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1. INTRODUCTION

Since 1997 when Marshall and Olkin proposed a way to add a parameter to the expo-
nential distribution by compounding with the geometric distribution (obtaining what
is referred to as the exponential geometric (EG) distribution), many new distributions
have been proposed based on compounding lifetime distributions with members of the
power series family. The exponential Poisson (EP) and exponential logarithmic (EL) dis-
tributions were introduced and studied by Kus (2007) and Tahmasbi and Rezaei (2008),
respectively. Chahkandi and Ganjali (2009) proposed the exponential power series (EPS)
distribution, which contains as special cases these distributions. Recently, Morais and
Barreto-Souza (2011) proposed the Weibull power series (WPS) distribution which con-
tains the EPS distribution as a special case.

The odd log-logistic (OLL) family of distributions was developed by Gleaton and
Lynch (2004). The name “odd” originates from the idea of evaluating the odds of death
of a patient. The OLL family of distributions have the cumulative distribution function
(cdf) and probability density function (pdf) specified by

M(x;7)"
I (x;7) 410 (x;7)

G(x;y,7)= 1)
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and

Y7 (x;T) [H (x;7) (x5 T)]y_l

[H(x;r)y+ﬁ(x;'r)y]2

gx;y,7)= , )

respectively, where 7t (x;7), II(x;7) and ﬁ(x;'r) are the pdf, cdf and survival function
of the baseline distribution. The survival function of the OLL distribution is G (x; ) =
1— G(x;1), where T are parameters of the baseline distribution.

In this paper, we introduce the OLL power series distribution (OLL-PS) obtained by
compounding the OLL family and power series distributions. The compounding pro-
cedure follows key ideas of Marshall and Olkin (1997), builds a wider and more flexible
family of continuous lifetime distributions.

The contents of this paper are organized as follows: Section 2 introduces the OLL-
PS family of distributions; Section 3 derives some mathematical properties; estimation
of the parameters of the OLL-PS family of distributions by maximum likelihood is in-
vestigated in Section 4; Section 5 presents five special cases of the OLL-PS family of
distributions; a simulation study is given in Section 6; applications to two real data sets
are illustrated in Section 7. The paper is concluded in Section 8.

2. THE NEW DISTRIBUTION

Let X|,X,,...,X be arandom sample following the OLL distribution with cdf and pdf
given by (1) and (2), respectively. Let E(x, ¢)=1—G(x;¢) denote the survival function,
where ¢ = (y, T) are the parameters of (1) and (2). Let N follow the zero-truncated power
series distribution. A distribution is said to be a power series distribution (Noack, 1950)
if its probability mass function (pmf) can be written in the form

n
a0

P(N:n;@)—A(6>

©)

for n =0,1,2,..., where a,, depends only on 7 and not on 8, A(0) = 3.°° 14, 0" and
@ > 0 is such that A(0) is finite. In (3), 8 is the power parameter of the distribution and
A(+) 1s the series function. Thus, we can define a zero-truncated power series distribution
with pmf as follows:

n
a,l

c©)

forn=1,2,3,..., where C(0) = A(0))—ay = >.22,a,0". For more details about power
series distributions, see Johnson et al. (2005).

Table 1 in Appendix E shows useful quantities of some power series distributions
(truncated at zero) such as Poisson, geometric, logarithmic, negative binomial and bino-
mial distributions.

P(N=n;0)=
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The OLL-PS family of distributions is defined by the random variable X = min {X;}’,.
Then

F(x|myy,t) = I—E(x;y,r)”

> I (x;7)" "a,0"
-E] )

=\ (x;7) +1(x;7)

The marginal cdf of X, if N has truncated at zero power series distribution, is

oo

F(x;&) = ZF(x | n57,7)P(N =n;0)

—1 H(x;'r)y
= 1— o] G — ,
1—Le@)] C< {way+4umry}> @

where & = (0, y,7) is the parameter vector of the OLL-PS family of distributions. The
random variable X following (4) extends some distributions introduced in the literature.
The EPS (Chahkandi and Ganjali, 2009) and WPS (Morais and Barreto-Souza, 2011) dis-
tributions are obtained by taking exponential and Weibull distributions as the baseline
distributions and y = 1.

THEOREM 1. The exponentiated OLL family of distributions with shape parameter ¢
is a limiting special case of the OLL-PS family of distributions when 0 — 0%, where ¢ =
min {7z €N:a, > 0}.

PROOF. Let ¢ = min{n €N:a, >0}. Using C(d) = 3 a,0" for x > 0, we have

n=1

that

Jim F(5€) = 1 Jim o=2C(6G(x56))
> an[ﬁé(x,g)]
= 1— lim =—
o0 Z_: a,0n
[E(x;g)]c +a ! i an[ﬁa(x;g):ln
— 1—6112’; n=c+1

T+as' 3 a,07

n=c+1
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= 1-— [E(X;g):lc

for x > 0. For more details see Nadarajah and Kotz (2006). O

3. SOME USEFUL PROPERTIES

3.1.  Density, survival and failure rate functions

Let X be an OLL-PS random variable with cdf (4). The corresponding pdf, survival
function and failure rate function are

fsE) = O[COT ' g(x56)C (G (x5))

}/97'5(x;r)(H(x;T)ﬁ(x;T)y_l C’< O (x;7)" > 5)
C(6)<H<X;T)y+ﬁ(x;r)y>2 (x;7) +1(x;7)

I 1 O(x;7)
ress)=teon C<€{H<x;r>f+ﬁ<x;r>y}>’ ©

and

;/971(36;1’)<1_I(x;'r)ﬁ(x;'r)>y_1 C/<%)
(H(x;'r)y—i-ﬁ(x;'r)V)z C<(9{H(xrﬁ)(x—1)y}> ’

