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A NOTEONTIIE COVEKGENCE OF BIVAKIATE EXTREME
ORDEK STATISTICS

Haroon Mohamed Barakat

1. INTRODUCTION

Let X;=(Xy;, X,),7=1, 2, ..., » be arandom sample from a bivariate population
X = (X,, X) with d.f. F(x) = F(x,, x,). Let X, . denote the/-th order statistic of the

ijin

X, sample values, j=1, 2, ..., m; i=1,2. Fora, b, x, y e®? writeax+ b and £ to

o

denote respectively the vectors (ax, + &,, ayx, + b,) and (%,ﬁ—) and x <y to
[
mean x; 1 y;, i=1, 2. Write Z; ;.,, W}, and V, .., to denote respectively the

random vectors (Xl,ﬂ—k*' Lin> X2,71~L"+ l:n)’ (X],k:w XZ,%:':n) and (Xl.k:w XZHn—k'a- 1:71>’
where k and k' are any positive integers. Let further G(x)=P(X > x) and
Hy p,(x) = P(Zy, 4., < x). Findly, for thei-th (i =1, 2) component o the vector X,
let Fx;) and G,(x;) be the marginals of F(x) and G(x) respectively, while H, ., (x,)
and H 4 ,(x,) be the marginas of H, .., (x). It can be shown that (see Barakat,
1990, 1999)

HA?.,(T’:?I(X) = 2_ 2 n' ‘ (Gl(xl) - G(x))l o

parier SRS Al d LA VA AU A A AV
L GT(R)(GLlx,) — GE)Y (1 = Glx,) = G(x,) + Gy~ =7+
and
P(Vipry S%) = H g 03) = My o, (%)

where max(z, ) =av b, min(a, b)=a A & and

k=1 k'—1
Mk,k':n(x) = Z 2
i=0 j=0

§! i F"(x)
oviti-n (=)= m—i—7+1)!

ye=

A(E(x,) - FR)Y G (x)(1 = G,(x,) = Fx)y"™ 7"
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Since clearly,

mGyluy, =) + Gyluy, ) 2 n(1 - Fu,, -)) 2 n(1 - F(u) 2 2(G(u,,) v Gyluy,) ,

we have
O<t v, < liminful- Fu,) < lim sup#l - Fu,)) <
Hn—o0 P 00
< lim sup sl — Flu,-)) S 7, + T, < oo, (2.8)
n—yo0

Let us now prove the relation

1 - Fx)

=X 0 2.9)
l—F(x—)_>1’ as x — x (
which is equivalent to
_I_DS’_{Z_ -0, asx — x°, (2.10)
1- F(x-)
where P(x) = F(x) - F(x -). On the other hand (2.7)is equivalent to
C{?T(;Z’z—)—éo, asx; — x7 i=1,2; (2.11)

where Pj(x;) = F,(x) - Fix;-), :=1, 2 and P(x) = F(x) - F(x -). Suppose, now that

2N

(2. 10)does not hold. Then, there exist £ > 0 and asequence {v) ={(v,, Va,)} of
vectors such that v, — x” and

P(v,) 22e(1 - Flv,-)) . (2.12)
On the other hand, for sufficiently large », by (2.11) we have,
P(v,) < eG(v,, -}, i=12,
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which yields
Pi(vy,) + Py(v,,) < &G (v, -) + Gy(vy, =) (2.13)
Now, by using theobvious relation P, (x,) + P,(x,) - P(x) = G(x -) - G(x) 20, we get
P () + Pylx,) 2 Plx) Vx. (2.14)
Therefore, by (2.12), (2.14) and by using the relation E(E +FE)z ,EF, 2 k
we get
E(v,—)+ E(v,,—
P(v,,) + Py{v,,) 2 Plv,) 2 2¢ [1 _ Al 3 2Va7) ) &G (v, =) + Gy(v,,-)),

for all sufficiently large #, which contradicts (2.13), i.e. (2.9)is proved.
Now, if
lim inf #1 — Fu_)) = lim sup #{1 — Fu,,-)), (2.15)

n
H—beo 700
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(2.8) clearly guarantees the existence of areal number 0 < 1< e, 0 <7y VI, < TS
7, t 7, < oo, such that »(1 - F(u,)) — 7, which, in view of the relation 1 - F(u,) =
Gi(u,,) + Gy(u,,) - Glu,), leads immediately to (2.3) (since clearly u, — x°). On
the other hand, if (2.15) does not hold, then

0 < lim inf #(1 - F(u,)) < lim supn(l - Flu,—)) < oo,

H=—>00 Fi—poo
by which we can select a subsequence #; such that
1- Flu, )
lim ———%—
ke 1 — F(U,% -)

which contradicts (2.9).

#1,

Remark 2.1. Although the statement of Theorem 2.1 will not be changed if all
d.f.’s (F(x), F,(x,) and F,{x,) are assumed to be left continuous, the relation (2.7)

G;(x;)
should become m

donefor (2.9), (2.19), etc...
We now turn to the proof of Theorem 2.1.

— 1, asx; — x° i=1, 2. Similar obvious changes will be

Proof of Theorem 2.1. Assume that the marginas H, ,(«,,) and H ; («,,) con-
verge to a nondegenerate limits (i.e., positive and finite numbers). Then, in view of
Lemma 2.1, (2.1) and (2.2) are satisfied. Therefore, in view of Lemma 2.2, (2.7)is
aso satisfied and the first part of the theorem is now followed by applying the sec-
ond part of Lemma 2.2. To prove the second part it suffices to use Geffroy condi-
tion (see Geffroy, 1958) which is a sufficient and necessary condition for the inde-
pendence of the limit marginals (see Barakat, 1998, 2000). However, in view of
therelation G(x) = G,(x,) + G,(x,) - (1 - F(x)), Geffroy condition is equivalent to

1 - Fx)

W—)l, as X — X (216)

Now the second part of theorem follows immediately by using (2.16) and the obvi-
ous relation

-1
1> 1- Fx) Zl_ﬁ(x1)F2(x2>:1_( 1,1 ] .
Gx) + Gylxy) — Glay) + G,lx,) Glx)  G,(x,)
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1

RIASSUNTO

Una nota sulla convergenza di statistiche d’ordine estreme bivariate

In questa nota si mostra chc per ogni vettore bivariato di statistiche d’ordine estreme,
cristc almeno una successione di vettori reali per cui la funzione di distribuzione {d {) con-
verge ad un limite finito se e solo re lc marginali hanno limiti {initi Inoltre tale limite § pud
scrivere come il prodotto delle marginali se lad { bivariata da cui sono calcolate le statisti-
che d’ordine ¢ quella di una variabile casuale dipendente negatwe quadmnte

SUMMARY

A note on the convergence of bivariate extreme order statistics

In this note an interesting fact is proved that, for any vector of bivariate extreme order
statistics there exists (at least) a sequence of vectors of real numbers for which the distribu-
tion function (d.f.) of this vector converges to a nondegenerate limit if and only if its
marginals converge to nondegenerate limits. Moreover, the limit splits into the product of
the limit: marginals if the bivariate d.f., irom which the order statistics are drawn, is of
negative quadrant dependent random variables (r.v., s).



