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ESTIMATION OF POPULATION RATIO, PRODUCT, AND MEAN USING 
MULTIAUXILIARY INFORMATION WITH RANDOM NON-RESPONSE 

H.P. Singh, P. Chandra, I.S. Grewal, S. Singh, C.C. Chen, S.A. Sedory, J.-M. Kim 

1. INTRODUCTION 

It is well known that in the theory of sampling the precision of estimate is usu-
ally increased by the use of some auxiliary variables correlated with the variables 
under investigation. Ratio, product, regression estimators and their several gener-
alizations have been discussed in literature. These estimators use information in 
the form of known population means of the auxiliary variables. Srivastava and 
Jhajj (1981) suggested a family of estimators which use not only the information 
of the known population mean of the auxiliary variable, but also use the informa-
tion of its known population variance. The family of estimators of population 
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unbiased estimator of population variance 
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xS  of the auxiliary character 1x  and 

1X  denotes its known population mean, 1 1a x X , 
1 1
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x xb s S  and ( , )t a b  is a 

function of ( , )a b  such that (1,1) 1t   and satisfies certain regularity conditions as 
given in Srivastava and Jhajj (1981). 

A generalized version of the family (1.1) is given by 

0( , , )Ty T y a b  (1.2) 



 H.P. Singh, P. Chandra, I.S. Grewal, S. Singh, C.C. Chen, S.A. Sedory, J.-M. Kim 450 

where ( )T   is a function of 0( , , )y a b  such that 0 0( ,1,1)T Y Y , 
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
   and satisfies certain regularity conditions. It has 

been shown that the asymptotic minimum MSE of ty  and Ty  are the same. Us-

ing information on 1X  and 
1

2
xS , Upadhyaya and Singh (1985) suggested a family 

of estimators of population ratio 0 1R Y Y , 1 0Y   as: 

ˆ ˆ ( , )hR Rh a b  (1.3) 

where 0 1R̂ y y  1( 0)y   is the conventional estimator of R , 1y  is the sample 

mean of the study variable 1y , ( , )h a b  is a parametric function of ( , )a b  such that 
(1,1) 1h   and satisfies certain regularity conditions. A family of estimators wider 

than ˆ
hR  is defined as: 

ˆ ˆ( , , )HR H R a b  (1.4) 

where ( )H   is a parametric function of ˆ( , , )R a b  such that, 1( ,1,1)H R R , and 
satisfies certain regularity conditions. It has been shown that the asymptotic 

minimum MSEs of ˆ
hR  and ˆ

HR  are the same. Quite often information on many 
supplementary variables are available in the survey which can be utilized to in-
crease the precision of the estimate. Olkin (1958) has considered the use of multi-
auxiliary variables, positively correlated with the variables under study to build up 
a multivariate ratio estimator of the population mean 0Y . Following Olkin’s 
method of estimation several estimators using multiauxiliary variables have been 
proposed by various authors; for instance, see Raj (1965), Rao and Mudholkar 
(1967), Srivastava (1971), Tuteja and Bahl (1991), Agarwal and Panda (1994), 
Singh and Rani (2005-2006), Tailor and Tailor (2008) etc. In this paper we suggest 
a family of estimators for population ratio, product and mean when information 
about population means and variances of 1m   auxiliary variables are available. 
The properties of the suggested family are also discussed in the presence of ran-
dom non-response. In this context we refer to Tracy and Osahan (1994), Singh 
and Joarder (1998), Singh et al. (2000, 2007), Dubey and Uprety (2008), Gamrot 
(2008), and Harel (2008). 

2. NOTATIONS 

We assume that information on m  auxiliary variables 1 2, , ..., mX X X  are avail-

able for all the units in the population. Let 1 2{ , , ..., }NU U U U  denote the popu-
lation of N  units from which a simple random sample of size n is drawn without 
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replacement. Let 0 jY , 1 jY  and ijX  denote the values of the variables 0Y , 1Y  

and iX  on the j -th unit of the population, 1, 2,3..., ;i m  1, 2, ...,j N . Fur-

ther, let 0 1,j jy y  and ijx  denote the value of the sample, 1, 2,...,i m ; 
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Further let 
0 1y y , 

0 iy x , 
1 iy x  and 

i kx x  denote the correlation coefficients 

between 0 1( , )y y , 0( , )iy x , 1( , )iy x  and between the variables ,( )i kx x  respec-

tively, 1, 2, ...., .i k m   

Define: i i iu x X , 1, 2,....,i m  and 2 2( ) ( )
i m ii x x mu s S
  , 

1, 2,...., 2i m m m    
Let u  denote the column vector of 2m  elements 1 2 2, , ..., mu u u . Superscript T 

over a column vector denotes the corresponding row vector. 
Defining: 

0 0 0 1y Y   , 1 1 1 1y Y   , 1i iu   , 1, 2,..., 2 ;i m  and 

1 2 2( , , ..., )T
m     
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we have: 

0 1( ) ( ) 0E E   , ( ) 0iE    1, 2,..., 2 ;i m   
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Putting the above results in matrix notations, we have: 

( ) 0E   , ( )TE D  , 0 1{( ) }E d     , 

where the vector 1 2 1 2( : ) ( , , ..., , , , ..., )T T T
m md a a a a      and the 2 2m m  

matrix: 
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A F

D

F 

 
 
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 
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which is assumed to be positive definite. The matrices A , F  and   are of order 

m m  matrices [ ]
i kx xA a , [ ]

i kx xF f , and [ ]
i kx x  . 

3. THE SUGGESTED FAMILY OF ESTIMATORS OF  R   

The parameter under investigation is   0 1R Y Y 
  , where   takes values 0, 

+1, or –1. It reduces to: 

(i.)   0 11R Y Y R  , for 1   (Ratio of two population means) 

(ii)   0 11R Y Y P    for 1    (Product of two population means) 

(iii)   00R Y , for 0   (Mean of single population) 

The conventional estimator of   0 1R Y Y 
  , is defined by: 

  0 1 1
ˆ , 0R y y y 
    (3.1) 

which reduces to the following set of estimators: 

(i)   0 11
ˆ ˆR y y R  , for 1   (Estimator of ratio of two population means) 

(ii)   0 11
ˆ ˆR y y P    for 1    (Estimator of product of two population 

means) 

(iii)   00R̂ y , for 0   (Estimator of mean of single population) 

Let Te  denote the row vector of 2m  unit elements. Whatever be the sample 

chosen, let  
ˆ( , )TR u  assume values in a closed convex subset, Q , of the 2 1m   

dimensional real space containing the point  ( , )TR e . 
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We define a family of estimators of  R   as: 

 
   1 2 2

ˆ ˆ ˆ( , , , ..., ) ( , )T
mg mR G R u u u G R u
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(1) The function  
ˆ( , )TG R u  is continuous and bounded in Q . 

