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USE O F  INDEPENDENT RUNS FOR T H E  IMPROVEMENT 
O F  T H E  RESPONSE O F  SHEWHART CONTROL CHARTS 

Alberto Iacobini 

1. INTRODUCTION 

Standard Shewhart control charts, as is well known, provide out-of-control sig- 
nals when a sample estimate of some parameter of the distribution of a quality 
characteristic falls outside its control limits. In particular, in the case of X-charts 
they are generally set at a 3-sigma (or 3.09-sigma) distance from the central line. 

I t  has been observed by many authors, however, how this simple and most ap- 
plied rule does not take into account the patterns of estimates represented in the 
chart and is quite slow in detecting small shifts in the process parameters. This is 
the reason why supplementary runs rules have been widely introduced in literature 
with particular reference to X-charts. Several runs rules have been suggested, for 
instance, by Page (1955), the Western Electric Company (1956), Roberts (1958), 
Bissell (1978), Wheeler (1983). 

Supplementary runs rules are generally used in various combinations. Page 
(1955) and Bissell (1978) were the first to provide an evaluation of the average run 
length (ARL) of F-charts for simpler combinations of runs rules. 

An extensive review of the behaviour of X-charts when various combinations of 
runs rules are at work simultaneously has been provided by Champ and Woodall 
(1987). They have found that the use of these combinations of rules does improve 
the capability of a chart to detect small shifts in the process mean, but, as Mont- 
gomery (1996) observes, the in-control ARL or ARL,, which indicates the number 
of samples expected before a false out-of-control signal is provided by the chart, is 
substantially degraded. This is the reason why Montgomery (1996) discourages the 
use of supplementary runs rules to detect small shifts in the process mean and fa- 
vours the use of cumulative sums (CUSUM) or exponentially weighted moving av- 
erage (EWMA) charts for the purpose. 

However, as the common experience of statistical process control (SPC) analysts 
shows, and as has also been clearly reported in a Saniga and Shirland's (1977) sur- 
vey, practitioners often tend to avoid more complicated, even if efficient, control 
charts in favour of the simpler Shewhart charts. 

For this reason we deem it useful to remain in the field of Shewhart-type appli- 
cations by introducing independent runs (IRs) of various length. We  will show how 



these runs can significantly reduce the AIII, of the corresponding standard Sheur- 
hart charts hy sin1plp finding appropriate lengths for the runs and convenient dis- 
tances beiween control limits, without decreasing, or rather increasing the AKLo, 
as is opportune. 

I t  will also be shown how IK-based control charts can be considered as a gener- 
alisation of standard Shewhart charts. 

Let us consider a Shewhart control chart with upper control limit IJ and lower 
control limit l,, constructed to monitor sample estimates .3,, obtained from inde- 
pendent samples of n items each, of a real parameter H of some process charactcris- 
tic X. Let 11s also consider independent runs (IKs) of length h 2 2, 

with i .- 1, 2 , .  . 
The rule we apply in this article in order to obtain an out-of-control signal is the 

following. "an out-of-control signal is given when, for the first time, r or more 
points of the same run of length h fall in the same interval (- M, L) or ili, M), while 
the remaining points fall in the interval [L, I!], whcrc r < k atid L < I:". 

The r,ltion:rle of this choice is that a given nunher  of points are required to fall 
on the iame side of the intervdl [L,  [J] as prool of a consistent shift in the process 
parameter This choice, obviously, also reduces the probability of false alarms, 
when the process remains in the initial in-control st,itc with respect to the case in 
wtiich arc consider r or more points falling on both sides of the interval [I., lfl. 

W c  shall define these runs as 'indcpenclent runs of order 1 and h',  and use the 
al~brevi'~tion I K ~ I ,  h)  -to dcnotc them Therefore, s~,irictard control charts can also 
be defitird '1s IK(1, 1) 

If we now indicate by H(, the in-control wlue for 8, and by 8,  ( H ,  + H,,) an out-of- 
control value for the same parameter, both belonging to the space pziramcter I2 for 
8, and if we denote, for each @ E  12, the probability that an estimate-point 6, falls in 
the interval (- m, 1,) or in the interval (U, m) a.; respectivclv f i  (6)  and yrr(8), that is 

the same probabilities ior a process still in the initial control state 8(, are given b y  
fi I, -. yr iQ and yr.,, = yc it3,,), while ior a process in out-of control state H ,  they are 
given by f i ,  = ~ ~ ( 0 , )  and yti, = y,,(O,j. 

