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1. INTRODUCTION

The concept of reciprocal coordinate subtangent (RCST) has been used in the statistical literature
as a useful tool to study the monotone behaviors of a continuous density function and for
characterizing distributions through its functional forms. It is considered as a measure for strongly

unimodal property (see Hajek and Sidak, 1967). Let X be an absolutely continuous univariate
random variable (rv) having a probability density function (PDF)  f(¢) such that f'(z) exists.

Then RCST to acurve y = f(t) of the rv X is given by

' 0
0=~ Le =2 log ) 0

RCST also plays a very important role in reliability analysis, however, used it rather unknowingly.

For example, failure rate or hazard rate is the coordinate subtangent measured on the curve

y =F(t), where F(t) is the survival function (SF). Since many of the failure rate functions have

complex expressions, Glaser (1980) identified 77(¢) (but not called as ‘RCST’) as an easy statistical

tool to determine the monotone behaviour or shape of a failure rate function. 7(¢) can also be
F'(t bt

expressed in terms of the failure rate h(t) = —# by n(t)=h(t —L, provided A'(t)
F(t) h(t)

exist. However, Mukherjee and Roy (1989) identified RCST as a measure to characterize various

models by a unique determination of f(¢) using (1) is given by

fe)=Fk exp{— [ n(x)dx}

where k is a normalizing constant. Mukherjee and Roy (1989) also studied some properties and
applications of 77(¢) and proved characterization results to certain important life distributions viz.
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exponential, Lomax and finite range models. For more details about 7(t), we refer to Gupta and

Warren (2001); Navarro and Hernandez (2004); Mi (2004); Lai and Xie (2006); Navarro (2008);
Sunoj and Sreejith (2012) and the references therein.
Recently, Roy and Roy (2010) extended the concept of RCST to the bivariate and multivariate

setup. In the bivariate case, for a non negative vector variable (X,Y") with PDF f( X,Y)(t,s) , the
vector valued RCST is defined by

0
nx(t,5) = _alogf(x,)/)(t,s) @

and
0
Ny (t,5) = _alogf(x,}/)(tﬁ)- ©)

If the bivariate RCST (77X (t,5),1y (t,s)) is continuous and f(X,Y)(O,O) >0, then Roy and Roy

(2010) proved that the density curve can be uniquely determined from the following two
alternative forms:

Jixy)(&:8)= Cexp{—j My (x,0)dx — J‘Uy(t’)’)dy} “)
0 0

and
fix)(t,s) = Cexp{— [ @)y~ nx<x,s>dx}, 6)
0 0

where C is a normalizing constant.

In modeling statistical data, the standard practice is either to derive the appropriate model
based on the physical properties of the system or to choose a flexible family of distributions and
then find a member of the family that is appropriate to the data. In both the situations it would be
helpful if we find characterization theorems that explain the distribution using important measures
of indices (see for example, Nair and Sankaran, 1991; Ruiz and Navarro, 1994; Asadi, 1998;
Sankaran and Nair, 2000; Sankaran and Sunoj, 2004).

Characterizations of the bivariate distribution or joint density through their conditional
densities or survival functions are an important problem studied by many researchers. Arnold
(1995, 1996) and Arnold and Kim (1996) have studied several classes of conditional survival models.
The identification of the joint distribution of (X,Y) when conditional distributions of

(X|Y =s) and (Y| X =t) are known is one important problem studied in the past. This
approach of identifying a bivariate density using the conditionals is called the conditional
specification of the joint distribution (see Arnold et al., 1999). These conditional models are often
useful in many two component reliability systems where the operational status of one component
is known. Another important problem closely associated to this is the identification of the joint
distribution of (X,Y") when the conditional distribution or corresponding reliability measures of

the rv’s (X|Y >s) and (Y |X >t) are known. That is, instead of conditioning on a

component failing (down) at a specified time, we study the system when the survival time of one
component is known. For a recent study of these models, we refer to Navarro and Sarabia (2011);
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Navarro et al. (2011) and the references therein.

In the present paper, we derive some new characterizations to certain important families of
distributions using the bivariate RCST function given in (2) and (3). The paper is organized as
follows. In Section 2, we proved characterization results for a general bivariate model whose
conditional distributions are proportional hazard rate models, Sarmanov family and Ali-Mikhail-
Haq family of bivariate distributions and establish a relationship between local dependence
function and RCST. In Section 3 and 4, we define RCST for conditionally specified distributions
and some characterization results are proved.