) +H(x;7)"

h(x;€)=

respectlvely, for x > 0. Two useful linear representations for (4) and (5) can be derived
using the concept of power series. We can prove that the cdf (4) admits the expansion

T n io:/{rﬁoc) )
G =| e | =2 =S
MG +0 ] 3 p Ty 7=
where
A'r: > 11+r yn l > r_hr 5
> <z><>P (r:m)
and
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for r > 1and by = =2, see Appendix A. For more details, see Cordeiro et al. (2015).
Second by using the power series expansion for C <9 G(x )), we have

C(6G(x))= ia 67G (x)" :ianen i b T (x) :iia 67 b T (x)"
n=1 n=1 r=0 n=1r=0
Then, (6) can be expressed as
F()=[COT 3> a,6"b,TT(x) 0)
n=1 r=0

and the pdf of the OLL-PS distribution can be represented as

f)=[COT ' 7(x) D 6,0 (x), ®)

n=1r=0

where ¢, , =—(r+1)a, b, ;. The OLL-PS pdf is an infinite linear combination of the

. . n r +1
baseline survival function.

In Appendix B, we introduce and calculate the following
x(a,b,c)=E [X“n(X)b_lﬁ(X)C:I = J x“[ﬂ(x)]b[ﬁ(x)]cdx.

This can be used to express the moments, moment generating function, mean residual
functions, etc.

3.2, Moments, moment generating and mean residual life time functions

Moments are the most important measures in statistical analysis especially in applied
work. For all s > 0, direct integration of (8) shows that

E[X’] = 1ZZCMH”J wx’ﬁ(x)’n(x)dx
n=1 r= —oo
= 122%,5” s,1,7) )
n=1 r=l

The moment generating function of X can be determined by using an expansion of
exp(£X) and (9). It is given by

MX<I) — E[etX]:E[i(tX)s}:i_

|
s=0 .

]_12 Z cn’r (s,1,7).

n=1r,s=0
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Given the survival to time x, until the time of failure, the mean residual lifetime is

m(xy) = E[X—x]X>x]
= [Tv(xo)]‘lf F(v)dv
1224 671 J

n=1r=0

)" ZZan 0"b,x, (0,0,7),

n=1r=0

where the incomplete kappa function x, (4,5, c) is introduced in Appendix B.

3.3.  Random number generation

By inverting (4), we obtain the quantile function of X, say x = Q(#) = F~'(u), as

11
_ i u'(0) 7
x=Q(n)=1 1<[1+{1—u’(9)} ] >, (10)

where II7!(-) denotes the inverse cdf of the baseline distribution, C~!() denotes the
inverse C(-) function and #'(6) = 6-1C~1 (#C (8)). So, the OLL-PS distribution can
be simulated as follows: if U is a uniform [0,1] random variable, then the previous
transformation of U has the OLL-PS distribution.

3.4.  Entropies

Many information measures are suggested in the literature. Two most widely used uncer-
tainty measures are Rényi entropy (Rényi, 1961) and Shannon entropy (Shannon, 1948).
The Shannon entropy of a random variable X is given by I (X) = —E [log(f (X))]. By

()
I(X) = log(C(0))—log(y)—log(0)—E [log(r (X))]
+2E [ log(TI(X) +T1(X)")]
—(y—=D{E[log{T(X)}]+E [log {TI(X)} ]}

]
TI(X )
—E |:log{C’<—9H(X_> }]
II(X) +I1(X)"
We define and calculate

Blapapayeyasl) = f T {C/ < w@fx);)“ >}d
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_ ! (1—u)? & . 0" (1—u)™ du
B Jo (e +(1—n)) ’,Z““" +(I—u)")"
1 <1 )aerrm
du
R e

Z ,0"A(ay,ay + na,ay + n;a),

where A(a,,a,,a5;a) is as defined by Cordeiro ez al. (2015). After some calculus, it is
possible to derive the Shannon entropy for a member of the OLL-PS family.
For X a random variable with pdf (5),

Oy
EllogIN})= & 5 B0 +1= Ly —1.2.15730),

E[log{ﬁ(x)}]: —V%B(y—l,y—l-t—l,Z,l;}/;@),

— %
E[log{HV (x)+Hy(x)}] = FZ)%B(V—LV—LZHJ;%@)

and

S O(x) _ Oy . -
E[l‘)g{c <H<x>y+ﬁ<x>y>”_ @ 2; " T LRI EYO).

Hence, the Shannon entropy of X is

L(X) = log(C(¥))—log(y)—log(t)—E[log(n(X))]

_%%B(}/—}-t—l,}/—l,l,h)/;Q)
_%%B(y—l,y+t—l,l,l;y/;9)
+%%B(y—l,y—l,l+t,l;}/§9)
_%i (r—1y—121+;1;0).

The Rényi entropy of a random variable with pdf f(x) is defined by

_nlog{fowf(x)”dx}

[R(X):
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for >0 and 7 # 1. The Shannon entropy is a special case of the Rényi entropy.
Now, we derive expressions for the Rényi entropy for the OLL-PS family. Since

CO)=>2,a,0"and 0>0,C'(0)= io: na, "' is a power series too. By (20),

wherec, , = (na,)™" mZ:l (n+1)[mn+1)—n
the ratio of two power series, we have

143,115 - Using the power series for

u(l—u)™

i = 20 (e

00 % 81kuk
= Z(—l)"<ﬂz>—k_1 ’
=0 Z 8,k
= > < ) et (11)
i,k=0
where 8, =a;, (a,+ i), 8, = by (a,a5) and
1
83,k:8_< 2827‘8316 'r>
20 82012