According to the rule introduced 
signal, for 8 =  H, ,  is given hy 

before, the probability for an o~~t-of-control 

h l 
- YrA (2) 
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while the probability of an out-of control signal for a process in control ( 8 =  B,,), 
that is the probability of a false alarm, is given by 

The expected n~lmber of IR(r, h) necessary to obtain an out-of-control signal is 
obviously given by 1/pLh(l) ,  (I = 0, l ) ,  therefore the overall ARL of the proposed 
rule is given by 

We deem it useful to consider also another indicator of the effectiveness of the 
proposed procedure. After fixing a value F G (0, l ) ,  we denote by K the minimum 
number of independent runs for which the probability of not detecting a shift does 
not exceed E, that is 

K(I)  = min {k : [l - ,D,,~(I)]" 5 E I k E N) = 

Therefore, we can introduce the indicator C,,h(-r), (I = 0, l ) ,  which denotes the 
minimum number of sample points for which the probability of not detecting a 
shift does not exceed E, that is the IOO(1 - E) percentile of the overall run length 
distribution, namely 

W e  name this indicator 'confidence threshold for the run length (CTRL)', since 
it is very likely for an out-of-control signal to occur not later than indicated by it. 

As can be easily seen, we have h < C,,/,(l) < - log E (see, also, Iacobini, 
1991, p. 113). So, for instance, if we choose ~ = 0 . 0 5  we have that C,,(I) < 
3 L,,h(I). Notice that, according to (5) and (6), C,,,,(T) is always a multiple of h. 

The corresponding values of ARL and CTRL for standard Shewhart charts can 
be obtained, for comparative purposes, by putting h = r = l in the previous expres- 
sions since, as noted above, Shewhart charts can be considered as IR(1, 1) charts. 

Several criteria can be applied to choose the dimension of the IKs introduced in 
the previous section. The common purpose of these criteria, however, should be a 
good reduction of the ARL for shifts in the process parameters which may cause 
noticeable increases in the nonconformity level of a process, especially when they 
are caused by small shifts, for which standard Shewhart charts are slow in provid- 
ing out-of-control signals. O n  the other hand, the in-control ARL for IKs should 



not be lower, but rather higher than that of standard charts, since false out-of-con- 
trol signals may add remarkable costs to the economy of a process. We  will show 
how, in general, the proposed methods yield good results in terms of out-of-control 
ARL if compared with the supplementary runs rules mentioned in the introductory 
section, and even better results for in-control ARL values. 

The methods will be exposed with regard to X-charts, that is the case in which 
the process parameter we want to monitor is the mean p of a process characteristic 
having the normal distribution X - N(p; D ~ )  and the sample estimates of p are the 
means F calculated in samples of size n. If we denote by p. the in-control mean of 
the process, which is the central value of the interval [I,, U], and by p, an out-of- 
control value, so that the standardised shift of the process mean can be expressed by 

using the out-of-control signal rule established in the previous section we have that 

where @(z) is the c.d.f of Z - N(0; 1) and where 

We can now indicate the IR-chart previously defined as IR(r, h, z). The standard 
Shewhart 3-sigma X-chart is therefore IR(1, 1, 3). 

A first approach (method 1) to the definition of convenient IRs is that of fixing 
values for L and U, or rather for z ,  starting from the corresponding values of a 
standard 2-chart, that is 2 = 3, and proceeding towards the central line of the 
chart. 

Table 1 shows ARL and CTRL ( E =  0.05) values for standard X-charts and only 
for those IR(r, 13, z)-charts for which the following conditions are satisfied: 

These conditions, in fact, ensure that the IR-charts provide out-of control sig- 
nals for small or medium shifts of the process mean more quickly than standard 2- 
charts, but, at the same time, the ARL for a false out-of-control signal is not 
smaller than that of a standard chart, as required. Of course, a more precise choice 
among various satisfactory IR-charts should be made case by case, once the maxi- 
mum detectable shift has been selected after studying suitable values for the proc- 
ess capability ratio (PCR). 