2. BIVARIATE RCST

In this section, we consider the bivariate RCST given in (2) and (3) and study its relationship with
some important families of distributions.

2.1. Bivariate model with conditional distributions are proportional hazard models

Recently, Navarro and Sarabia (2011) studied the reliability properties in two classes of bivariate
continuous distributions based on the specification of conditional hazard functions. These classes

were constructed by conditioning on two types of events viz. events of the type {X =t} and type

{Y =5} and events of the {X >t} and type {Y > s} respectively, that has been used in Arnold

and Kim (1996). In survival studies the most widely used semi parametric regression model is the
proportional hazard rate (PHR) model. The univariate Cox PHR model is a class of modelling
distributions with PDF and SF given by

f(t0) = aA(t)espi-ar®)}, ¢0 ©
and

F(t; ) = exp{—aA(t)}, t>0,

¢
where @ >0, A(t) is the baseline hazard rate function and A(t) = Il(x)dx is the baseline
0

cumulative hazard function. The hazard (or failure) rate function of f(t; @) is
ht;) = f(t;) /F(t;a) =aA(t). A rv with the PDF (6) can be denoted by
X 7 PHR(a; A(t)) . Special cases of f(t; ) and F(t; @) include exponential, Burr, Pareto and
Weibull. Navarro and Sarabia (2011) obtained a general form of a bivariate PDF with conditional
distributions satisfying (XY =s)" PHR(a,(s); A(2)) and
(Y| X =t) ™ PHR(a,(t); A,(s)), given by

f(X,Y) (t,5) = c(P)ajar 4, ()4, (s) exp [_“1/\1 (t) = a, Ay (s) — Paja, A (t)A, (5)] )

for t,s 20, where a;,a, >0 and ¢2>0. The model given in (7) is a reparametrization of the
bivariate conditional proportional hazard model due to Arnold and Kim (1996). The case when
¢ =0 corresponds to the case of independence. In particular, if A, (2)=¢ and A,(s)=s, we
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obtain the class of bivariate distributions with exponential conditionals considered by Arnold and
Strauss (1988). Navarro and Sarabia (2011) also obtained a bivariate PDF with conditional

distributions satisfying (X|Y >s)” PHR(e,(s); A (1)) and
(Y| X >t)” PHR(a,(t); A,(s)) , with joint pdf is given by

Frory(65) = 12,20 ()75(5) [M - ¢J ,

4,
exp[-a (1) = a5 (5) — g (A (5)] ©
where in both cases @, (s) = a,[1+ ¢a,A,(s)] and a,(t) =a,[1+¢aA,(t)], A, and A, are

two cumulative hazard functions and A, and A, are their respective hazard rate functions.

Now we have the following characterization theorem.

THEOREM 2.1. For a non negative random vector (X,Y), the relationships

My (6,5) = a1+ day Ay (1A (1) — igt; o

and

A(s)
Ay(s)’

My (t,5) = ay[1+ pa, Ay (£)145(s) = (10)

hold if, and only if, f(X,Y)(t’ s) is of the form (7).
PROOF. Assume that equations (9) and (10) hold, then using (4) we obtain

ot =Cesp| - Lo+ [ 2 -, 00 o+ [ 20 |

and thus
fixy)(&:5) = Cexp[-a, A, () +log A, (£) — a,(1+ gay A, () A, (s) + log 4, (s)]

and we have the model (7). The other part is quite straightforward.
EXAMPLE 2. Bivariate exponential (i.e., A,(t)=¢ and A,(s)=s) with joint PDF
f(x’y)(t,s) =c(p)a,a, exp[—alt —a,s— ¢alazts] ,

obtains characterizing relationships 77y (,5) = a4, + ¢a,a,s and 1, (t,s) = a, + pa,a,t .

