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1.  INTRODUCTION

The problem of estimating the finite population mean in the presence of an auxiliary variable has
been widely discussed in the finite population sampling literature. However in practice, the
problem of estimation of population variance also assumes importance. Like finite population
mean estimators, few authors including (Das and Tripathi 1978); (Isaki, 1983); (Srivastava and Jhajj,
1980); (Biradar and Singh, 1988); (Singh et «/.,1988, 2003); (Cebrian and Garcia ,1997); ( Kadilar and
Cingi, 2007); ( Grover, 2007); (Shabbir and Gupta, 2007); (Singh and Vishwakarma, 2008); ( Singh
and Solanki, 2009, 2010, 2013a, 2013b,); (Solanki and Singh, 2013) and others have paid their
attention towards the estimation of population variance in the presence of auxiliary information.

Consider the finite population U : {Ul,Uz,...,U N} consisting of N units. Let ¥ and X

denote the study variable and auxiliary variable taking values 7y, and X; respectively on the i

unit U, of the population U . The problem is to estimate the population variance Sf, of the study

variable Y using information on the population variance S of the auxiliary variable X which

is highly correlated with the study variable Y . Let a sample of size 7 be drawn by simple random

sampling without replacement (SRSWOR) from the population U. It is assumed that the

population size N is large as compared to 7 so that finite population correction term is ignored.
The usual unbiased estimator of the population variance of the study variable Y is defined by

ty = sj = (n—l)_1 Z;(%‘ _5)2 a1

where y = n_lz:;l v, is the sample mean of study variable Y.

Using information on the population variance Sj of the auxiliary variable X', Isaki (1983)

suggested a ratio-type estimator of as

t = sj (Sf / si) 1.2)
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. . . . . . > -1 N
where is an unbiased estimator of the population variance with and X = N ZH x; .

Motivated by Bahl and Tuteja (1991), Singh et al. (2009) suggested a ratio-type exponential
estimator of the population variance as

§2—s?
t,=s exp[s’é " S’; J (1.3)

It is very well known that the mean squared error (MSE) or variance (Var) of the usual

unbiased estimator 5; under SRSWOR is approximately, for large n,

MSE(sj) = Var(sj) = n_lS; (64 —1) (1.4)

/ / - N - \? 7 \4 .
where 5pq =(,upq //lzpoz/lgzz), Hpy =N 1Zi:1(yi—Y) (xi —X) (p,q being non-
negative integers) and Y=N" Zj\il Y

To the first degree of approximation the biases and mean squared errors (MSEs) of ¢, and ¢,

are respectively given by

Biss (1) =152, -1)(1-0) .

Bis (1) = 2-(0, ~1)(34c) 1

MSE(1) =S, [(8 1)+ (0 ~1)(1-20)] @2
WSE() =75} (0 ~1)+(1/ )0 ~1)140)] @

where ¢ = |:(522 —1) /(504 —1):| .

In this paper motivated by Singh and Vishwakarma (2009), we have proposed some estimators
of population variance of the study variable Y based on arithmetic mean, geometric mean and
harmonic mean of the estimators (to, tl) , (to, tz) , (tl, tz) and (to, tl,tz). Properties of the

suggested estimators are studied under large sample approximation. An empirical study is carried
out in support of the present study.

2. SUGGESTED ESTIMATORS

In this section we have suggested some estimators of population variance based on usual unbiased
estimator, usual ratio estimators and estimator due to Singh et al. (2009). The properties of
suggested estimators have been obtained up to first degree of approximation



Estimation of finite population variance using etc. 101

2.1 The estimators based on t, and tl

Taking the arithmetic mean (AM), geometric mean (GM) and harmonic mean (HM) of the

estimators ¢, and t; we get the following estimator of the population variance respectively as

2 2
1 s A
(AM) _ _| 2y x 2.1)
t =—(ty+t)=| = || 1+
’ 2(O 1) {2}( sf]