Notice that only IRs with 2 5 h < 5 have been considered, since IRs of greater 
length are scarcely manageable and, besides, as can be seen from (4) and (7), 
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TABLE l 

A R I ,  and C'I'RL (E = 5%) values for Standard Shewhart Chart5 and Selected IR-Charts for Proceis Means 

CTRI. 

Shc\vliart 
h' chart 

while the ARL of standard F-charts tends towards 1. But, as long as we limit the 
choice of h to 5 ,  as suggested above, larger ARL values for large 6 values are not of 
great inconvenience, in fact, when comparing different control charts, it is impor- 
tant to compare ARL values for small or medium shifts in the process mean, since 
such values are quite large. What happens in the case of large shifts is mostly irrel- 

ARI, 

z =  1 

h = 3  u = 3  

2 = 1,5 

h = 5  v = 4  h = 4  r = 3  

2 = 2 

h = >  r = 3  h = 3  r = 2  h = 4  u = 2  h = 5  v = 2  
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charts in Table 1 are computed for z = 2; z = 1.5 and z = 1 (no satisfactory IRs have 
been found for z = 2.5). Of course, suitable IRs for intermediate values of z can be 
easily determined. We  can observe that, for z = 2, the IRs which satisfy the condi- 
tions (8) are IR(2, 3), IR(2, 4) and IR(2, 5); for z = 1.5, they are IR(3, 4) and IR(3, 
5 ) ;  for z = 1, they are IR(3, 3) and IR(4, 5). The value of z for the standard X- 
chart, whose ARL and CTRL values are also shown in Table 1, is 3, as recalled 
above. 

IRs providing higher ARL values, even though always compatible with the con- 
ditions (8), can be chosen when out-of-control signals for smaller shifts of the proc- 
ess mean want to be delayed in order to avoid too frequent, unnecessary interrup- 
tions of the process. O n  the other hand, IRs providing smaller ARL values can be 
chosen when out-of-control signals for small/medium shifts (say 1 < 6 < 2) want to 
be hastened. 

A second approach (method 2) to the search of convenient IRs is that of deter- 
mining, for each IR(r, h, z) with 2 < h < 5, the value of z - for which an approxi- 
mation of two decimals may be sufficient - that satisfy the conditions 

The IRs, which can be read in Table 2, guarantee an in-control ARL not smaller 
than that of the standard Shewhart charts and, at the same time, provide minimum 
ARL values, obtained by computing ARL values from different values of z and for 
all possible combination of v and h within the range established above, all obviously 
smaller than the corresponding values obtained for standard charts when 6 > 0, and 
compatible with conditions (9). Among these IRs it is possible to select the one 
which provides minimum ARL (and corresponding CTRL with E =  0.05) values for 
single 6 shifts, or intervals, which represent significant out-of-control situations 
which have to be detected swiftly. 

From Table 2 it can be seen that, for 0 < 6 < 1, the IR-chart which provides 
minimum ARL values is the one constructed with h = 5, r = 4 and z' = 0.79, there- 
fore IR(4, 5, 0.79); similarly, for 6 =  1.2 and 6= 1.4 we obtain IR(3, 5, 1.29); for 
6 =  1.6 and 6 =  1.8 we obtain IR(3, 4, 1.18); finally, for 6 = 2  we find IR(2, 3, 
1.78). Values greater than 2 are not taken into account, for the reasons previously 
mentioned. Besides, IRs with r = 1 are not considered, since they provide ARL val- 
ues very similar to those of the standard Shewhart X-chart chart with 3-sigma h- 
its, so that there is no advantage in using them. 

As recalled in the introductory section, several supplementary 'dependent' runs 
rules have been provided over time in order to obtain a faster detection of shifts in 
the mean of a normal process characteristic while using Shewhart X-charts. 

Champ and Woodall (1987) have summarised these rules, stating them in the 
following form: "an out-of-control signal is given if r of the last h standardised sam- 
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ple means fall in the interval (L, U), where r I h and L < U" (notice that the origi- 
nal notations used by the authors have been substituted with the same notations 
used in the present article). 

Let us notice that these runs of length h are 'moving' runs, therefore not inde- 
pendent like the ones introduced in this article. 