EXAMPLE 3. Bivariate Weibull (i.e., A;(£) =¢"" and A,(s)=s"?) with joint PDF
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f(X,Y)(t> s)= C(¢)41“271ty]71725y271 eXP[_‘ﬁt}/l —a,s" — faja,t’'s” :| )
the relationships are

- ~1
My (t,s)=yt" 1(“1 +daa,s” ) _le

and

_ -1
My (t,5) = 7,57 (“2 +gajat” )_ 7/23 :

+ +
EXAMPLE 4. Bivariate Pareto (i.e., A(t) = logM and A,(s)=log Prts
1 2

) with joint PDF

a+1 ay+1
a a 1 1 + t +
T (&:5) = c(Paya, " B (,51 n t] [ﬁz N SJ exp{—qﬁalaz logﬂl—logh} ,

B b
characterizes
nx(t,s)zﬁ[l+al+¢alazlog’82+sj
1 2
and
1 p+t
t,s)=——I| 14+ a, + pa,a, log=—|.
My (t,5) ,324‘5( ) +Paja, gﬂlj

4+ N 4+ ¢
EXAMPLE 5. Bivariate Burr (i.e., A (#)=log b and A,(s)=log Prts ) with joint

1 2
PDF
1 a+1 1 a,+1
t,s)=c(@)a,a @ B2 p7ilg7am
Jixr&8) =c(@aary . B B {ﬂlﬂyJ (,32+5sz
41 72
exp{—g}ﬁal% logﬂlH 10gﬂ2+5 ]
By b
we have
71 72 _
Ny (t,s) = 7t - (1+al+¢alazlogﬁ2+s j—yl !
py+t" P t

and
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72-1

s
My (t,5) = ;Til +a, + paa, log
2

s s

B+t j_?”z_l
5 .

1

THEOREM 6. For a non negative random vector, the relationships

- _ Pa,a, - 210)
Nx(t,5)= al(s)il(i)(l 061(5)062(1)_@11”2] ) .
and
) ~ pa,a, _A(s)
My (£,5) = az(t)ﬂ’l(s)[l a(s)a,(t) - paa, ] A (s) "

hold if and only if f(X,Y)(t’S) is (8).

PROOF. Assume that equations (11) and (12) holds, then using (4) we obtain

? Pa,a, A(x)
xyy(58) =Cexpl = || a4y (x)| 1= - b
S (#,9) p{ {( Al )[ d]ag(x)_¢ﬂld2j %(X)J }

h Paja, A()
exp| —|| &, (1)4, 1- - dy |,
P{ T')‘[a ) UO[ 051(J)“2(¢)‘¢¢1“2J lz(ﬂ)j ]}

Equivalently, we have

~ B pa, A, (x) _ A (x)
f(x,y)(t,s) = Cexp{ Eoﬁ/ll(x) [1+ ga, A (x)]— ¢ ﬂl(x)]dx}

]
eXp|:—J‘[(Z2(t)ﬂz (y)- : pa,a, ()4, () _ %(y)}dy}

L+ ga, Ay ()], (t) —day, A, ()

which on further simplification yield

Joxr)(6:5) = C () 4 () ([(1+ da, Ay ()1 + pa, A (s)] - ¢)
exp[—alAl(t) —a,\,(s) = pa,a,\ (), (5)] ,

reduces to the model (8). The first part is direct.

2.2. Sarmanov family of bivariate distributions

Assume that fy(¢) and f,,(s) are univariate PDF’s with supports defined on Ay < R and
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Ay cR. Let ¢y(t) and ¢, (t) be bounded nonconstant functions such that

J. Py (x) [ (x)dx =0 and J. & () fy-(y)dy = 0. Then the function defined by

S ®:35)= fx () fy (5)[1+ oy (1) (5)] (13)

is a bivariate joint density with specified marginals fy(¢) and f;(s), provided @ is a real
number which satisfies the condition 1+ @@y (t)@,(s)=0 for all ¢ and s. This is called the

Sarmanov family of bivariate distributions. For various applications of this family, we refer to
Willett and Thomas (1985, 1987) and Lee (1996). When ¢y (t)=1-2F(t) and

s)=1—2F,(s) the Sarmanov family becomes the Farlie-Gumbel-Morgenstern (FGM) famil
Y y g y
(see Bairamov et al., 2001).

THEOREM 7. For a non negative random vector (X,Y")

ody )y (5)
L+ oy (£)py (5)

Nx(t,8) =15 (t) = (14)

and

ody ()¢ (s)

1+ oy (O (5) 4

My (t,5) =11 (5) —

if and only if f(X’Y)(t,S) is (13).
The proof is similar to Theorem 1.