(2) The first and second order partial derivatives of the function  
ˆ( , )TG R u  

exist and are continuous and bounded in Q . 

To obtain the minimum mean squared error (MSE) of ( )ˆ
mgR  , we expand the 

function  
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 (3.4) 

where        
*ˆ ˆ( )R R R R      , * ( )u e u e   , 0 1  ;  1 ( )G   denote 

the 2m  elements column vector of the first partial derivatives of ( )G   and  
 2G   

denotes the 2 2m m  matrix of second order partial derivatives of ( )G   with re-

spect to u . Substituting for 0 1,y y  and u in terms of 0 1,   and  using (3.3), we 
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(3.5) 

Taking expectation in (3.5) and noting that the second partial derivatives are 
bounded, we have: 
 
Theorem 3.1. 

 
 

1ˆ( ) ( )mgE R R O n


   

From Theorem 3.1, it follows that the bias of the suggested family is of order 
1n  and hence its contribution to the MSE of  ˆ

mgR   will be of order 2n . 

 
We now prove the following theorem: 

Theorem 3.2. Up to terms of order 1n , the MSE of  ˆ
mgR   is minimized for 

 
   

1 1( , )TG R e R D d 
   (3.6) 

and the minimum MSE is given by 

 
   
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mgMSE R MSE R R d D d

     (3.7) 

where 

    0 1 0 1 0 1

2 2 2ˆ( ) [ { 2 }]y y y y y yMSE R R C C C C        (3.8) 

is the MSE of  R̂   to the first degree of approximation. 

 

Proof. From (3.5), we have up to terms of order 1n , 

   
 

2ˆ ˆ( ) [ ]mg mgMSE R E R R 
   
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1ˆ( ) [2 ( , )T TMSE R R d G R e      

 
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 
1 1( ( , )) ( ( , ))]T T TG R e D G R e   

(3.9) 

which is minimized for 

 
   

1 1( , )TG R e R D d 
   (3.10) 

Substitution of (3.10) in (3.9) yields the minimum MSE of  ˆ
mgR   as given in 

(3.7). Hence the theorem. 
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Theorem 3.3. Up to terms of order 1n
, 

 
   

2 1ˆ ˆ( ) ( ) T
mgMSE R MSE R R d D d

     

with equality holding if 

 
   

1 1( , )TG R e R D d 
  . 

Any parametric function  
ˆ( , )TG R u  satisfying the conditions (1) and (2) can 

generate an asymptotically acceptable estimator. The family of estimators is large.  
 
Some examples are: 

(1) (1)
( )

ˆ ˆ exp( log )T
mgR R u    (2) ( 2 )
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ˆ ˆ (1 ( ))T
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2
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m

mg i i i i
i
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mg i
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mgR R R u e     , where 1 2 2( , , ..., )T

m     is a vector of 

2m  constants.  

The optimum values of these constants which minimizes the MSE of  ˆ
mgR   are 

obtained from the conditions (3.6). The MSE of any estimator of the family (3.2) 
is obtained from (3.9). From (3.7), the minimum MSE is not larger than the MSE 

of the conventional estimator  R̂  , since 1 0Td D d  .  

 

Remark 3.1. The suggested family of estimators  ˆ
mgR   reduces to: 

(1) Srivastava and Jhajj (1983) estimator of 0Y :  1
0

ˆ ( , )T
sR G y u , for 0   

(2) the generalized version of Upadhyaya and Singh (1985) estimator of popu-

lation ratio R :  2ˆ ˆ( , )T
sR G R u , for 1   

(3) the product estimator:  3ˆ ˆ( , )T
sR G P u  for 1   . 

4. ESTIMATORS BASED ON ESTIMATED OPTIMUM VALUES OF CONSTANTS 

Following the same approach as adopted by Srivastava and Jhajj (1983), we 
suggest a family of estimators of  R   (based on estimated optimum values of 

constants) as: 



Estimation of population ratio, product, and mean using multiauxiliary information etc. 457 

 
 

* * ˆˆ ˆ( , , )T T
mgR G R u

   (4.1) 

where 

1ˆ ˆˆT D d    (4.2) 

is a consistent estimator of 1T D d   with: 

ˆ ˆ,ˆ
ˆ ˆ,

A F
D

F 

 
  
  

, 1 2 1 2
ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ( : ) ( , , ..., , , , ..., )T T T

m md a a a a     , ˆ ˆ[ ]
i kx x m mA a  , 

ˆˆ [ ]
i kx x m mF f  , ˆ ˆ[ ]

i kx x m m   , 
0 1

ˆ ˆ ˆ( )
i ii y x y xa a a  , 

0 1

ˆ ˆ ˆ( )
i ii y x y x    , 

0 0 0
ˆ ˆ ˆˆ

i i iy x y x y xa C C , 1, 2,...,i m ; 
1 1 1

ˆ ˆ ˆˆ
i i iy x y x y xa C C , 1, 2,...,i m ; 

0 0 0
ˆ ( )

i i iy x y x y xs s s  , 1, 2,...,i m ; 
1 1 1

ˆ ( )
i i iy x y x y xs s s  , 1, 2,...,i m ; 

0 0 0
ˆ

y yC s y , 
1 1 1

ˆ
y yC s y , 

0

1
0 0

1

( 1) ( )( )
i

n

y x j ij i
j

s n y y x x



    , 

1

1
1 1

1

( 1) ( )( )
i

n

y x j ij i
j

s n y y x x



    , 
0

2 1 2
0 0

1

( 1) ( )
n

y j
j

s n y y



   , 

1

2 1 2
1 1

1

( 1) ( )
n

y j
j

s n y y



   , 2 1 2

1

( 1) ( )
i

n

x ij i
j

s n x x



   , 1, 2,...,i m ; 

0 1

ˆ ˆ ˆ( )
i ii y x y x    , 1, 2,..., 2i m m m   ; 

0

2
0 0

1

2
0

ˆ
( )( )

( 1)i

i

n

j ij i
j

y x
x

y y x x

n y s
 

 





, 

1

2
1 1

1

2
1

ˆ
( )( )

( 1)i

i

n

j ij i
j

y x
x

y y x x

n y s
 

 





, ˆ ˆ ˆˆ

i k i k i kx x x x x xa C C , 1, 2,...,i k m  ; 

ˆ i k

i k

i k

x x
x x

x x

s

s s
  ; 1

1

( 1) ( )( )
i k

n

x x ij i kj k
j

s n x x x x



    ; 

2

1

2 2

( )( )
ˆ

( 1)i k

k

n

ij i kj k
j

x x
i x

x x x x

f
n x s



 