HON = (t5t,) = 52 (S, /sx) @-2)
(HM) _ 2 25;

t = =

eI
—+— 1+—’“2
tO tl Sx

To the first degree of approximation, the biases and mean squared errors of tgAM) , tgGM) and

tgHM) are respectively given by

Bias(tgAM)) = (Sy2 / 271)(504 -1)(1-¢) 2.4)
Bias(tch))z(Syz /871)(504 —1)(3-4c) 2.5)
Bias(tgHM)) = (Sy2 / 471)(504 ~1)(1-2¢) (2.6)

MSE(£"") = MSE(£%) = MSE(£™") = n7'}| (8,6 =1) + —(5044_ Y (1=4c)| 5

2.2 The estimators based on t, and t,

The estimators of Syz based on AM, GM and HM of the estimators f, and t, are respectively

defined as
2 2 2
1 s AW
(AM) _ _ y X x .
t4 —E(to +t2)—{?](1+eXp(Sf +Si J] (2 8)
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2 2
(GM) _ V2 _ 2 1f S =5 2.9
6 =(tty) " =5, exp(g(sz D 29)

Ly _(1+1J= 1 2_g (2.10)
PR PR + X X
t P

To the first degree of approximation, the biases and MSEs of tgAM) , tgGM) and tgHM) are
respectively given by
Bias(£{")) = (87 /16n)(5y, —1)(3 - 4c) @2.11)
Bias(tiGM)) = (Syz / 3271)(504 -1)(5-8c) 2.12)
Bias(tf‘HM)) = (Syz / 8n)(504 —1)(1-2¢) (2.13)

MSE(£") = MSE (£ ) = MSE(£™ ) = n7'S}| (8,0 1) +%(1 -8c)| @14

2.3 The estimators based on t, and t,

We propose the following estimators of Sj based on AM, GM and HM of the estimators

respectively ¢, and £, as

£{AM) =%(t1 +t2)=[ 2.15)

2 2
£ = (42,)"” = 5 ( 5 JGXPL%( ;2 2 ] e

N |'*<MN
N—
VR
R,

_|._

[¢]

[

o
7 N\
2[R

+ | |
XMN XV’N
N—
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[1 . 1} NE §2_ 2 2.17)
—+— 2x 4 exp| X2
b)) (s TP sy

To the first degree of approximation, the biases and MSEs of tgAM) , téGM) and tgHM) are
respectively given by
Bias(£"*)) = (87 /16n)(8,, ~1)(11-12c) (2.18)
Bias(£7")) = (387 / 32) (8, =1)(7 - 8¢) (2.19)
Bias(téHM)) = (Sy2 / 8n)(5o4 -1)(5-6¢) (2.20)

MSE (6" ) = MSE (£ ) = MSE(£™) = n™'S}| (8,0 ~1) +@(3 ~8¢)| @.21)

2.4 The estimators based on to’ t, and t,

We define the following estimators of Syz based on AM, GM and HM of the estimators £, , t; and

t, respectively as

2 2 2 2
1 s S AR
(AM) _ Ty x x x
Lg —E(to +lf1+Q)‘{?J[1+g+exp[s’f+$§ J] 2.22)
2/3 )
(GM) _ 1/2 _ 2 Sx 1 Sx _Sx
t = (totty) T =55 | exp| = 2.23
6 (totity) y(sxj p{3 S2+s? 229
2
t(()HM) = 3 = 3531
1. 1. 1 2 22 2.24
| R PRSP (224
t, t t s? S2+s?

(AM) téGM) and téHM) are

To the first degree of approximation, the biases and MSEs of te ,

respectively given by
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Bias(¢{"")) = (87 / 24n) (85, —1)(11-12c) (2.25)
Bias(t(()GM)) = (Sy2 / 8n)(504 -1)(3-4c) (2.26)
Bias(¢"™) = (2 / 24n) (8, —1)(7 ~12c) (2.27)

MSE (¢") = MSE (") = MSE(t{"™) = n™'$}| (8,0 —1) + (5044_ Y (1-4c)