Champ and Woodall (1987) denote by T(r, h, L, U) the runs rule defined above. 
The standard 2-chart is therefore denoted by {T(1, 1, - m, - 3), T ( l ,  1, 3, m)}. 
The rules taken into account by the two authors in the mentioned article are: 

Rule 1: C, = (T(1, 1, - m, - 3), T(1, 1, 3, m)} 

Rule 2: C, = (T(2, 3, - 3, - 2), T(2, 3, 2, 3)) 

Rule 3: C3 = {T(4, 5, - 3, - l ) ,  T(4, 5 ,  1, 3 ) )  

Rule 4:  C4 = {T(8, 8, - 3, 0))  T(8, 8, 0, 3)} 

Rule 5 :  C? = (T(2, 2, - 3, - 2), T(2, 2, 2, 3))  

Rule 9: C, = (T(8, 8 ,  - 3 .O9, O), T(8, 8,  0, 3 .O9) ) 

The first four rules are the well known Western Electric Company (1956) rules. 
Champ and Woodall (1987) point out that "these nine rules can be combined to 
form most of the control charts suggested in the literature". The two authors use 
the notation 

to denote a generic combination (ij, ..., h)  of the nine rules. The results obtained 
by the authors are the 15 combinations reported in Table 3 for comparative pur- 
poses, anlong which one of the rules 1 or 7 is always present in order to include in 
each combination the standard 3-sigrna or 3.09-sigma X-chart, the last one morc 
common in British practice. 

As can be seen, the combinations that have the lowest ARL values for 6> 0 (Cl3,  
C,,, Cj9, C,* j ,  C,,3, Ci8<), Cl Cllj,, C123,) have too low values for the ARL,,, which 
is a very poor property for a control chart. As Montgomery (1996, p. 150) observes, 
the authors "found that the use of these rules does improve the ability of the control 
chart to detect smaller shifts, but the in-control ARL can be substantially de- 
graded.. . Thus, the sensitising rules need to be llsed with considerable caution, as an 
excessive number of false alarms can be harmful to an effective SI'C program". 

It can also be seen that the combinations providing higher ARL values for 6 > 0 
(C,,, C,,, CIj, C,,, CIj,) often perform poorly if compared with the IRs introduced 
in the previous section; besides, their in-control AKL values are still considerably 
too small. For instance, the only combination that provides an in-control ARL 
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similar that of a standard chart is Cl(,, for which the in-control AKL is 349.4 (still 
lower than L I  ,(O) = 370.4). If we compare the perfornlance of this combination 
with that of IK(4, 5 ,  0.79) we see that the latter has Lj5(0) = 383.1 while, for 
O < 6 <  1.6, L, ,(a values are lower than the corresponding values for Cl(,. Only for 
6 > 1.6 the situation is reversed, but AKL values, in this case, are very low any- 
way, and the difference between the two procedures is small. 

Other con~parisons can be made between combinations Ci1, k and IICs(r, k ,  z )  
having similar ARL values for given values of 6 corresponding to standardised out- 
of-control shifts of the process mean one expects to detect quickly, but without 
haring to interrupt the process too frequently in case of smaller shifts, not relevant 
for the quality of the product. For instance, IR(4, 5 ,  0.79) and C;, have similar 
ARI, for 6 =  1 (respectively, 17.41 and 19.70) but, as can be seen, Ci8 has s~naller 
ARI, values for 6 up to 0.4, while IK(4, 5 ,  0.79) has lower AKI, values for 6 values 
from O 6 until past 1. That means that the expected time of detection of shifts 
much smaller than the value corresponding to a fixed out-of-control situation 
( 6 =  1, in the example) will be higher if we use IR(4, 5 ,  0.79), while shifts near 
6 =  1 are expected to be detected more cluiclrly. The use of IK(4, 5 ,  0.791, in this 
case, provides an ARL curve steeper than the one provided bp Cih, and this seems 
to be '1 very good property for process control. 