, 

2 2

1

2 2
ˆ

( ) ( )

1
( 1)i k

i k

n

ij i kj k
j

x x
x x

x x x x

n s s
 

 

 



, 

 
* ˆˆ( , , )T TG R u   is a parametric function of   ˆˆ( , , )T TR u   such that: 
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   
* ( , , )T TG R e R    for all  R   (4.3) 

which implies 

 
 

*

( , , )

( )
| 1ˆ T TR e

G

R  







  (4.4) 

   

*

( , , )

( )
| T TR e

G
R

u  







   (4.5) 

and 

 

*

( , , )ˆ

( )
| 0.T TR e

G
 


 


  (4.6) 

Expanding the function  
* ˆˆ( , , )T TG R u   about the point  ( , , )T TR e   in 

Taylor’s series and using (4.3) to (4.6), we have 

 
     

 
   

* *
* *

( , , ) ( , , )

( ) ( )ˆ ˆ( , , ) ( ) | ( ) |ˆ T T T T
T T T

mg R e R e

G G
R G R e R R u e

uR  


    



 




 
      

        
 

*

( , , )
ˆ

ˆ

( )
( ) | T T

T
R e

G
 


 

 


   second order terms 

             0 1( ) ( )TR R R          second order terms (4.7) 

Since ̂  is a consistent estimator of  , the expectation of the second order 

terms in (4.7) will be 1( )O n  and hence 

 
 

* 1ˆ( ) ( )mgE R R O n


   

The mean squared error of  ˆ
mgR   up to terms of order 1n , from (4.7) is 

   
 

* * 2ˆ ˆ( ) [ ]mg mgMSE R E R R 
     

2 1ˆ( ) TMSE R R d D d     

which is same as (3.7). We thus have proved the following theorem. 
 
Theorem 4.1. If the optimum values of constants in (3.6) is replaced by their con-
sistent estimators and conditions (4.5) and (4.6) hold, the resulting estimator 

 *ˆ
mgR   has the same mean squared error up to terms of order 1n , as that of op-

timum  ˆ
mgR  . 
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5. RANDOM NON-RESPONSE AND SOME EXPECTED VALUES 

If ( 0,1, 2,...,( 2))z z n   denotes the number of sampling units on which in-
formation could not be obtained due to random non-response, then the remain-
ing ( )n z  units in the sample can be treated as SRSWOR sample from U . Since 
we are considering the problem of unbiased estimation of variance of the estima-
tors of general parameter  R  , therefore, we are assuming that z  should be less 

than ( 1)n  , that is, 0 ( 2)z n   . We assume that if p  denotes the probability 
of non-response among the ( 2)n   possible values of non-responses, then z  has 
the following discrete distribution given by 

2 2( )
( )

2
n z n z

z
n z

P z C p q
nq p

  



 (5.1) 

where (1 )q p  , 0,1, 2, ...,( 2)z n   and 2n
zC  denote the total number of 

ways of obtaining z  non-responses out of the ( 2)n   total possible responses, 
for instance, see Singh and Joarder (1998).  
 
Let us define: 

* *
0 0 0 1y Y   , * *

1 1 1 1y Y   , * * 1i iu   , and 1i iu   ,  

where 

*
*

*2 2

, 1, 2, ....,

, 1, 2,..., 2
i m i m

i i
i

x x

x X i m
u

s S i m m m
 

  
  

, 
2 2

, 1, 2,....,

, 1, 2, ..., 2
i m i m

i i
i

x x

x X i m
u

s S i m m m
 

 
  

 

1 2 2( , , ..., )T
m     , * * * *

1 2 2( , , ..., )T
m      where *2 1 * 2

1

( 1) ( )
i

n z

x ij i
i

s n z x x






     

is conditionally unbiased estimator of 2
ixS  ( 1, 2,..., )i m  and 

* 1
0 0

1

( )
n z

j
j

y n z y






   , * 1
1 1

1

( )
n z

j
j

y n z y






   , * 1

1

( )
n z

i ij
j

x n z x






   , 1, 2,..., .i m  

Thus under the probability model (5.1), we have the following results: 

* *
0 1( ) ( ) 0E E   , *( ) ( ) 0i iE E     for all 1, 2,..., 2i m ; 

0

*2 * 2
0( ) yE C  , 

1

*2 * 2
1( ) yE C  , 

0 1 0 1

* * *
0 1( ) y y y yE C C    , 
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* 2

*2 * *
2

, 1, 2,...,

( ) ( ( ) 1),

               1, 2,..., 2

i

i i

x

i x x i

C i m

E x

i m m m



   

 
   
   

 

0

0

*

* *
0 *

, 1, 2,...,
( )

, 1, 2,..., 2 .

i

i

y x

i

y x

a i m
E

i m m m




 

   
  

 

*

* *

*

,

        1, 2,..., ; 1, 2,..., 2
( )

,

       , 1, 2,..., 2 .

i k

i k

x x

i k

x x

f

i m k m m m
E

i k m m m



 




      

   

 

1

1

*

* *
1 *

, 1, 2,...,
( )

, 1, 2,..., 2 .

i

i

y x

i

y x

a i m
E

i m m m




 

   
  

 

0 1

0 1

* *

* * *
0 1 * *

( ) ,

                                  1, 2, ...,
(( ) )

( ) ,

                     1, 2,., 2 .

i i

i i

y x y x i

i

y x y x i

a a a

i m
E

i m m m

  

 
     

  


   
 

   

 

* *
0 1

, 1, 2, ...,
(( ) )

, 1, 2,..., 2 .
i

i
i

a i m
E

i m m m


 

 


      

 

0

0

*
0

, 1, 2, ...,
( )

, 1, 2,..., 2 .
i

i

y x

i
y x

a i m
E

i m m m




 

     
 

1

1

*
1

, 1, 2,...,
( )

, 1, 2,..., 2 .
i

i

y x

i
y x

a i m
E

i m m m




 

     
 

2

*
2

, 1, 2,...,

( ) ( ( ) 1),

             1, 2,..., 2 .

i

i i

x

i i x x i

C i m

E x

i m m m



   

 


    
   
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*

, 1, 2,..., ;

( )               1, 2,..., 2

, , 1, 2,..., 2

i k

i k

x x

i k

x x

f i m

E k m m m

i k m m m



 




     
   

 

and 

* *( ) , 1, 2,...,
i ki k x xE a i k m     , 

where 

* 1 1

2nq p N


 
   

. 

Putting the results in matrix notations, we have 

*( ) 0E   , * * *( )TE D   , * * * *
0 1{( ) }E d      , *( )TE D  , and 

* *
0 1{( ) }E d      . 