(2.28)
3. EFFICIENCY COMPARISONS

From (1.4), (1.7), (1.8), (2.7), (2.14), (2.21) and (2.28), we have
MSE(t,)~ MSE(s] ) = (S5 / n)(S5 —1)(1-2c) (3.1)
MSE(t,)~ MSE(s] ) = (S} / 4n)(5 —1)(1-4c) (3.2)
MSE(")~ MSE (53 ) = (S5 / 4n) (054 —1)(1-4c) (3.3)
MSE (&)~ MSE (s} ) = (S, /16n) (85 —1)(1-38¢) (3.4)
MSE()— MSE (s} ) = (38 / 16n)(J, —1)(3-8c) (3.5)
MSE ()~ MSE (53 ) = (S5 / 4n) (054 —1)(1-4c) (3.6)

where § = AM, GM, HM).
It is observed from (3.1)-(3.6) that the estimators ¢,, ¢, and tf]) ,@=23,4,5,6;] = AM, GM, HM)

. . 2 . .
are better than usual unbiased estimator s, respectively if

c>(1/2), (3.7)
c>(1/4), (3.8)

c>(1/4), (3.9)
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c>(1/8), (3.10)
c>(3/8), (3.11)
c>(1/4). (3.12)

From (3.7)-(3.12) it follows that the sufficient condition for the estimators ¢;, ¢, and tl-(j ), (=

3,4,5,6;] = AM, GM, HM) to be better than the usual unbiased estimator Sj is ¢ > (1 / 2) .
From (1.7), (1.8), (2.7), (2.14), (2.21) and (2.28), we have

MSE(t,) - MSE(1,) = (S} / n) (4 —1)[c—%j, (3.13)
MSE (&)= MSE(1,) = (S} / n)(S —1)( —%) (3.14)
MSE(t") - MSE(1,) = (S} / (S —1)@—%), (3.15)
MSE (&)~ MSE(1,) = (S5 / 22) (44 - 1)[c—§j, (3.16)
MSE (&)~ MSE(1,) = (S5 / (63 — 1)[c—%}, (3.17)

where j = AM, GM, HM).
From (3.13)-(3.17), we get that the estimators .z, . and tl-(j) , (@ =3,4,5,6;] = AM, GM, HM) are

better than the usual ratio estimator ¢, respectively if

c<(3/4), (3.18)
c<(3/4) (3.19)
c<(5/8) (3.20)
c<(7/3) (3.21)
c<(3/4) (3.22)

Thus it follows from (3.18)-(3.22) that the sufficient condition that the estimators ¢, and tl-(j ), (=
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3,4,5,6;7 = AM, GM, HM) to be better than the usual ratio estimator ¢, if ¢ < (5 / 8) .
From (1.8), (2.7), (2.14), (2.21) and (2.28), we have

MSE(t§f))—MSE(t2) =0, (3.23)
MSE(t{)~ MSE(1,) = (S} / 16n)(5, —1)(8c—3), (3.24)
MSE()~ MSE(1,) = (S} / 16n)(5, —1)(5-8c), (3.25)

MSE (1))~ MSE(1,) =0, (3.26)

where ( = AM, GM, HM).
It is observed from (3.23) and (3.26) that the estimators ¢, , tgj) and téj) , G = AM, GM, HM) are
equally efficient. Further it is also observed from (3.24) and (3.25) that the estimators ty ) and téi ),

(j = AM, GM, HM) are better than the estimators £, respectively if

c<(3/8), (3.27)
c>(5/8). (3.28)
From (2.7), (2.14) and (2.21), we have
MSE (")~ MSE(&”) = (S} / 167) (84 —1)(8c -3), (3.29)
MSE (&)~ MSE(&” ) = (S} / 167) (85 —1)(5-8¢), (3.30)

where ( = AM, GM, HM).
We note from (3.29) and (3.30) that the estimators tij) and téj) are better than the estimators tgj) ,
(7 = AM, GM, HM) respectively if

c<(3/8), (3.31)
c>(5/8). (3.32)
From (2.14), (2.21) and (2.28), we have
MSE(&") - MSE(£0) = (S} / 2n) (854 =1)(1-2¢), (3.33)
MSE (&)~ MSE(£” ) = (S} / 167) (85 —1)(3-8¢), (3.34)

where ( = AM, GM, HM).
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Expressions (3.33) and (3.34) indicate that estimators téj) and téj) are better than t‘(‘j ), (j = AM,
GM, HM) respectively if

c>(1/2), (3.35)

c>(3/8). (3.36)
It is obvious from (3.35) and (3.36) that ¢ > (1 / 2) is a sufficient condition for the estimators tgj)

and téj) to be more efficient than the estimators tij) , (j = AM, GM, HM).
Further from (2.21) and (2.28), we have