For more details, see Appendix A. Hence, by using (5) and (11), we have

Geor = [0 -m<x>v<n<x>ﬁ<x>)“y‘”ic [ Ty }
-~ Lc®). (M) +Ti(x y)z’f = L (x) T (x)
_ _}/_9_') oy ) . gnH ) ﬁ( )(77+n)—77
[ C(0)] Z:; " <H(x)y+ﬁ( YT
c@) "L < l. >3,k[ ()] - (12)

By using (12) and direct integration, we obtain

LX) = 110 log{Jooof”(x)dx}dx
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= 1okl +log {6} —log C (6)]
1 [e]
+ =7 log {n,i,zk—own’i’kX(o, ’%k)} ’

67 ("8, and % (0, p, k) = [ 7 (x) T (x)*dx.

where w, ;. =(—1)'c,,

3.5.  Order statistics

Let X,,X,,...,X,, be independent OLL-PS random variables. Let X;. = denote the ith
order statistic. The pdf of X, say f;.,,(x), is

fin() = Kf P (1= F )"

1—1

kf e () Ee)™

=1

where K = m!/[(: — 1)}(m —)!]. An explicit expression for this is derived by the fol-
lowing theorem.

THEOREM 2. The pdf of X,.,, can be expressed as
Ky@m=itlp () i & & — Ak
fim ()= [};T"HL)ZZ > Ci,j,n,783,/e|:n(x):| : (13)

For the proof see Appendix C.

Equation (13) is the main result of this section. It reveals that the pdf of the OLL-
PS order statistic is a linear combination of survival functions. So, some mathemati-
cal properties of the OLL-PS order statistic such as ordinary, incomplete and factorial
moments, moment generating function, mean deviations, etc can be easily found. For
example, the sth moment of the zth order statistic Xj.,, can be expressed as

K}/em i+1  1—1

ZZZCZJnr 3/6){3 11@)

[CO " Fim

E[X:,]=

4. MAXIMUM LIKELIHOOD ESTIMATION

Suppose X|,X,,...,X,, is a random sample with observed values x,,x,,...,x, from the
OLL-PS family of distributions with unknown parameters § = (0, y, 7). Furthermore,

let g (x,¢) and G (x,¢) denote the pdf and survival function of the OLL-PS family of
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). The log-likelihood function of & is

distributions with unknown parameters ¢ = (y, 7

((&x) = nlogy+nlogh—nlog[C +Zlog (14)
+(}/—1)ilog[ﬂ X;T
+(7/—1)Zlog[ﬁ( ] ZZlog[ Y 410 (x;; T)]
2 , O (x;;7)"
20|y ey ﬂ )

The log-likelihood function can be maximized by solving the nonlinear likelihood equa-
tions obtained by differentiating (14). The components of the score function U, (§) =

(3]36,30]3y,dL]IT) are given by

— / O11(x;;7)"
A _n_nC'O) 3 Tty Ty i)
a0 6 CO) S(x;r) +(x;7) c~< T, ) :
X

(x;37)" +10(x;57)"

ot = —+Zlog —I—Zn:log[ﬁ(xi;'r)]
=1

dy
o ML) log M (xis)] + (x;57) log[ T (x;37) |
P (3 7)) +10(x;7)
n ) T (x;; ){log[ﬁ(xl-;'r)]—log[H(xl-;T)]}
)

+92 —
[H(x;’r)}’ +II(x;7 V]
/ OT(x;;7)"
(i sy

" ‘9ﬁ(’%§7)7 > ’
¢ (H(X,;T)V-i-ﬁ(xl;‘r)”

=

al n ﬂf(xi;T)%—(y—l)‘n HT(xi;T)+(}/—1)Zn:HT(xi;T>
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Qi ﬁ(xl-;fr)y—l IV (x;;7) [ﬁT (x;3 ) (x;57)—11, (xi;fr)ﬁ(xl-;fr)]
+
' i=1 [H(x;'r)7+ﬁ(x;r)y]2

/ ‘gﬁ(xi;‘f)y
'\ thtr)

p O (x;57)" > ’
¢ <n<xi;f>7+ﬁ<x,;r>y

where C’(-) and C” () are the first and second derivatives of C(-), respectively. Further-
more,

d —

7, (x;7) = —m(x;7), I (x;7) = —(x;7), I (x;7) = EH(JC;T).

dr

The maximum likelihood estimate (MLE) of & say & should satisfy the following
equation U, (§) = 0. The solution of this nonlinear system of equations has no closed
form. To solve this equation, it is usually more convenient to use nonlinear optimization
algorithms such as quasi-Newton algorithm to numerically maximize the log-likelihood
function. In the data applications section, the MLEs were obtained by directly maximiz-
ing (14) with respect to the parameters. The optim routine in R was used for maximiza-
tion.

Asymptotic properties of the MLE are needed for interval estimation and tests of hy-

potheses. Under certain regularity conditions (Lehmann and Casella, 1998), /7 (2 —& )
approaches N <O,K(£)_l> in distribution as 7 — oo, where K (§) = lim »~'1 (&) and

I, (&) denotes the observed information matrix.

5. SOME SPECIAL CASES

In this section, we study some special cases of the OLL-PS distribution. To illustrate
the flexibility of the distributions, plots of the pdf and failure rate function for some
selected values of the parameters are presented.