EXAMPLE 8. Bivariate distributions with the beta marginals. In this case, we have

oy (t)=t— % and o (s)=5s— % Then (14) and (15) becomes
a,+b, a,+b,
o)
| §—
UX(I’S)Zt(dl+bl_2)_ﬂ1+l— 42+b2
R ey
l+o| t— s—
a,+b a,+b,
and
w[t— 1 j
ny(t,s)zs(ﬂ2+b2_2)_ﬂ2+1_ ﬂ1+b1 .
s(1-ys) a, a,
1+o| t- s—
a,+b a,+b,

EXAMPLE 9. Bivariate distributions with the gamma marginals. In this case, we have
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¢x(t)=et—(1+%] 1and ¢y(s)=e5—{1+%j 2.
Then
Ct)@‘t{e_s_(/lﬂilj ZJ
77X(t,s>:ﬂi_0[1t_1Jr & : o
EERZE)
A +1 A, +1
and

[ A
a, -1 ” {e (ﬂ'ﬁlj }
nY(taS):ﬂ’Z_ 25 + a P
1+a)[e_t—[ﬂqJ }(e_s—(ﬂrzj J
A +1 A +1

EXAMPLE 10. FGM family. In this case, we have ¢, (t)=1-2F(¢z) and
@, (s)=1-2F,(s). Then

20fy (t)(1-2F,(s))
+o(1-2F,(t))(1-2F,(s))

Nx(t,s) =y () + 1

and

20f, (s)(1-2F; (1))
1+ o(1-2F(t))(1-2F,(s))’

My (t,5) =1y (s)+

2.3. Ali-Mikhail-Haq family of bivariate distributions

The family of bivariate distributions proposed by (Ali et al., 1978) is given by

_EOBREG) <

F t, = = = ) —= 1y
) W ()

where Fy(t) and F,(s) are the marginal distribution functions of X and Y,
FX (t)=1-F;(t) and FY(S) =1-F,(s). The above family of bivariate distributions is indexed

by a single parameter and contains Gumbel Type I distributions as well as the case of independent
rv’s. The parameter & is essentially a parameter of association between X and Y . A special case
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1
l+e' +e*
A simple way of describing the model would be through the joint distribution Fy y(#,v) for

the rv’s (U,V), where U = Fy(t) and V = F,(s), and we obtain the copula

of the above model is Gumbel bivariate logistic distribution given by F{y y(Z,5) =

nov
F(U,V)(”s'”) = 1—ano (16)

where # =1—# and ¥ =1—v. It can be verified that, for the model (16), the joint density is

given by

(l-a)(l-anv)+2auv
(1-anv)

f(U,V)(”’v) = 17)

for O<u#<1and O<ov<1.

THEOREM 2.4. For a non negative random vector (X,Y), the relationships

3av (l-a)av+2av
UU(%,IU)Z — _ R
l—-auv (l-a)l-auwv)+2auv
and
3aun (l-a)aun+2au
77‘/(%’7))2 — _ N
l-auv (l-a)l-auwv)+22auv

are satisfied if and only if f(U,V) (u,v) is the model (17).

The proof is similar to Theorem 2.1.

2.4. Local dependence function and RCST

Let (X,Y) be a bivariate random vector in the support of (a;,b,)x(a,,5,),b. > a;, i=1,2,
where (a;,b.) is an interval on the real line with an absolutely continuous distribution function
Fxy)(ts), and PDF f(X,Y)(t> s). Assume that mixed partial derivative of f(X,Y)(t> $) exists.
The local dependence function (see Holland and Wang, 1987) of (X,Y") is given by,

2

0
7 (t,5) = %logf(x,y)(t,s) .

The relation between local dependence function and RCST is

0 0
7’f(t,5)=—af7x(t,5), where Ux(t,5)=—§10gf(x,y>(t,5)

or
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0 0
y(t,s)= —any (t,s), where n,(t,s)= —alogf(x)y)(t,s).

THEOREM 11. For a non negative random vector (X,Y) with continuous RCST functions, the

following conditions are equivalent:

(0). (X,Y) follows a bivariate distribution with joint PDF f(X’Y)(t,S) =a(t;0)b(s; 19)6‘9“ , for
some appropriate functions a(t;0) and b(s;0);

) - _d’(l’;g) o _ _b'(S;g)
(i) ny(t,s)=—0s 260 d 1y (t,5) =06t b5:6)

(iii). }/f(t,s) is a constant.

sand

PROOF. The sequence of relationships from (i) to (ii) and (iii) is direct. The proof of (i) from
(ii1) can be obtained from (Jones, 1998).