MSE(£)~ MSE (£ ) = (S} / 167) (85 =1)(5-8¢), (3.37)
which is positive if
c<(5/8). (3.38)

Thus the estimators téj) are better than téj) ,(j =AM, GM, HM) if ¢ < (5 / 8) .

4. EMPIRICAL STUDY

To have tangible idea about the absolute relative efficiency of the proposed estimators over their
competitors numerically, we consider three natural population data sets. The descriptions of the
population data sets are given in Table 1.

TABLE 1:
Population data sets.
Population N n Oy 50 . 0y c
I: Murthy (1967, p. 226) 80 10  2.2667 3.65 23377 0.5408
Y : Output.

X : Number of workers.

II: Murthy (1967, p. 127) 80 10 23730 2.0193 1.6757 0.6630
Y : Cultivated area (in acres).
X : Area in square miles.

III: Sukhatme and Sukhatme (1970, p. 185) 80 10 3.5469 3.2816 2.6601 0.7276
Y : Area under wheat in 1937 (in acres).
X : Cultivated area in 1931.

We have computed the percent absolute relative biases (PARBs) of different estimators of SJZ, by

using the formula:
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Buas(t
PARB(t) = 2—() %100, #.1)
(Sy / n)
where t =1t,,t, and ti(j) ,(6=2,3,4,5,6; ] = AM, GM, HM).
Further we have computed the percent relative efficiencies (PREs) of the various estimators of Sj
with respect to usual unbiased estimator Sj by using the formula:
MSE(s} )
———"2x100, *.2)

MSE(¢)

where t =t,t, and ti(j) , (@ =2,3,4,5,6; j = AM, GM, HM) and findings are summarized in
Tables 2 and 3.
It is observed from Tables 2 and 3 that

PRE(z,sj) =

(i)  The proposed estimator tiAM) has least PARB bias comparatively to other estimators in all

the three populations. It follows that the proposed estimator tgAM) is less biased among all

the estimators.
(i)  The proposed estimators tgj ) and t(()j ) have largest PRE (= 214.15) at par with the (Singh et
al., 2009) estimator ¢, in the population I. However the PARB of the estimator tgHM) is

less than ¢, t,, tgAM) , tgGM) , tgGM) , tgj) and téj) , G = AM, GM, HM). So the estimator

tS(HM) is to be preferred over 5;, L, b, tgAM) , tgGM), ty) , téj) and t(()j) , (j = AM, GM,
HM) in the population data set L.

(i1i) The proposed estimators téj ) have larger efficiency than the estimators Sj N AN tgj) ,

tij) and téj) , (j = AM, GM, HM) in both population data sets IT and III.
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TABLE 2:
The PARBs of different estimators.
Population

Estimator I I I

PARB _ PARB _ PARB
t 13123 3436 6215
t, 3249 3551 2044
£ 6562 1718 3108
£ 32.49 4.44 2.56
£ 0.64 830 2597
£ 0.16 0.02 0.01
£ 7.96 0.97 5.85
£ 0.32 415 1298
£ 81.86 1940 3235
£ 7358 1621 2522
{0 6530 13.03  18.09
£ 5457 1293 2157
£ 32.49 4.44 2.56
¢ 10.41 406 1646

TABLE 3:
The PRE:s of different estimators.
Population

Estimator I I I

PRE PRE PRE
) 10000 100.00  100.00
t 10205 13191 168.86
t, 21415 14420 17478
£ 21415 14420 17478
£ 16591 12495  136.97
1 16872 147.19  190.05
t 21415 14420 17478

(j = AM, GM, EM)
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5.  CONCLUSION