It may be noted that if 0p   that is if there is no non-response, the above ex-
pected values coincide with the usual results. In the following sections we con-
sider three different strategies as follows: 

6. SUGGESTED STRATEGY-I 

We are considering the situation when random non-response exists on study 
variables 0Y , 1Y  and auxiliary variables 1X , 2X , ..., mX . It is assumed that the 

population means iX  and variances 2 , ( 1, 2,..., )
ixS i m  of the auxiliary variables 

1X , 2X , ..., mX  are known. Thus we define a family of estimators of  R   as: 

 
* *

1
ˆ( , )Td J R u , (6.1) 

where  
* * *

0 1R̂ y y 
   is conventional estimator of  R  ,  

* *ˆ( , )TJ R u  is a para-

metric function of  
* *ˆ( , )TR u  such that 

   ( , )TJ R e R   for all  R̂   (6.2) 

which implies that: 
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 
 * ( , )

( )
| 1ˆ TR e

J

R 







  (6.3) 

and satisfies certain conditions as given for  ˆ
mgR  . To terms of order 1n , it can 

be easily shown that: 

 
1

1( ) ( )E d R O n
   (6.4) 

and 

 
 

 
 

 
 

 
1 1 1* *

1
ˆ( ) ( ) [2 ( , ) ( ( , ) ( ( , )))T T T T TMSE d MSE R R d J R e J R e D J R e        

(6.5) 

where 

 
   

1
*( , ) ( . )

( )
|T TR e R e

J
J

u 





  

and 

    0 1 0 1 0 1

* * 2 2 2ˆ( ) [ { 2 }]y y y y y yMSE R R C C C C        (6.6) 

is the MSE of  
*R̂   to terms of order 1n  . The 1MSE( )d  at (6.5) is minimized 

for 

 
   

1 1( , )TJ R e R D d 
   (6.7) 

Thus the resulting (minimum) MSE of 1d  is given by 

   
* * 2 1

1
ˆmin . ( ) ( ) TMSE d MSE R R d D d     (6.8) 

which clearly indicates that the proposed estimator is more efficient than the 

conventional estimator  
*R̂  . Thus we proved the following theorem: 

 
Theorem 6.1. To the first degree of approximation 

   
* * 2 1

1
ˆ( ) ( ) TMSE d MSE R R d D d     

with equality holding if 

 
   

1 1( , )TJ R e R D d 
  . 
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The following estimators: (1) (1) * *
1 ( )

ˆ exp( log )Td R u  , (2) 
( 2) * *
1 ( )

ˆ (1 ( ))Td R u e     etc. may be identified as particular members of the 

suggested family 1d . The MSEs of these estimators can be easily obtained from 
(6.5). Proceeding in a similar manner as section 4, we state the following theorem. 
 
Theorem 6.2. The family of estimators: 

 
* * * * *
1 ˆˆ( , , )T Td J R u   

of  R   based on estimated optimum values of constants has MSE to the first 

degree of approximation equal to that of minimum MSE of 1d  that is 

*
1 1( ) min . ( )MSE d MSE d  (6.9) 

where 1min. ( )MSE d  is cited in (6.8),  
* * * *ˆˆ( , , )T TJ R u   is a function of 

 
* * *ˆˆ( , , )T TR u   such that 

   
* ( , , )T TJ R e R    for all  

*R̂   

which implies that 

 
 

*

* ( , , )

( )
| 1ˆ T TR e

J

R  







 , 

   

*

* ( , , )

( )
| T TR e

J
R

u  







   and 
 

*

* ( , , )ˆ

( )
| 0T TR e

J
 


 


  

and * * 1 *ˆ ˆD̂ d   is the estimator of 1D d  , 

* *

*

* *

ˆ ˆ|
ˆ

ˆ ˆ|T

A F

D

F 

 
 

       
 
 

, 

* * * * * * * * *
1 2 1 2

ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ( : ) ( , , ..., , , , ..., )T T T
m md a a a a     , * *ˆ ˆ[ ]

i kx x m mA a  , * *ˆˆ [ ]
i kx x m mF f  , 

* *ˆ ˆ[ ]
i kx x m m   , 

0 1

* *ˆ ˆ ˆ
i ii y x y xa a a  , 

0 1

* * *ˆ ˆ ˆ
i ii y x y x    , 

0 0 0

* * * *ˆ ˆ ˆˆ
i i iy x y x y xa C C , 

1 1 1

* * * *ˆ ˆ ˆˆ
i i iy x y x y xa C C , 0

0

*
*

*
0

ˆ y
y

s
C

y
 , 1

1

*
*

*
1

ˆ y
y

s
C

y
 , 

0 1

* 1 * *
0 0 1 1

1

( 1) ( )( )
n r

y y j j
j

s n z y y y y






     , 
0

*2 1 * 2
0 0

1

( 1) ( )
n z

y j
j

s n z y y






    , 

1

*2 1 * 2
1 1

1

( 1) ( )
n z

y j
j

s n z y y






    , 
0 0 0

* * * *ˆ ( )
i i iy x y x y xs s s  , 

1 1 1

* * * *ˆ ( )
i i iy x y x y xs s s  , 
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* * * *ˆ ( )
i k i k i kx x x x x xs s s  , 

0

1 * * 2 * *2
0 0 0

1

ˆ ( 1) ( )( ) ( )
i i

n z

y x j ij i x
j

n z y y x x y s






     , 

1

1 * * 2 * *2
1 1 1

1

ˆ ( 1) ( )( ) ( )
i i

n z

y x j ij i x
j

n z y y x x y s






     , * * * *ˆ ˆ ˆˆ
i k i k i kx x x x x xa C C , 

* * *ˆ
i ix x iC s x , * * *ˆ

k kx x kC s x , 

* * * 2 *2 *2

1

ˆ ( )( ) (( 1) )
i k k

n z

x x ij i kj k i x
j

f x x x x n z x s




      

and * * 2 * 2 *2 *2

1

ˆ ( ) ( ) ( ( 1) ) 1
i k i k

n z

x x ij i kj k x x
j

x x x x n z s s




      . 