3. CONDITIONALLY SPECIFIED RCST FOR X GIVEN Y =s ANDFOR Y GIVEN
X=t

In this specification we consider conditioning on events of the forms {X =t} and {¥Y =s}.
Then, let (X,Y) be a bivariate random variable with support § =(0,00)x(0,0). Suppose
f(X‘Y:S)(t|S) and f(Y|X::)(S |t) be the conditional PDF of (X|Y =s) and (Y |X =t)

respectively, then a direct extension of RCST (2) and (3) to the these conditional rv’s are given by
0
Moxpy=)(t]$)=— Elog Joxy=5(t]s) (18)
and
0
Meyix=n(S|t) == alog Jorix=n(s|t) (19)

Integrating both sides of (18) with respect to ¢ over the integral O to ¢t , we get
t
f(x\Y=s) (t]s)=Cy(s) exp{—J‘ M xpy=s) (X |'s) dx:|’ (20)
0

where C|(s) is constant of integration determined by J f( xjy=) (X | s)dx =1. This implies that
X

the conditionally specified RCST 7 le:s)(t |s) uniquely determines the conditional PDF
f(X\Y:s)(t |'s). Similarly by using (19), the conditional PDF f(Y|X::)(S |£) is determined by
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Jorixn(s)=Cy(t) exp{—j Nevix= (Y 1 £) d)’}: @1
0

where C,(t) is constant of integration determined by _[f(Y\X:t)(y |t)dy =1.
Y

REMARK 12 Based  on  the  definitions  of  conditional  distributions,
f(X\Y:;)(t |s)= f;X,Y)(t,S)/fY(S) and f(lezt)(S |t) = f(Xy)(t,S)/fX(t), it can be easily seen

that 1 xpy—s) (t]|s)=ny(t,s) and 77(Y\X=t)(5 |t) =1y (t,s), and therefore the characterization result
in Theorem 2.1 can be obtained from Theorem 2.1 in (Navarro and Sarabia, 2011).

THEOREM 13. A necessary condition for the existence for a random vector (X,Y) with support
Sy %8y satisfying (20) and (21) is that

I’?(Y|X=z)(y 1) dy - Iﬂ(x\y=s)(x |s)dx =u(t)+v"(s) 2)
0 0

holds for all (s,t) in Sy x 8, . Moreover, in this case, the PDF of (X,Y") can be obtained as

f(X,Y) (t,5)=C exp{u* (t)- IU(Y|X:t) (7] t)dy} , 23)
0

or
ﬁX,Y)(t,S) =C exp{v* (s)- IU(X\st)(x | s)dx} ) 24
0

where C and C are normalizing constants.

PROOF. If (X,Y) exists and satisfies (20) and (21), then the densities f(lezs)(t|S) and

f(y‘ X:z)(t |'s) satisfy the compatibility condition (1.20) in Theorem 1.2 of (Arnold et al., 1999, p.
8), that is,

f(X\Y:s)(t |'s)

f(Y|X=z)(S |£) = Hes),

using (20) and (21), it becomes

Ci(s) exp{ Nexpy = s)(x s) dx

!
|

Moy ix=n (Y |t) dy

% =u(t)v(s).

G, (1) exp{
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Equivalently,

exp[{fﬂ(xly_s)(x | 5) dx — Iﬂmx:z}(}’ |£) dyﬂ =u(t)C,(t) g((ss)) .