Finally, a re recall that, as stated above, by using TRs selected according to 
method 1. that is IR(3, 3, l ) ,  IR(4, 5 ,  l), IR(3, 4, 1.5),  IK(3, 5 ,  1 51, IK(2, 3, 2), 
Ili(2, 4, 2) and lR(2, 5, 2), we obtain lower values for low-mcdimn range standard- 
ised shifts ot the mean (1 < 6 < 2) with respect to a standard Shewhart F-chart, 
even though they arc mostly larger than the ones obtained with the combinations 
of rules, while in-control AliI,,, .i~alues and ART, values for small shifts are larger. 
Therefore, the use of the latter IR-charts is recommended especially when one 
wants to avoid frequent out-of-control signals for insignificatitly srnall shifts of the 
incan, since they would increase the costs 01 control and the costs due to rirrrieces- 
sarv interruptions of' the process. 

'She consideration that Stlewhart control charts are much more frequently used 
in the practice of process control with respect to other types of charts, due to their 
simplicity of construction, has suggested a fmrther exploration of the pctssibility of 
using runs rules atid avoiding, at the satne time, the defects so clearl) pointed out 
by klontgomery (1996). The result has been the introduction of independent runs 
IRs, which can also be seen as :i generalisation of standard Shewhart charts. 

A more detailed study of the relevant case o i  the F-charts t ~ s  shown that se- 
lected IK-charts enjoy good properties, namely, allow a fast dctection of sinall and 
medium shifts in the mean of the process characteristic under control, while pro- 
viding longer expected times to obtain false alarms. 'She results are in many cases 
satisfactory when compared with those of the most common combinations of sup- 
plenlentary runs rules introduced in the literature and practice of process control. 



We point out once more that IR-charts can be easily associated with standard 
control charts, and do not require the construction of different, more complicated 
charts, like CUSUM and EWMA charts, whose parameterisation often causes re- 
inarkable difficulties to practitioners, even though it has  to be acknowledged that 
cumulative procedures are generally more efficient than Shewhart-type ones. But 
the scope of the present paper is that of using the very same points drawn in a 
Shewhart chart in a more efficient way, overcoming sonle of thc problems raised 
by thc usc of the supplementary runs rules. 
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RIASSUNTO 

L'articolo si occupa di una estensione delle tradizionali carte di controllo di tipo Slicu,- 
hart, che consiste nell'introduzione di sequenze indipeildenti di punti-stima di asscgnata lun- 
ghezza, :tllo scopo di indiriduare con maggiore rapiditi sregolamenti di piccola c media enti- 
tZt nella media di una caratteristica di processo sotto osservazione. 

1,'autore sceglie di proposito di restare nel campo delle osservazioni campionarie indipell- 
denti, perch6 sono i j~~e l l e  p i i ~  f req~~entemente  impiegate nella pratica del controllo statistico 
di proccsso ISI'C), rispetto ad altri tipi d i  carte, a motivo della loro sempliciti, e mostra 
come un'oculata scelta di sequenze indipendenti delle stesse medie cainpioilarie usate in ~ m a  
carta-X pub portare ad una riduzione del tempo nledio di attesa di un segnale di 'fuori con- 
trollo', o MU,. I.,a procedura proposta non presentii l 'incon\wiente principale delle corri- 
spondenti procedurc a sequenze dipendenti, cioP quelle note come 'regole della Western 
Electric Company' cd altre richiamate nell'articolo, che P q ~ ~ e l l o  per cui il tempo medio di 



attesa di segnali di 'fuori controllo' non necessari risulta troppo basso, conducendo verosi- 
milmente, in tal modo, a troppo freyuenti falsi allarmi. 

lJse of independent runs for the improvement of the response of Shewhavt control charts 

The paper deals with an extension of standard Shewhart control charts which provide 
independent runs of given length, or IR-charts, with the purpose of improving the perform- 
ance of the former by allowing a faster detection of small and medium shifts in a process 
mean. 

The author purposely chooses to remain in the field of independent sample observations, 
which are much more frequently used in S I X  compared to other types of charts due to their 
simplicity, and shows how a careful choice of independent runs, formed by the same sample 
means used in a standard 2-chart ,  can be adopted in order to reduce ARL values and, 
therefore, the expected time of detection of out-of-control situations. The result is obtained 
without the main drawback of dependent runs procedures as summarised in the Western 
Electric Company runs rules and others recalled in the paper, which lies in the fact that 
their 'in-control' ARL is too low, thus providing a too short expected time before a false 
'out-of control' alarm occurs. 