6.1. Special cases 
 

For the numerical comparison of the various estimators, we consider a situa-
tion when only two auxiliary variables are available. Let 1d  be an estimator mak-

ing use of the population means 1X  and 2X  as well as known population vari-

ances 
1

2
xS  and 

2

2
xS . It can be easily seen that the percent relative efficiency (RE) 

of the estimator 1d  with respect to the control estimator *
( )R̂   is give by: 

1
* 1 1 2 2 1 3 2 4

1 ( )

( )ˆRE( , ) 100%
a a

d R A
     



       
 (6.1.1) 

Let (1)
1d  be an estimator making use of the population means 1X  and 2X , then 

the percent relative efficiency (RE) of (1)
1d  with respect to the control estimator 

*
( )R̂   is given by: 

1* *
(1) * 1 1 2 2
1 ( ) *

( )ˆRE( , ) 100%
a a

d R A


 



 
   
 

 (6.1.2) 

Let ( 2)
1d  be an estimator making use of the population variances 

1

2
xS  and 

2

2
xS , then 

1* *
( 2 ) * 1 3 2 4
1 ( ) *

0

( )ˆRE( , ) 100%d R A
 


 



 
   
 

 (6.1.3) 

Let (3)
1d  be an estimator making use of population mean 1X  and population 

variance 
1

2
xS  of only one auxiliary variable, then 
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1
(3) * 1 1 2 2
1 ( )

( )ˆRE( , ) 100%
a D a D

d R A
D

     
 (6.1.4) 

Let (4 )
1d  be an estimator making use of only the population mean 1X  of one aux-

iliary variable, then 

1

1
2

(4 ) * 1
1 ( ) 2

ˆRE( , ) 100%
x

a
d R A

C


 

   
  

 (6.1.5) 

Let (5)
1d  be an estimator making use of population variance 

1

2
xS  of the first auxil-

iary variable, then 

12
(5) * 1
1 ( ) *

2 1

ˆRE( , ) 100%
( )

d R A
x





 

   
 

 (6.1.6) 

Let (6)
1d  be an estimator making use of population mean 2X  and population 

variance 
2

2
xS  of only the second auxiliary variable, then 

1
(6) * 2 3 2 4
1 ( ) *

( )ˆRE( , ) 100%
a D D

d R A
D

      
 (6.1.7) 

Let (7)
1d  be an estimator making use of the population mean 2X  of the second 

auxiliary variable, then 

2

1
2

(7) * 2
1 ( ) 2

ˆRE( , ) 100%
x

a
d R A

C


 

   
  

 (6.1.7) 

Let (8)
1d  be an estimator making use of population variance 

2

2
xS  of the second 

auxiliary variable, then 

12
(8) * 2
1 ( ) *

2 2

ˆRE( , ) 100%
( )

d R A
x





 

   
 

 (6.1.8) 

where 

0 1 0 1 0 1

2 2[ ( 2 )]y y y y y yA C C C C     , 
0 1 1 11 ( )y x y xa a a  , 

0 1 0 1 0 1y x y x y xa C C , 
1 1 1 1 1 1y x y x y xa C C , 

0 2 1 22 ( )y x y xa a a  , 
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0 2 0 2 0 2y x y x y xa C C , 
1 2 1 2 1 2y x y x y xa C C , 

0 1 1 11 ( )y x y x    , 

0 2 1 22 ( )y x y x    , 
0 1 1

2 2
0 0 1 1 0

1

( )( ) ( ( 1) )
N

y x j j x
j

Y Y X X N Y S


    , 

1 1 1

2 2
1 1 1 1 1

1

( )( ) (( 1) )
N

y x j j x
j

Y Y X X N Y S


    , 

0 2 2

2 2
0 0 2 2 0

1

( )( ) (( 1) )
N

y x j j x
j

Y Y X X N Y S


     

1 2 2

2 2
1 1 2 2 1

1

( )( ) ( ( 1) )
N

y x j j x
j

Y Y X X N Y S


     

1 2 1 2

2 2 2 2
1 1 2 2

1

( ) ( ) ( ( 1) ) 1
N

x x j j x x
j

X X X X N S S


     , 

1 1 2 1 1 1 2

2
(1) ( 2 ) ( 3) (4 )x x x x x x xC a f f         

2 1 2 2 1 2 1 2 2 1 2

2 2 2 1 1 2 2 2

2 * * 2 *
(1) 2 1 2 2 2 2

*
2 1

( ( ) ( ) ) ( ( ) )

( ( ))

x x x x x x x x x x x

x x x x x x x x

C x x f f x f

f f f x

   

 

     


 

1 2 1 2 2 1 1 1 1 2 1 2

1 2 1 1 1 2 1 2

* * 2 *
( 2 ) 2 1 2 2 2 2

*
2 1

( ( ) ( ) ) ( ( ) )

( ( ))

x x x x x x x x x x x x

x x x x x x x x

a x x f f x f

f f f x

    

 

     


 

1 2 2 1 1 2 1 2 2 1 1 1 2 1 2

2 2 1 1 2 2 1 2 2 1

* 2 *
(3) 2 2 2 1( ( ) ) ( ( ) )

( )
x x x x x x x x x x x x x x x

x x x x x x x x x x

a f x f C f x f

f f f f f

        


 

1 2 2 1 1 2 2 2 2 1 1 1 2 1 2

2 1 1 1 2 2 1 2 2 1

* 2 *
(4 ) 2 1 2 1( ( )) ( ( ))

( )
x x x x x x x x x x x x x x x

x x x x x x x x x x

a f f x C f f x

f f f f f

       


 

1 2 1 2 1 21 1 1(1) 1( 2 ) 1(3) 1(4 )x x x x x xa a f f          

2 1 2 2 1 2 1 2 2 1 2

2 2 2 1 1 2 2 2

2 * * 2 *
1(1) 2 1 2 2 2 2

*
2 1

( ( ) ( ) ) ( ( ) )

( ( ))

x x x x x x x x x x x

x x x x x x x x

C x x f f x f

f f f x

    

 

     


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1 2 2 1 1 2

2 2 1 2

* * 2 *
1( 2 ) 2 2 1 2 2 2 1 2 2

*
2 2 1 1

( ( ) ( ) ) ( ( ))

( ( ) )

x x x x x x

x x x x

a x x f x

f x

      

   

      


 

2 1 2 2 1 2 2 1 2

2 2 2 1 2 2

* 2 *
1(3) 2 2 2 2 1 2 2

2 1

( ( ) ) ( ( ))

( )
x x x x x x x x x

x x x x x x

a f x f C x

f f f

     

 

      


 

2 1 1 2 2 2 2 1 2

2 1 2 1 2 2

* 2 *
1(4 ) 2 2 1 2 2 1 1

2 1

( ( )) ( ( ) )

( )
x x x x x x x x x

x x x x x x

a f f x C x

f f f

     

 

      


 

1 1 1 1 2

2
2 2(1) 1 2( 2 ) 2(3) 2(4 )x x x x xC a f f         

1 2 2 1 1 2

2 2 1 2

* * 2 *
2(1) 2 2 1 2 2 2 1 2 2

*
2 2 1 1

( ( ) ( ) ) ( ( ))

( ( ) )

x x x x x x

x x x x

a x x f x

f x

      

   

      


 