In this article we have suggested some estimators of population variance which are based on
arithmetic mean, geometric mean and harmonic mean of the usual unbiased, usual ratio and (Singh
et al., 2009) estimators. The expressions of bias and mean squared error of proposed estimators
have been derived up to first degree of approximation. The theoretical conditions under which the
proposed estimators are more efficient than usual unbiased, usual ratio and (Singh et al., 2009)
estimators have been obtained. The empirical study shows that in the performances of proposed
estimators are better than the other existing estimators i.e. the proposed estimators have larger
PREs and least PARBs in comparisons of others. Thus we recommend the proposed estimators in
practice. However this conclusion can not be extrapolated due to limited empirical study.
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SUMMARY

Estimation of finite population variance using auxiliary information in sample surveys

This paper addresses the problem of estimating the finite population variance using auxiliary
information in sample surveys. Motivated by (Singh and Vishwakarma, 2009) some estimators of
finite population variance have been suggested along with their properties in simple random
sampling. The theoretical conditions under which the proposed estimators are more efficient than
usual unbiased, usual ratio and (Singh et al, 2009) estimators have been obtained. Numerical
illustrations are given in support of the present study.

Keywords: Study variable; Auxiliary variable; Arithmetic mean; Geometric mean; Harmonic
mean; Bias; Mean squared error
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APPENDIX I

To obtain the biases and mean squared errors of the estimators £AM , ti(GM) and ti(HM) , (=3,

i

4,5, 6) we define the following classes of estimators of population variance Sj as

tan :(aoto—i—altl +a2t2), (ao o +a2)=1

S S¢ st
:sj {ao +a (g}i—az eXP(Sj-i—Si L1)

tom :(tg"Otf‘ltz‘”z ), (oo +a,+a,)=1
a 2 2
52(55] ' 0{1 (Sx _Sx) (12)
=5, | > | exp| ————
y 2 2 2
s, S; +s;
1
tiy = , (ap+a +a,)=1
%, a4,
L 4 L
3
§2 L3)

) 2 282
OCO+C¥1 ? +0{26Xp Sz+$2

sj =Sy2(1+eo) and s} =2 (1+¢,)

We write

such that
E(es)=E(e)=0

and to the first degree of approximation (ignoring finite population correction term)
E(e)=n" (6, -1)
E(ef)=n"(0-1) ¢,
E(ese,) =" (80 ~1)c

where

c=(8y~1)(S0s ~1)", Sy = (s, /187 187), s,y =NTYN (3 -7) (% - X)

( p,q being non-negative integers).
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Expressing (I.1) in terms of €’s we have

ay+a; (1+e )71 +a, exp(z_el H

tay =Sy2(1+eo

~—

+e

-1 2 -2
_ Q2 2 € 4l é a1
=S (1+¢) oco+ocl(1—e1+e1 —...)+az{ _?(H?j +?(1+?j —H

2 -2
e et — _alla af 8 _
1+a1( e +e ...)+a2{ 2(1 2+...j+8(1+2j H
1=l o, + 22 e, +| o, + 224+ 22 |2 — .
I 2 48
3
ES;|:1+60—(0£1+%jel—(al+%JeOel+(al+%jefi|

(tAM —Syz) = Sy2 {eo —(al +%)el —(al +%)eoel +(a1 +3%jef] L4)

Taking expectation of both sides of (I.4), we get the bias of t,, to the first degree of

=Sy2(1+eo

~—"

=Sy2(1+eo

~—"

or

approximation as

Bias(t 4y ) = n'lSy2 (64 — 1){(&1 +%) —(al + %}c} L5)

Squaring both sides of (I.4) and neglecting terms of ¢’s having power greater than two we have

2
(tAM—SyZ)Z =S; {eé{aﬁ%j ef—Z(al +%)eoel} (L.6)

Taking expectation of both sides of (I.6) we get the mean squared error of £,;, to the first degree
of approximation as

MSE(ty) =n's! {(540 —1)+(a1 +%j(504 _1)(0(1 +%—26ﬂ )

Putting (ao,al,az) = G,%,OJ,G,O,%}(O,%,%} and (%,%,%J in (I.5) and (I.7) one can

easily get the biases and mean squared errors of the estimators tl-(AM) , (i = 3,4, 5, 6) respectively
given in (2.4), 2.7)); (2.11), (2.14));((2.18), (2.21)) and (2.25), (2.28)).