5.1. Odd exponential power series (OEPS) distribution

The pdf and cdf of the exponential distribution are given by II(x; 8) = 1—e~”* and
7i(x; B) = BeP*, respectively. Inserting these into (5) gives the OEPS pdf

' B yeﬁe_ﬁx[(l—e_ﬂx)e_ﬁx]y_l / Bx r -1
f(x,ﬂ,}/,e)— C(ﬁ)[(l—e_ﬁx)y-i-e_lgyx]z 9 <6{<e _1) +1} )

forx >0, 8>0and y >0.
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5.2. Odd Lindley power series (OLPS) distribution
Consider the Lindley distribution with cdf and pdf given by

N ,5+1+,5x —Bx
H(x"g>_1_—,5+l e

and

B s
. 3)— 1 —pBx
w33 )= o (L0 P,
respectively. Inserting these into (5) gives the OLPS pdf
7/(9/62<1 + x)e_fg"[( ,6+1+,6x e‘ﬁ”> ﬂ+1+,3x —ﬁx]
(/6+ 1)C((9)|:< ﬁ+1+ﬂx —ﬂx>y+< +,5x _ng> :I
+1 v
C' 6 1+< b 1> }
< { B+1 +/J7x

forx >0, 3>0and y >0.

(x;B,7,0) =

5.3. Odd Weibull power series (OWPS) distribution
The OWPS distribution is defined from (5) by taking I(x; &, 8) = 1—e"*" and ne(x; 2, B) =
afBx* e Tts pdf is
a a _1
yﬁaﬁx“‘ P (1—eBx ) e B ]
F (s o 0) [(ay ) az]
C(Q)[(l—e—ﬁx ) 4 e—Brx J

(ol -1y 1))
for x >0, 8> 0and ay > 0. Figures 1 and 2 in Appendix D display the pdf and failure
rate function of the OWPS distribution for selected parameter values.

5.4.  Odd Lomax power series (OLxPS) distribution
The cdf and pdf of the Lomax distribution are II(x; 8) = 1—[1+ Bx] * and 7(x; 8) =
afB[14 Bx]*"", respectively. Inserting these into (5) gives the OLxPS pdf
rOafSli+ B {14+ Bl —[1+ fx] )
CO(1—[1+Bx]Y +[1+ Bx] T
C'(O{1+([1+ Bx) — 1)} )
forx>0,a2>0,3>0andy >0.

f(xsa,B,y,0)=
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5.5, Odd log-logistic power series (OLLPS) distribution
Consider the log-logistic distribution distribution with cdf and pdf (for x > 0) given by

I(x;a,08) = [1 + (,Bx)_o‘:r1 and 72 (x;a, B) = aB(Bx)*'[14(Bx)*] 7, respectively.
The OLLPS pdf is

afByb(Bx)""
CO)[1+(Bx)T
for x >0, 2 >0, 8> 0and y > 0. Since the log-logistic distribution is closed under the

OLL generalization, (16) is the pdf of the log-logistic distribution compounded with the
power series distribution.

f(xa,B,y,0)= C'(O[1+(Bx)")) (16)

6. SIMULATION STUDY

In this section, we assess the performance of the MLEs of the OWG distribution as the
special case of the OLL-PS family with respect to sample size 7#. Samples of sizes 50,
100, 200 and 500 were generated for different combinations of & = (2, 8,y,6) from
the OWG distribution by using (10). We repeated the simulation & = 10000 times and
calculated the MLEs of the parameters. The standard deviation (SD) of the parameter
estimates were calculated by inverting the observed information matrices. The biases,
mean squared errors (MSEs), coverage probabilities (CP) and coverage lengths (CL) were
computed by

1 10000

bias, () = 10000 Z (€, —e),

=1

1 10000

MSE, (n)=—— > (&;—¢)’,

10000 <=
1 10000
CP, ()= 555 > 1(8,—1.9599s, < € <& +1959%s: )
and
3.91992 ' X
CL (n)====> s,

10000

i=1

fore =a,3,y, 0, where 1(-) denotes the indicator function and €; is ith MLE of ¢ with
standard error s; . The empirical results given in Table 2 in Appendix E indicate that

the MLEs perforlm well for estimating the model parameters. When the sample size
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increases, the biases and standard deviations of the estimates decrease. Furthermore, 1)
the MSEs for each parameter decrease to zero and appear reasonably small at 7z = 500; ii)
although the coverage probabilities are slightly above or below the nominal level, they
reach the nominal level at 7z = 500; iii) the coverage lengths for each parameter decrease
to zero and appear reasonably small at » = 500.

7. ILLUSTRATIVE REAL DATA EXAMPLES

In this section, we provide illustrations to two real data sets to show the importance of
the OLL-PS family. We consider the special cases: odd Weibull Poisson (OWP), odd
Weibull geometric (OWG), odd Weibull logarithmic (OWL), odd Weibull negative bi-
nomial (OWN) and odd Weibull binomial (OWB) distributions specified by the pdfs

afByfx*teP* (efgxa - ly_l » .
Jowp (x:€4) = (6(9_1){1+<e/5xa_1)y}2 exp(§{1+<eﬁ _1>7} >’

_afy(1— 9)x“‘1eﬂxa(eﬁxa — 1)y_1
(P =) +1—0)

3

fOWG(X;gs)

aﬁyﬁx”’_leﬁxa (eﬁxa — 1)y_1

Jowt (%80 = T 1+ (B — 1Y} (1=0 (P =1}’

ma By Oxe el (eﬁxa — 1)7_1
[(1=0)" —1]{1+ (P — 1))

'[1 — (9{1 + (e — 1>V}—1]—m—1,

Jown (x:€;) =

and

Jows (x;€5) =

maByfxetef (P — 1) [ 1+ 64 (eP —1) r_l
[(14+6)" —1]{1+ (P —1) )L 1+(eP 1) ’

respectively, where &, = (a,,@,y,ﬁ)T fori =4,5,...,8, ay > 0and 8 > 0. The ¢
in the OWP distribution is allowed to take values in (—o0,+00) for more flexibility.
Similar extensions may be applied for parameters of other OLL-PS distributions, as can
be viewed in Table 1 in Appendix E. For the OWN and OWB distributions, we assume
m = 5, so every fitted distribution has four parameters. The MLEs of the parameters
and the goodness-of-fit statistics were computed and compared with those of the popular
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odd Weibull (OW) (Cooray, 2006), beta Weibull (BW) (Famoye ez al., 2005) and beta
generalized exponential (BGE) (Barreto-Souza et al., 2010) distributions specified by the
pdfs