1 2 1 2 2 1 1 1 1 2 1 2

2 2 1 1 1 2 1 2

* * 2 *
2( 2 ) 2 1 2 2 2 2

*
2 1

( ( ) ( ) ) ( ( ) )

( ( ) )

x x x x x x x x x x x x

x x x x x x x x

a x x f f x f

f f x f

    

 

     


 

1 2 1 2 1 2 1 2 1 2

2 2 1 2 1 1

* *
2(3) 2 1 2 2 2 2 2

1 2

( ( )) ( ( ) )

( )
x x x x x x x x x x

x x x x x x

a x a f x f

f f f

     

 

     


 

1 2 1 2 1 2 1 2 1 2

2 1 1 2 1 1

* *
2(4 ) 2 2 1 1 2 2 1

1 2

( ( ) ) ( ( ))

( )
x x x x x x x x x x

x x x x x x

a x a f f x

f f f

     

 

     


 

1 1 2 1 2

2
3 3(1) 3( 2) 1 3(3) 3(4 )x x x x xC a a f         

2 1 2 2 1 2 2 1 2

2 2 2 2 2 1

2 * *
3(1) 2 1 2 2 2 2 2

1 2

( ( )) ( ( ) )

( )
x x x x x x x x x

x x x x x x

C x a f x f

f f f

     

 

     


 

1 2 1 2 1 2 1 2 1 2

2 2 1 2 1 1

* *
3(2) 2 1 2 2 2 2 2

1 2

( ( )) ( ( ) )

( )
x x x x x x x x x x

x x x x x x

a x a f x f

f f f

     

 

     


 

1 2 2 1 1 2 2 2 2 1 1 1 2 1 2

2 2 1 1 2 2 1 2 2 1

* 2 *
3(3) 2 2 2 2( ( ) ) ( ( ) )

( )
x x x x x x x x x x x x x x x

x x x x x x x x x x

a f x f C f x f

f f f f f

        


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1 2 2 2 2 1 2 1 2 1 1

1 1 2 2 1 2 2 1

2
3(4 ) 1 2 1 2

2

( ) ( )

( )
x x x x x x x x x x x

x x x x x x x x

a f f C f f

a f f f f

        


 

1 1 2 1 1

2
4 4(1) 4( 2) 4(3) 1 4(4 )x x x x xC a f a         

2 1 2 2 2 2 2 2 1

2 1 1 2 2 2

2 *
4(1) 1 3 2 1 1 2

*
2 2 1

( ( )) ( )

( ( ))

x x x x x x x x x

x x x x x x

C x f f f

a f f x

     

 

     


 

1 2 1 2 2 1 1 2 2 1

1 1 1 2 1 2

*
4(2) 1 2 2 1 1 2

*
2 2 1

( ( )) ( )

( ( ))

x x x x x x x x x x

x x x x x x

a x f f f

a f f x

     

 

     


 

1 2 2 2 2 1 2 1 2 1 1

1 1 2 2 1 2 2 1

2
4(3) 1 2 1 2

2

( ) ( )

( )
x x x x x x x x x x x

x x x x x x x x

a f f C f f

a f f f f

        


 

1 2 2 1 1 2 2 2 2 1 1 1 2 1 2

2 1 1 2 2 2 1 2 2 1

* 2 *
4(4 ) 2 1 2 1( ( )) ( ( ))

( )
x x x x x x x x x x x x x x x

x x x x x x x x x x

a f f x C f f x

f f f f f

        


 

* *
2 1 2 1( ) ( ) 1x x   , * *

2 2 2 2( ) ( ) 1x x   , 
1 1

2 2 2
1x xC S X , 

2 2

2 2 2
2x xC S X , 

1 2 1 2 1 2x x x x x xa C C , 

1 1 1

3 2
1 1 1

1

( ) ( ( 1) )
N

x x j x
j

f X X N X S


   ,  

1 2 2

2 2
1 1 2 2 1

1

( )( ) ( ( 1) )
N

x x j j x
j

f X X X X N X S


     

2 1 1

2 2
1 1 2 2 2

1

( ) ( ) (( 1) )
N

x x j j x
j

f X X X X N X S


    , 

2 2 2

3 2
2 2 2

1

( ) ( ( 1) )
N

x x j x
j

f X X N X S


   , 
1 2 1 2

* 2 2 2
x x x xC C a   , 

1 2 2

* 2
1 2 1x x xa a a C   , 

1 2 1

* 2
2 1 2x x xa a a C   , 

1 2

* * * 2
0 2 1 2 2( ) ( ) x xx x     , 

1 2

* *
3 2 1 2 2( )x x x      , 

1 2

* *
4 1 2 2 1( )x x x      , 

1 11 1 1 2 1( )x xD f a x   , 

1 1 1

2
2 1 1x x xD a f C  , 

1 1 1

2 * 2
2 1( )x x xD C x f  , 

2 2

*
3 2 2 2 2( )x xD f a x   , 

2 2 2

2
4 2 2x x xD a f C  , and 

2 2 2

* 2 * 2
2 2( )x x xD C x f  . 
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7. SUGGESTED STRATEGY-II 

Here we are considering the situation when information on study variables 0y , 

1y  could not be obtained for z  units while information on ‘ m ’(>1) auxiliary 

variables 1,X 2 ,X ..., mX  are available. The population means iX  and variances 
2 , ( 1, 2,..., )

ixS i m  of auxiliary variables 1,X  2 ,X ..., mX  are known. Thus we 

define a family of estimators of  R   as 

 
*

2
ˆ( , )Td S R u , (7.1) 

where  
*ˆ( , )TS R u  is a parametric function of  

*ˆ( , )TR u  such that 

   ( , )TS R e R   for all  
*R̂   

which implies that 

 
 * ( , )

( )
| 1ˆ TR e

S

R 







  (7.2) 

and satisfies certain conditions as given for  ˆ
mgR  . To terms of order 1n , it can 

be easily shown that: 

 
1

2( ) ( )E d R O n
   (7.3) 

and 

   
 

 

 
 

 
 

1*
2

1 1

ˆ( ) ( ) [2 ( , )

( ( , )) ( ( , ))]

T T

T T T

MSE d MSE R R d S R e

S R e D S R e

  

 

  
 (7.4) 

where 

 
    

1
( . ),

( )
| TT R eR e

S
S

u 





  

The MSE(d2) at (7.4) is minimized for 

 
   

1 1( , )TS R e R D d 
   (7.5) 

and hence the resultant (minimum) MSE of 2d  is given by 
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   

 

* 2 1
2

* 2 1
1

ˆ( ) ( )

min. ( ) ( )

T

T

MSE d MSE R R d D d

MSE d R d D d

 





 





 

  
 (7.6) 

where 1min. ( )MSE d  is given in (6.8). Now we state the following theorem: 
 
Theorem 7.1. To the first degree of approximation 

   
* 2 1

2
ˆmin. ( ) ( ) TMSE d MSE R R d D d     

with equality holding if 

 
   

1 1( , )TS R e R D d 
  . 

