, in the principal diagonal of
matrix 8W]7” (2,X), 1s null. So the only variable that is not null is the first compo-
nent in the principal diagonal of matrix d. f“(#,X), that is the second derivative
respect to ., the first component of vector X , like in the thesis of proposition.

For the bound 7’{ (2,x), we proceed in the same way. []

We may characterize these extremes of the interval of contingent claims prices,

like in proposition 15 in the case of (6" —T(2,T)) €[0,+0] .
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RIASSUNTO

Ll'intervallo dei prezzi d'arbitraggio dei derivati in un mercato incompleto generale

In questo lavoro si considera un mercato incompleto generale guidato da una diffu-
sione mista di dimensione finita e si caratterizza l'intervallo dei prezzi d'arbitraggio dei de-
rivati attraverso un approccio di super-replicazione in ipotesi di tasso d'interesse deter-
ministico (DIRH) ed in ipotesi di tasso d'interesse stocastico (SIRH). Si presentano
esempi di applicazione di tali modelli a particolari situazioni d'incompletezza.

SUMMARY

The range of derivative’s arbitrage prices in a general incomplete market

In this paper we work in a general incomplete market driven by a mixed diffusion of
finite dimension and we characterize the range of derivative's arbitrage prices by the su-
pet-replication approach in the deterministic interest rate hypothesis (DIRH) and in the
stochastic interest rate hypothesis (SIRH). We give some examples of applications of this
models in particular incomplete situations.