_ afByxels (eﬁxa — 1)7/_1
{14 (e 1))
x>0, ay >0, 3>0,

fow(’ﬁ‘gl)

b

fBW (x;gz) _ O;I‘E:,“b_)l e_bﬁxa[l _e_ﬁx.z]a—l’

x>0,a>0, 3>0,a>0, b>0,

and

e Px aa—1 abh—1
f%GE(’C;gs):CZB(a—,b)(l—e_ﬂx) [1_(1_6—,6x) ]b ,

x>0,a>0,3>0,a>0, b>0,

respectively, where £, = (a,,B,y)T, £, = (a,,ﬁ,a,b)T, & =(a,B,a, b)T and B(a, b)
denotes the beta function.

The first data set consists of the strength of 1.5 cm glass fibres, measured at the Na-
tional physical laboratory, England (see Smith and Naylor, 1987). The data are: 0.55,
0.93, 1.25, 1.36, 1.49, 1.52, 1.58, 1.61, 1.64, 1.68, 1.73, 1.81, 2.00, 0.74, 1.04, 1.27, 1.39,
1.49, 1.53, 1.59, 1.61, 1.66, 1.68, 1.76, 1.82, 2.01, 0.77, 1.11, 1.28, 1.42, 1.50, 1.54, 1.60,
1.62, 1.66, 1.69, 1.76, 1.84, 2.24, 0.81, 1.13, 1.29, 1.48, 1.50, 1.55, 1.61, 1.62, 1.66, 1.70,
1.77, 1.84, 0.84, 1.24, 1.30, 1.48, 1.51, 1.55, 1.61, 1.63, 1.67, 1.70, 1.78, 1.89. The second
data are times to death of twenty six psychiatric patients. This data has been studied by
Elbatal et al. (2015). The data are: 1, 1, 2, 22, 30, 28, 32, 11, 14, 36, 1, 33, 33, 37, 35, 25,
31, 22, 26, 24, 35, 34, 30, 35, 40, 39.

The MLEs, log-likelihood value, the corresponding standard errors, the Kolmogorov
Smirnov statistic, its p-value, the AIC value, the AIC, value and the BIC value are shown
in Tables 3 and 4 in Appendix E. For both data sets, we can see that the largest log-
likelihood value, the largest p-value, the smallest AIC value, the smallest AIC, value
and the smallest BIC value are obtained for the OLL-PS family. For the first data set,
although the results are very close to those obtained by other members of the OLL-PS
family, the OWG distribution gives the best fit with respect to all indices. For the sec-
ond data set too, the OWG distribution gives the best fit. It gives the smallest values for
all indices. The histogram of the data sets and plots of the estimated pdfs are displayed
in Figures 3 and 4 in Appendix D. Furthermore, estimated quantiles versus observed
quantiles for both data sets are shown in Figure 5 and 6 in Appendix D. These figures
support good fits of the OLL-PS family of distributions. Plots of the estimated hazard
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rate functions are displayed in Figure 7 in Appendix D for data sets 1 and 2. The OWG
distribution proposes an increasing hazard rate function for data set 1 and a J-shape haz-
ard rate function for data set 2.

8. CONCLUDING REMARKS

We have proposed a new family of distributions named the OLL-PS family by com-
pounding the OLL family and power series distributions. The family extends some
common classes of distributions studied recently. The number of series components
are taken to be a power series random variable and the lifetime of each component is
taken to be an OLL random variable. Both random variables are assumed to be inde-
pendent. The OLL-PS distribution contains the OLL, exponential power series and
Weibull power series distributions as special cases. The mathematical properties of the
OLL-PS distribution derived include: moments, moment generating function, mean
residual lifetime, Shannon entropy, and Rényi entropy. We have studied the behaviour
of the MLEs by means of a simulation study. Illustrations to two real data sets show that
the proposed distribution provides better fits than popular lifetime distributions. A fu-
ture work is to construct multivariate extensions of the OLL-PS family of distributions.
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APPENDIX
A. SOME USEFUL EXPANSIONS
Some power series expansions required for the proofs in Section 3 are as follows.
1. For a > 0 real non-integer and 0 < y < 1, we have the binomial expansion
‘N k(4 k
(1=y)" =2 (1) <,€>y , (17)
k=0
where (Z) =a(a—1)(a—2)---(a—k+1)/k
2. The following expansion holds for any 2 > 0 real non-integer
— 3 k
=2 @@y, (18)
k=0

where o (a) =>72 l( )k+‘( )( ) The proof follows by writing y =[1—(1—y)]

and applying (17) twice.
3. We have
=D (=D k=" gy, (19)
k=0 k=0

where A is a positive integer and

=3 (_1].),j_k @u)f

j=0

and (1), = A(A—1)---(A—k+1).
4, We have

<Zw’e> => 0" (20)
k=0 k=0

where the coefficients ¢, ,, & =1,2,... are obtained from the recurrence equation

k
nk_kﬂo 12 k+1 mn,k—m

m=1

and ¢, , = af (Gradshteyn and Ryzhik, 2014).
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5. By using (20),
<Zdﬂyn> - Zdz,nyn+z
n=1 n=0
where
nﬂl) 12 n-+ 1 n+1dz,n—7'
6. We now obtain an expansion for [x¢ + (1 —x)]*. We can write from (17) and (18)