The following estimators: 1.  
 

1 *
2

ˆ exp( log )Td R u  , and 2. 

 
 

2 *
2

ˆ (1 ( ))Td R u e     etc. are the members of the suggested class of estima-

tors 2d . Proceeding in a similar manner as before, we state the following theo-
rem. 
 
Theorem 7.2. The family of estimators  

   
* * *
2 1

ˆˆ( , , )T Td S R u   

of  R   based on estimated optimum values of constants has MSE to the first 

degree of approximation equal to that of minimum MSE of 2d  that is 

*
2 2( ) min. ( )MSE d MSE d  (7.7) 

where 2min. ( )MSE d  is cited in (7.6),    
* *

1
ˆˆ( , , )T TS R u   is a function of 

   
*

1
ˆˆ( , , )T TR u   such that 

   
* ( , , )T TS R e R    for all  

*R̂   which implies that 
 

 

*

* ( , , )

( )
| 1ˆ T TR e

S

R  







 , 

   

*

( , , )

( )
| T TR e

S
R

u  







   and 
 

 

*

( , , )
1

ˆ

( )
| 0T TR e

S
 


 


  and  

1 *
1

ˆ ˆD̂ d   is the 

estimator of 1D d  , where D̂  and *d̂  are same as defined earlier. 
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7.1 Special cases 
 

Let 2d  be an estimator making use of the population means 1X  and 2X  as 

well as known population variances 
1

2
xS  and 

2

2
xS . It can be easily seen that the 

percent relative efficiency of the estimator 2d  with respect to the control estima-

tor *
( )R̂   is given by: 

1

* 1 1 2 2 1 3 2 4
2 ( ) *

( )ˆRE( , ) 1 100%
a a

d R
A




 


   



        
  

 (7.1.1) 

Let (1)
2d  be an estimator making use of the population means 1X  and 2X , then 

the percent relative efficiency (PRE) of (1)
2d  with respect to the control estimator 

*
( )R̂   is give by: 

1* *
(1) * 1 1 2 2
2 ( ) * *

( )ˆRE( , ) 1 100%
a a

d R
A





 



      
  

 (7.1.2) 

Let ( 2)
2d  be an estimator making use of the population variances 

1

2
xS  and 

2

2
xS , then 

1* *
( 2) * 1 3 2 4
2 ( ) * *

0

( )ˆRE( , ) 1 100%d R
A

 



 



      
  

 (7.1.3) 

Let (3)
2d  be an estimator making use of population mean 1X  and population vari-

ance 
1

2
xS  of only one auxiliary variable, then 

1
(3) * 1 1 2 2
2 ( ) *

( )ˆRE( , ) 1 100%
a D a D

d R
DA





        

 (7.1.4) 

Let (4 )
2d  be an estimator making use of only the population mean 1X  of one aux-

iliary variable, then 

1

1
2

(4 ) * 1
2 ( ) * 2

ˆRE( , ) 1 100%
x

a
d R

AC




      

   
 (7.1.5) 

Let (5)
2d  be an estimator making use of population variance 

1

2
xS  of the first auxil-

iary variable, then 
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12
(5) * 1
2 ( ) * *

2 1

ˆRE( , ) 1 100%
( )

d R
A x


 


      

  
 (7.1.6) 

Let (6)
2d  be an estimator making use of population mean 2X  and population 

variance 
2

2
xS  of only the second auxiliary variable, then 

1
(6) * 2 3 2 4
2 ( ) * *

( )ˆRE( , ) 1 100%
a D D

d R
AD





        

 (7.1.7) 

Let (7)
2d  be an estimator making use of the population mean 2X  of the second 

auxiliary variable, then 

2

1
2

(7) * 2
2 ( ) * 2

ˆRE( , ) 1 100%
x

a
d R

AC




      

   
 (7.1.8) 

Let (8)
2d  be an estimator making use of population variance 

2

2
xS  of the second 

auxiliary variable, then 

12
(8) * 2
2 ( ) * *

2 2

ˆRE( , ) 1 100%
( )

d R
A x


 


       

  
 (7.1.9) 

8. SUGGESTED STRATEGY-III 

We are again considering the situation when information on study variables 

0y , 1y  could not be obtained for z  units while information on auxiliary vari-

ables 1X , 2X ,..., mX  are available for all the sample units. But the difference is 

that population means iX  and variances 2 , ( 1, 2,..., )
ixS i m  of auxiliary variables 

1X , 2X ,..., mX  are not known. With this background, we define a family of es-

timators for  R   as: 

 
*

3
ˆ( , )Td V R w , (8.1) 

where 

*
i i iw x x , 1, 2,..., ;i m  and *2 2( ) ( )

i m i mi x xw s s
 

 , 1, 2,.., 2i m m m   , 

1 2 2( , , ..., )T
mw w w w ;  

*ˆ( , )TV R w  is a function of  
*ˆ( , )TR w  such that: 
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   ( , )TV R e R   for all  
*R̂   (8.2) 

which implies that 

 
 * ( , )

( )
| 1ˆ TR e

V

R 







  (8.3) 

and satisfies certain conditions. To terms of order n–1, it can be easily shown that 

 
1

3( ) ( )E d R O n
   (8.4) 

and 

   
 

 

 
 

 
 

1* *
3

1 1

ˆ( ) ( ) ( )[2 ( , )

( ( , )) ( ( , ))]

T T

T T T

MSE d MSE R R d V R e

V R e D V R e

  

 

    
 (8.5) 

where 

 
   

1
( , ) ( . )

( )
|T TR e R e

V
V

w 





  (8.6) 

The MSE(d3) at (8.5) is minimized for 

 
   

1 1( , )TV R e R D d 
   (8.7) 

and hence the resultant (minimum) MSE of 3d  is given by 

   
* * 2 1

3
ˆmin. ( ) ( ) ( ) TMSE d MSE R R d D d       (8.8) 

which shows that the proposed class of estimators is more efficient than  
*ˆ .R   

Now we state the following theorem: 
 
Theorem 8.1. To the first degree of approximation 

   
* * 2 1

3
ˆ( ) ( ) ( ) TMSE d MSE R R d D d       

with equality holding if 

 
   

1 1( , )TV R e R D d 
  . 

The following estimators: 1.  
 

1 *
3

ˆ exp( log )Td R w  , and 2. 