Taking logarithm on both sides, we get

o(s)
Ci(s)

—( [0 @e 1 8) de = [ My e ([ 2) dy] log[u@c () j =u'(t)+2"(s)

which gives (22), where
u"(t) =log(u(r)C,(t)) (25)

and

v (s)= log[cv((s))j

From (21) and (25), if it exists, the joint PDF of (X,Y") becomes
f(X,Y)(t,S) = fx (f)f(y\xzz)(s |£) = fx()C,(2) CXP{_J‘ Moy ix=n (Y |£) dy}

—fx( )exp(( )( ) P|:_J77(Y|X_:)(y |2) dy}

Then, using that #(t) is proportional to f(¢) (see (Arnold et al., 1999, p.8), we have

ﬁX,Y)(t5S) = K exp(u’(t)) exp{—j Moy = (Y ) d)’}:
0
thus obtains the form (23). In a similar fashion, we can obtain (24).
EXAMPLE 14. Suppose that 77(X|Y:5)(t |s) and 77(Y|X:t)(5 |t) satisfies the relationships

.
77(X|Y:s)(t |s)=a,(s)4(t) - 2?; and 77(Y|X:z)(5 |£) = a, (t)A,(s) - /122; ’

o, (s) = a[1+ ¢a,A,(s)] and ,(t) = a,[1+ @a,A,(t)]. Then we can easily show that it satisfies
relationship (22) with #"(t) = log A,(t) — a,A,(¢) and v"(s) = a,A,(s)—log 4,(s). Now using
(23) or (24), we have the model (7).

where

Obviously, from Remark 3.1, Theorem 3.1 can be used to obtain a compatibility condition for

the bivariate RCST.
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4. CONDITIONALLY SPECIFIED RCST FOR (X |Y >s) ANDFOR (Y| X >¢)

In the case of bivariate survival models, instead of conditioning on a component failing at a
specified time, it is sometimes more natural to condition on the component’s having survived
beyond a specified time (see Navarro and Sarabia, 2011). Then the conditional RCST for

(XY >5) and (Y| X >t) are defined as

0
Mixprs(t]$) = —alog Joxarso(t1s) (26)

and

0
Mevixsn(S|8) == S log fiyxs0)(s]2) @7)

where P(X >t|Y >s)= Jf(X|Y>g)(x |s)dx and P(Y >s| X >t)= J-f(Y\X»)(y |£)dy are the
t s

conditional SF’s of (X|Y >s) and (Y |X >t) respectively and assume that

wz u(t)v(s) with #(t) and 1/v(s) are two SF’s (see Navarro and Sarabia,
PY >s| X >t)

2011). The conditional RCST functions given in (26) and (27) where used in (Navarro, 2008) to
study ordering properties between series systems. Integrating both sides of (26) with respect to ¢
over the limit 0 to ¢, we get

t
Joxrs@15)=D(s) CXP{_J. Mixrse) (X 15) dx} 28)
0
where D (s) is constant of integration determined by J f( X|Y>$)(x | s)dx =1. Similarly from
Sx
(27), we have
f(Y|X>:)(S |£)=D,(2) exp{—j Moy iesn (Y |£) dy} ) 29)
0

where D, (t) is constant of integration determined by I f(Y|X>t)(y |£)dy =1. Therefore, like the
Sy

conditional RCST for (X |Y =5s) and (Y | X =¢), the conditional RCST for (X |Y >s) and

(Y | X > t) uniquely determines the conditional PDF’s fEX|Y>5)(t |'s) and f(Y|X>:)(S |£) through

the relationships (28) and (29).

THEOREM 15. The RCST functions U(X‘YN)(t |s) and 77(Y|X>z)(5 |t) are the conditional RCST

functions of a non negative random vector (X,Y') with support Sy x 8y if and only if
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exp {—! Nexiy=5)(Z ') dz} dx ) )

eXPl:__[ Novixsn (2 ) dz}dy °e)

holds for Sy x 8, . Moreover, in this case, the SF of (X,Y) can be obtained as

T
I

F(X,Y)(t’s) = C"’(S)I exp{—j Mix|yss) (2 |'s) dz} dx
: 0

or as

— 9 y
F(X,Y)(tas) =c* %(t)j eXPl:__[ Tyixst) (z|t) dz}dy )
s 0

where ¢ and ¢* are constants of integration.
PROOF. The proof is a consequence of Theorem 11.1 in (Arnold et al., 1999) and (28) and (29).

EXAMPLE 16. The model in (8) is characterized by

M x|y >s) (t | s)= oy ()4(2) _%
and
Moy (8 18) = @y (£)A,(s) — jz' 8 .

EXAMPLE 17. The functions 7] yy.) (t|s)=06(s) and U(Y‘XN)(S |t)=7(t) are the
conditional RCST functions of a random vector (X,Y’) with support (0,00)x (0,00) if and only

if O(s)=a+ys and 7(t)=+yt where @, >0 and ¥ 20. In this case they characterize
the Gumbel’s type I bivariate exponential distribution with SF
Fxy)(t,s) =exp(—at — Bs—yts) for £,520.