[x“4+(1—x) Zth ,

b= (1)t [(Z) +§<—1>i<§><2>} |

Then, using (19), we have

[x“+(1—x) :ig <ith > ,

7j=0

where

where f; is defined as before. Finally, using (20), we obtain

[)C + thx 5

where

—
and m; , =t{.
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B. A USEFUL QUANTITY

In this appendix, we introduce and calculate a very useful quantity x(a, &, ¢) defined as
#(a,bye) = E[X*m(X)' (X | = f x“[r ()] [T ()] dx,

where a, ¢ are positive real numbersand 4 > 1. If » = 1, ¢ = 0 and « is a nonnegative
integer, then x (4, 1,0) represents the conventional moment about the origin of order 4.
If x (a, 1,0) exists and 7t(x) is a continuous function, then x (4, b, c) exists for all 5 > 1
and nonnegative c.

If ¢ is a nonnegative integer, then

x(a,1,¢)=M(a,0,c)= Z(—l)k <C>M (a,k,0),
k=0 k
where M (1,7,1)isthe(z,,[)th probability weighted moment (PWM) defined by Green-
wood et al. (1979) as
 — +Oo . o+ —
M(i 1) =E[ X' TI(XY T(x) | = f T (x) T (x) 7 (x)dx.
In the special case, where a and ¢ are nonnegative integers, (¢ +1)x (4, 1, ¢) is the ath mo-
ment about the origin of the first order statistic for a sample of size ¢ + 1. Furthermore,
the incomplete kappa function could be defined as
v (b= | x ) [Te] ds
Xo

which arises in mean residual lifetime of reliability models. It is obvious that if x (4, b, ¢)
exists for a lifetime distribution, then the incomplete kappa function exists for every
xq > 0.

One can obtain expressions for x(a, b, c) for some distributions. For others, this
quantity can be evaluated numerically. Closed form expressions for x for exponential,
Weibull, Lomax, Lindley and log-logistic distributions are as follows.

1. For the exponential distribution,
x(a,byc)= B J xte bFIPx e = b= (b 4 Y TIT (a4 1).
0

2. For the Weibull distribution,

o abflr b+ a—b+1
X(ﬂ, b,(‘) — abﬁbJ xb(afl)Jraef(bJrc)le“dx — ( a ,21,_“ )
0 b+ [Bb+e)]
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3. For the Lomax distribution,
x(a,b,c) = abﬁbf 14 Bx] 4o~
= abﬁb_“o_lB(a(b +c)+b—a—1a+1).
4. For the Lindley distribution,

oo ”+’”C L(k+a+1)
b+ (B 2 [+

a3 ()

5. For the log-logistic distribution,

x(a,b,c)=

where

X(ﬂ,b,c) = abﬁab xb(afl)ﬂl[l+(/8x>a]72bfcdx
0

a—b+1 a—b+1>

— ab*1,65*“*18<b+ Jb+c—

04

C. PROOF OF THEOREM 2

By using (20), we have

— mii c(6G)) ] o - B L
[F@)]™" = {%} =[c<6>]’—f—'"[zan(ec<x>)}
- [c(6)]"—1‘—'"idmﬂ_i’n[eé(x)]"*’””“', 1)

where

n

dm+]'—i,n = <nﬂl>_1 Z [r(n + 1) - n]ﬂn+1dm+j—i,n—r'

r=1

On the other hand C'(0) =372, b,0”, where b, = (n + 1)a,,, . By using (21), we have

n=0"n

C/<9G( )) ( >m+] i
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[COF 7T (6G ) {c (66 )}

oo

_ [@E(x)]mﬂ_iibn[ﬁa(x)]ndeﬂ-_i)n[ﬁé(x)]n
= [0 S e[ O] @)

3
Il
-

where b, =(n+1)a,and $,,.._; , Z byd,,;_; ,—- The pdf of ith order statistic
can be derived by using (5), (11), (13) and (22) as follows

it ‘ o
fnle) = kf 37 Jeveer
j=1
SN (c10%)
n=1

yOm(x (H >y 1} i—1 . L
K 1y [cO
{C< 6)(I <x>Y+H<x>V) Z< >

o

n+m+j—i
Z¢m+/ —i,n H y+1_[ x>y>
— ,)/em z+1 (9)1 m— 1K7T( )