Expressing the class of estimators £, in terms of e’s, we have
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toy = Sy2 (1 + eo)(l +e )70{l exp[;(j_fl ]
1

1
o (o +1) ae (e e e\ |
=S8} (1+ey)q1-aye +————ef —... 1_A(1+_1j +A(l+_1j -
2 2 2 8 2 |
2 2
=5 (1+eo){1_0€161 +M€f —...Hl—%(l—e—zhr...}r %861 (1-¢ +)}
:Sf[1+eo—(al+%)el_(al+%jeoel+(alaz +a1(a1+1)+a2(2+a2)]612+‘

2 2 8
or
a a aa, alo+1l) o,(2+a
(tGM—Sj);Syzlieo—(aﬁ?Zjel—(al+72jeoel+[ 122+ 1(21 )+ 2(8 J]ef} L.8)

Taking the expectation of both sides of (I.8), we get the bias of t;, to the first degree of

approximation as

Bias(tgy ) = (Sy2 /8n)(§O4 —1){40{1 (o +1)+ 40, +ay (2+0¢2)—8(011 +%jc}

(Sy2 /271)(504 —1)((11 +%)(0{1 +%+1—2CJ

Squaring both sides of (I.8) and neglecting terms of e’s having power greater than two we have

2
2
(1o - 2] =S {eg N (al +"‘7j 2 —2(0{1 +%jeo(31] 10)

Taking expectation of both sides of (I.10), we get the mean squared error of tGM to the first degree

L9)

of approximation as

MSE (1) =(5: /n){(é}o 1)+(6, _1)(% +%)(al +%—26ﬂ i)

Substituting the values of (ao,a1,a2) = (%,%,O),(%,O,%j,(o,%,%j and (%,%,%J in (1.9)

and (I.11) one can easily get the biases and mean squared errors of the estimators thM) , (=34,
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5, 6) respectively given in ((2.5), 2.7)); ((2.12), (2.14));((2.19), (2.21)) and ((2.26), (2.28)).
Expressing the class of estimators £y, in terms of €’s we have

Sf,(l+eo)

Ly =T
e
oy +a (1+e)+a,exp 2+1e ]:I
1

(4]

ay+oy (1+e)+a,exp

|
S(1+¢)

=8 (1+¢)| 1+

=Sy2(1+eO

|
=S (1+¢) 1—{
(

N—
N
|
N
J’_

) |§
N—
Hfb
+
f_/;\
o |NQ
J’_
VR
N
+
) |,§’
~
\%,_J
+
| I— |

or

2
a a a a
(tHM —Syz) =S} [eo —(cq +72jel —[a1 +72)e0e1 +{?2+(a1 +72J }ef} 1.12)
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Taking expectation of both sides of (I.12), we get the bias of £, to the first degree of

approximation as

Bias () = (87 / ) (80 - 1){%{,11 +%j2 —(0!1 +%H
= (82 /(5% _1)[%{% +%j(a1 +%_Cﬂ 013)

Squaring both sides of (I.12) and neglecting terms of ¢’s having power greater than two we have

2
2 a (04
(- 52) = 5° {eg +(a1 +72j 2 —2(0{1 +72jeoel} 114

Taking expectation of both sides of (I.14), we get the mean squared error of t;;, to the first degree

of approximation as

MSE (ty0) = (5! /n)[(% 1)+(6, _1)[% +%j(al +%—2cﬂ 015)

11 1 .1 1 1
Substituting the values of (ao,al,az)=(E,E,Oj,(5,0,5],(0,3,%j and (g,%,%j in

(I.13) and (I.15) one can easily get the biases and mean squared errors of the estimators ti(GM) ,

(i = 3,4, 5, 6) respectively given in ((2.6), (2.7)); ((2.13), (2.14));((2.20), (2.21)) and ((2.27), (2.28)).