Other examples can be obtained from that included in (Arnold et al., 1999).

The FGM family specified by the joint SF of a two dimensional random vector (X,Y),
Fiyyy(t:s)=Fy (t)FY(s)[1 +o(1-F@0)(1-F (s))], ~1<w<1 (30)

with specified marginal distributions through FX (t) and FY (s).
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THEOREM 18. The relationships

_ __ 20/(OF()
ﬂ(X|Y>5)(t |s)=nx(t) 1+ a)(ZFX (0)— l)Fy(s) (31
and
_ __ 20fy()F(®)
77(Y|X>t)(5|t) UY(S) 1+a)(2FY(s)—1)FX(t) (32)
hold if and only if (X,Y) follows the FGM family with joint PDF (30).
PROOF. Assume that (31) holds, then using (28) we have the conditional PDF
D,(s) fx(0)] 1+ @(2F (1) 1)  (5) ]
f(x%;)(t |s)=
(1- oy (5)]
Now applying the boundary condition J. f( X|Y>s)(x | s)dx =1, we obtain
0
_ D) (1 - wkF, (s))offx(x)dx + ZwFY(s)TFX (%) fy(x)dx | =1,
[1 - a)FY (S)] 0 0
thus obtains D, (s) =1— @F; (s), and therefore
f(X|Y>s)(t |s)=fx (t)[l +w(2F (t)-1)F, (5)] ) (33)

the conditional PDF of (X |Y >5) for FGM model given in (30). Integrating (33) between the

limits ¢ to o, we get
E o) ]5) = (1= @F, (s)) [ fx (x)ebx + 20F, (5) | Fy (x) f (x)dx,

where F(X‘YM) (t|s) denote the SF of (X|Y >s). On simplification, we further obtain

F(X|Y>s) (t]s) = Fy ()1 + oFy (t)F, ()],
is the conditional SF of FGM with model (30). In a similar manner, using (32) and (29), we can
obtain the conditional SF of (Y | X >t) for FGM in (30). The other part is straightforward.
In Theorem 4.2, if we consider identical marginals, i.e., when fX )= fY (s)= f(t) , we have
Fy(t)=F,(s)=F(t) and ny(t)=ny(s)=n(t). In this case, (31) and (32) are reduced to a

single relationship in either t or s, which are illustrated in the following examples.

EXAMPLE 19. Uniform[0,1] marginals. In this case f(£)=1, F(t)=t and 7(¢)=0, then
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2wt

tls)= s|f)=————.
Mxyss) E19) = i (512) 1+ wt(2t-1)

EXAMPLE 20. Exponential marginals, with f(¢) = e we have (t) = 1, then

20le M (1—eM)
1+ o(1-2e)1—e ™)

77(X|Y>s)(t |s)= 77(Y|X>z)(5 |t) =4~

EXAMPLE 21. Pareto marginals, with f(¢)=(1+ ) and n()=2(1+ t)_l , then

2 20t(1+1)7
1+t 1+w(2t2(l+t)’2—t(1+t)’1)'

Mixyss) (& |5)= My ixesn (S |t)=

EXAMPLE 22. Weibull marginals, with f(¢) = e and nt)=t" (1 —c(1- tc)) , then

1-c(1-t) 2w e (1-¢")
t l+o(1-2¢")1-e")

Mixprss)(E |s)= Mevixsn (S |t)=
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SUMMARY

Characterizations of some bivariate models using reciprocal coordinate subtangents

In the present paper, we consider the bivariate version of reciprocal coordinate subtangent (RCST)
and study its usefulness in characterizing some important bivariate models. In particular,
characterization results are proved for a general bivariate model whose conditional distributions
are proportional hazard rate models (see Navarro and Sarabia, 2011), Sarmanov family and Ali-
Mikhail-Haq family of bivariate distributions. We also study the relationship between local
dependence function and reciprocal subtangent and a characterization result is proved for a
bivariate model proposed by Jones (1998). Further, the concept of reciprocal coordinate
subtangent is extended to conditionally specified models.

Keywords: Reciprocal coordinate subtangent; Reliability —measures; Characterizations;
Conditionally specified models.