Zi( Neorig,, icor

n=1

j=
r,k=0
y0m K (x) Sh =
oo 22 2 il
where & 3.4 i as defined before and

Ci,j,n r z; n, 7(}/ (9) = (_1>/+7(9n+j<l _ 1><}/
]
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Figure 1 - Plots of the OWPS pdf for some parameter values: odd Weibull Poisson (top left),
odd Weibull geometric (top right), odd Weibull logarithmic (middle left), odd Weibull negative
binomial (middle right) and odd Weibull binomial (bottom) distributions.
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Figure 2 - Plots of the OWPS failure rate function for some parameter values: odd Weibull Poisson
(top left), odd Weibull geometric (top right), odd Weibull logarithmic (middle left), odd Weibull
negative binomial (middle right) and odd Weibull binomial (bottom) distributions.
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Figure 3 - Estimated pdfs of the OWPS and other competitive distributions for the first data set.
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Figure 4 - Estimated pdfs of the OWPS and other competitive distributions for the second data
set.
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2.
E. TABLES
TABLE 1
Members of the power series family.
Distribution Pdf [4 The power parameter space a, C(0) C’(0)
in compounded distribution
Zero-truncated Poisson e 70" [n!(1—e7%) 6>0 0 € (—o0,+00) 1/n! ef—1 7
Geometric (1-6)"! o<f<1 fe(—0,0J0,1) 1 6/(1—6) (1—6y7
Logarithmic —0" /nlog(1—0) o<f<1 fe(—0,0J0,1) 1/n -log(1—6) (1—-6)"!
Negative binomial (=0 on 1—(1—-6)"  0<f<1 0 € (—o0,0)[J(0,1) ( ”*’:,”_1 ) (1= =1 m(1—) "
Zero-truncated binomial (mer/(+6)"—1) 0<f<oo 0 €(—1,0)[J(0,+00) ( y: > 140" =1 m(1+06y""
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TABLE 2
The mean, bias, MSE, standard error, CP and CL of the MLE estimators from 10000 samples.
Real value n & AVg(n) Biasg(n) MSEg(n) SD() CPg(n) CLg(n)
£=(2,1,15,07) 50 @ 3352 1352 4.862 4024 0901 8.233
8 1941 0.441 0.320 0692 0923 2.735
y 1196 -0.304 0.483 1012 0861 2.965
6 0555 -0.145 0.213 0954 0769 3.554
100« 2595 0.595 2345 2687 0.969 5.963
B 0970 -0.031 0.239 0602 0.930 1.641
y 1341 -0.169 0.321 0754 0936 2412
0 0561 -0.139 0.154 0761 0.909 1.689
200 @ 2286 0.286 0.767 0823 0935 3.770
B 0960 -0.040 0.102 0412 0955 1379
y 1424 -0.076 0.123 0392 0929 1322
0 0602 -0.098 0.070 0494 0933 0.105
500 @ 2,095 0.095 0.211 0301  0.954 1.785
B 09% -0.006 0.032 0052 0.961 0.745
y 1480 -0.020 0.059 0.067  0.939 0.766
0 0683 -0.118 0.0364  0.08) 0951 0.681
£=(07,2,06,05) 50 o 0932 0.232 0.252 0420 0915 1.897
8 2103 0.103 0.555 0743 0.933 3.065
y 0524 -0.076 0.125 0303 0878 1.130
6 o610 0.110 0.099 0231 0918 1.294
100 o 0794 0.094 0.065 0123 0.891 1.003
B8 2016 0.016 0.136 0369 0927 1.110
y 0532 -0.068 0.130 0312 0.946 1.193
6 0584 0.084 0.049 0.145  0.968 0.839
200 @ 0779 0.079 0.034 009 0941 0.703
8 2019 0.019 0.091 0988 0.973 1.194
y 0572 -0.029 0.011 0110 0.909 0.451
0 0484 -0.016 0.039 0.135 0934 0.682
500 « 0715 0.015 0.017 0.088  0.953 0.465
B 2003 0.003 0.029 0460 0947 0.603
y 0059 -0.001 0.007 0047 0932 0.351
0 0492 -0.008 0.008 0.096  0.944 0.373
£=(153,0503) 50 o 1931 0.431 0.787 1032 0883 3.489
8 3287 0.287 0.890 1251 0798 2013
y 0472 -0.028 0.056 0217 0.899 0.958
6 0368 0.068 0.641 0281  0.826 1.033
100 o« 1653 0.153 0.464 0.803  0.868 1561
8 3077 0.077 0.581 0720 0837 2.842
y 0474 -0.026 0.022 0101 0914 0.564
6 028 -0.016 0.044 0.367 0.88 0.827
200 o 1573 0.073 0.164 0410 0934 1.097
8 3014 0.014 0.161 0242 0.969 0.909
y 0492 -0.008 0.027 0115 0933 0.631
6 0301 0.001 0.012 0162 0927 0.481
500 1510 0.010 0.012 0.135  0.953 0.364

TR ™R
N
e}
O
w
o
o
o
w

O O O«
o
N
O
o
N
W
B~
o
O
=
[ox
o
o0
fee)
[




The Odd Log-Logistic Power Series Family 105
TABLE 3
Estimates and goodness-of-fit measures for the first data set.
Model 3 —((§) KS  pvalue AIC  AIC,  BIC
ow 6.0258, 0.0539, 0.9438 15.187  0.155  0.114 36374 37.064  42.803
SE (5 ) (1.3333,0.0331, 0.2667)
BW 7.0138, 0.5533, 0.4498, 0.0499 13.044 0118 0387 34088 35141  42.661
SE (.{ ) (0.8896, 0.6459, 0.1810, 0.0464)
BGE 22,6124, 0.9227, 0.4125, 93.4655 15599  0.158  0.103  39.198  40.251 47.771
SE (5 ) (22.8153,0,5135,0.3152, 116.6665)
OWP 4.3726,0.6842, 0.3820, -5.0114 11909 0097  0.623  31.818  32.871  40.391
SE (5 ) (0.0829, 0.5699, 0.1780, 1.6585)
OWG 3.5469, 0.8086, 0.6918, -14.0978 11594 0093 0681 31188 32241  39.761
SE (.{ ) (1.056, 0.7265, 0.2841, 15.9532)
OWL 4.7159, 0.2434, 0.8933, -19.5031 13509 0.121 0348 35019 36072  43.591
SE (E ) (10349, 0.1968, 0.2756, 37.2955)
OWN 4.2334,0.6283, 0.4739, -1.1735 11.859 0099 0613 31720 32773 40.292
SE(E) (0.8850, 0.5539, 0.2199, 0.5532)
OWB 4.5457,0.7867, 0.2832, -0.8372 11725 0096  0.642 31450 32503  40.023
SE (.{ ) (0.7437,0.5577, 0.1221, 0.1667)
TABLE 4
Estimates and goodness-of-fit measures for the second data set.
Model 3 —((§) KS  pwalue  AIC AIC, BIC
ow 2.3569, 0.0021, 0.2612 102.166 0399 0003 210332  213.189  214.106
SE (5 ) (0.1763, 0.0008, 0.1296)
BW 2.8460, 0.0021, 0.1813, 0.0285 96722 0219 0278  201.544 204544  206.476
SE(E ) (0.4389, 0.0004, 0.1482, 0.0433)
BGE 8.4938,0.0173,0.1583,202.2628  101.603 0299  0.050  211.206  214.206  216.238
SE (.5 ) (0.0097, 4.8377, 0.0867, 245.0212)
OWP 2.2870, 0.0038, 0.1994, -3.0296 94589  0.169 059  197.178  200.178  202.210
SE (5 ) (0.1935, 0.0016, 0.1053, 0.9890)
OWG 2.3142,0.0048, 0.2028, -8.7458 93.141  0.141  0.803 194282 197282  199.314
SE (.{) (0.2026, 0.0021, 0.1107, 5.5701)
OWL 2.4275,0.0027,0.1952,-10.0368 ~ 94.488  0.179 0523 196976  199.976  202.008
SE (.5 ) (0.2337, 0.0041, 0.0664, 0.1436)
OWN 2.3867, 0.0046, 0.1341, -0.9751 93732 0.145 0789 195464  198.464  200.496
SE (5 ) (0.2014, 0.0021, 0.0730, 0.3269)
OWB 2.2758, 0.0064, 0.1271, -0.6981 94468  0.154 0707 196936  199.936  201.968

SE (E

(0.2337,0.0041, 0.0664, 0.1436)




106 M. Goldoust et al.

REFERENCES

W.BARRETO-SOUZA, A. H.S. SANTOS, G. M. CORDEIRO (2010). The beta generalized
exponential distribution. Journal of Statistical Computation and Simulation, 80, pp.
159-172.

M. CHAHKANDI, M. GANJALI (2009). On some lifetime distributions with decreasing
failure rate. Computational Statistics and Data Analysis, 53, pp. 4433-4440.

K. COORAY (2006). Generalization of the Weibull distribution: The odd Weibull family.
Statistical Modelling, 6, pp. 265-277.

G. M. CORDEIRO, M. ALIZADEH, E. M. M. ORTEGA, L. H. V. SERRANO (2015).
The Zografos-Balakrishnan odd log-logistic family of distributions: Properties and appli-
cations. Hacettepe Journal of Mathematics and Statistics, 45.

I. ELBATAL, A. ASGHARZADEH, F. SHARAFI (2015). A new class of generalized power
Lindley distributions. Journal of Applied Probability and Statistics, 10, pp. 89-116.

F. FAMOYE, C. LEE, O. OLUMOLADE (2005). The beta-Weibull distribution. Journal
of Statistical Theory and Application, 4, pp. 122-136.

J. U. GLEATON, J. D. LYNCH (2004). On the distribution of the breaking strain of a
bundle of brittle elastic fibers. Advances in Applied Probability, 36, pp. 98-115.

L. S. GRADSHTEYN, I. M. RYZHIK (2014). Tables of Integrals, Series and Products. Aca-
demic Press, New York.

J. A. GREENWOOD, J. M. LANDWEHR, N. C. MATALAS (1979). Probability weighted
moments: Definition and relation to parameters of several distributions expressable in
inverse form. Water Resources Research, 15, pp. 1049-1054.

N. L.JOHNSON, A. W. KEMP, S. KOTZ (2005). Univariate Discrete Distributions. John
Wiley and Sons, New Jersey.

C.KUs (2007). A new lifetime distribution. Computational Statistics and Data Analysis,
51, pp. 4497-4509.

E.L.LEHMANN, G. CASELLA (1998). Theory of Point Estimation. Springer, New York.

A.W.MARSHALL, I. OLKIN (1997). A new method for adding a parameter to a family of
distributions with application to the exponential and Weibull families. Biometrika, 84,
pp. 641-652.

A. L. MORAIS, W. BARRETO-SOUZA (2011). A compound class of Weibull and power
series distributions. Computational Statistics and Data Analysis, 55, pp. 1410-1425.

S.NADARAJAH, S. KOTZ (2006). The exponentiated type distributions. Acta Applicandae
Mathematica, 92, pp. 97-111.



The Odd Log-Logistic Power Series Family 107

A. NOACK (1950). A class of random variables with discrete distributions. Annals of
Mathematical Statistics, 21, pp. 127-132.

A. RENYI (1961). On measures of entropy and information. In J. NEYMAN (ed.), Pro-
ceedings of the Fourth Berkeley Symposium on Mathematical Statistics and Probability,
Volume 1, University of California Press, Berkeley, pp. 547-561.

C. E. SHANNON (1948). A mathematical theory of communication. The Bell System
Technical Journal, 27, pp. 379-423.

R. L. SMITH, J. C. NAYLOR (1987). A comparison of maximum likelibood and Bayesian
estimators for the three-parameter Weibull distribution. Applied Statistics, 36, pp. 358-
369.

R. TAHMASBI, S. REZAEI (2008). A two-parameter lifetime distribution with decreasing
failure rate. Computational Statistics and Data Analysis, 52, pp. 3889-3901.

SUMMARY

A new family of continuous distributions obtained by compounding the odd log-logistic and
power series distributions is introduced. The mathematical properties of the proposed family are
discussed. The estimation of the parameters is considered by the maximum likelihood method.
In order to assess the finite sample performance of maximum likelihood estimators, simulation
studies are performed. Finally, the potentiality of the family is illustrated by means of applications
to two real data sets.

Keywords. Estimation; Odd log-logistic family of distributions; Power series distribution; Sensi-
tivity analysis.