 
 

2 *
3

ˆ (1 ( ))Td R w e     etc. are the members of the suggested class of estima-



 H.P. Singh, P. Chandra, I.S. Grewal, S. Singh, C.C. Chen, S.A. Sedory, J.-M. Kim 474 

tors 3d . Proceeding in a similar manner as section 4, we state the following theo-
rem. 
 
Theorem 8.2. The family of estimators  

   
* * *
3 2

ˆˆ( , , )T Td V R w   

of  R   based on estimated optimum values of constants has MSE to the first 

degree of approximation equal to that of minimum MSE of 3d  that is 

*
3 3( ) min. ( )MSE d MSE d  (8.9) 

where 3min. ( )MSE d  is cited in (8.8),    
* *

2
ˆˆ( , , )T TV R w   is a function of 

   
*

2
ˆˆ( , , )T TR w   such that    

* ( , , )T TV R e R    for all  
*R̂   which implies that 

 
 

*

* ( , , )

( )
| 1ˆ T TR e

V

R  







 , 

   

*

( , , )

( )
| T TR e

V
R

w  







   and 
 

 

*

( , , )
2

ˆ

( )
| 0T TR e

V
 


 


  

and  
* 1 *

2
ˆ ˆD̂ d   is the estimator of 1D d  , where *D̂  and *d̂  are same as 

defined earlier. 

8.1 Special cases 

Let 3d  be an estimator making use of the population means 1X  and 2X  as 

well as known population variances 
1

2
xS  and 

2

2
xS . It can be easily seen that the 

percent relative efficiency of the estimator 3d  with respect to the control estima-

tor *
( )R̂   is give by: 

  1

1 1 2 2 1 3 2 4*
3 ( ) *

ˆRE( , ) 1 1 100%
a a

d R
A




 


   



          
  

 (8.1.1) 

Let (1)
3d  be an estimator making use of the population means 1X  and 2X , then 

the percent relative efficiency (PRE) of (1)
3d  with respect to the control estimator 

*
( )R̂   is given by: 

1* *
(1) * 1 1 2 2
3 ( ) * *

( )ˆRE( , ) 1 1 100%
a a

d R
A





 



       
  

 (8.1.2) 



Estimation of population ratio, product, and mean using multiauxiliary information etc. 475 

Let ( 2)
3d  be an estimator making use of the population variances 

1

2
xS  and 

2

2
xS , then 

1* *
( 2) * 1 3 2 4
3 ( ) * *

0

( )ˆRE( , ) 1 1 100%d R
A

 



 



       
  

 (8.1.3) 

Let (3)
3d  be an estimator making use of population mean 1X  and population 

variance 
1

2
xS  of only one auxiliary variable, then 

1
(3) * 1 1 2 2
3 ( ) *

( )ˆRE( , ) 1 1 100%
a D a D

d R
DA





         

 (8.1.4) 

Let (4 )
3d  be an estimator making use of only the population mean 1X  of one aux-

iliary variable, then 

1

1
2

(4 ) * 1
3 ( ) * 2

ˆRE( , ) 1 1 100%
x

a
d R

AC




       

   
 (8.1.5) 

Let (5)
3d  be an estimator making use of population variance 

1

2
xS  of the first auxil-

iary variable, then 

12
(5) * 1
3 ( ) * *

2 1

ˆRE( , ) 1 1 100%
( )

d R
A x


 


       

  
 (8.1.6) 

Let (6)
3d  be an estimator making use of population mean 2X  and population 

variance 
2

2
xS  of only the second auxiliary variable, then 

1
(6) * 2 3 2 4
3 ( ) * *

( )ˆRE( , ) 1 1 100%
a D D

d R
AD





         

 (8.1.7) 

Let (7)
3d  be an estimator making use of the population mean 2X  of the second 

auxiliary variable, then 

2

1
2

(7) * 2
3 ( ) * 2

ˆRE( , ) 1 1 100%
x

a
d R

AC




       

   
 (8.1.8) 

Let (8)
3d  be an estimator making use of population variance 

2

2
xS  of the second 

auxiliary variable, then 
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12
(8) * 2
3 ( ) * *

2 2

ˆRE( , ) 1 1 100%
( )

d R
A x


 


        

  
 (8.1.9) 

In the next section, we show numerically computed values of the percent rela-
tive efficiency values based on a real dataset Daniel (1995). 

9. NUMERICAL COMPARISONS 

Note carefully that the percent relative efficiency values under Strategy-I, listed 
in Section 6.1, are free from the sample size n  and non-response rate p , but de-
pend only on the parameters of the population being studied. In contrast the val-
ues of the percent relative efficiencies under Strategies-II and III, listed in sec-
tions 7.1 and 8.1, depend upon the values of the sample size n  and response rate 
p , and the population size N . From Daniel (1995), we consider the data set on 

page 424 in our empirical study where four variables: Allen Cognitive Level Test 
(ACL), scores on the Symbol-Digit Modalities Test (SDMT), scores on the vo-
cabulary (V), and abstraction (A) are listed. As per notations of this paper, we 
consider the variable 0Y ACL , 1Y SDMT , 1X V  and 2X A . In this 
study we consider 1    which means the problem of estimation of ratio of two 
types of scores. There are total 69N   data values.  

TABLE 9.1 

Descriptive parameters of the population 
Variable Mean StDev Min Median Max Skewness Kurtosis 
ACL 4.9435 0.7957 3.4 4.8 6.6 0.40 -0.71 
SDMT 42.39 14.76 2.0 76 76 -0.24 -0.03 
V 24.10 6.67 10 26 40 -0.23 -0.66 
A 20.91 10.60 2.0 20 40 -0.01 -1.30 

TABLE 9.2 

Population Correlation Coefficients matrix 
 ACL SDMT V A 
ACL 1 0.521 0.250 0.354 
SDMT - 1 0.556 0.577 
V - - 1 0.698 
A - - - 1 

We wrote FORTRAN code (See online Appendix) to compute the values of 
percent relative efficiencies. The percent relative efficiency values obtained from 
section 6.1 for Strategy I are given in Table 9.3. 

TABLE 9.3 

Percent Relative Efficiency values for Strategy-I 

Percent Relative Efficiency ( )
ˆ(*, )RE R   where * is the estimator given below: 

1d  (1)
1d  (2)

1d  (3)
1d  (4 )

1d  (5)
1d  (6)

1d  (7)
1d  (8)

1d  

3254.79 2644.72 547.34 2904.06 2550.41 545.43 750.67 719.01 495.75 
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It is very interesting to note that although there is not very strong correlation 
between the variables, still the percent relative efficiency of the proposed estima-
tors under strategy-I varies from 495.75% to 3254.79% depending upon the type 
of known auxiliary information as listed in section 6.1. Thus, it seems that the 
proposed estimators under Strategy-I are certainly efficient. For Strategy-II, the 
percent relative efficiency formulas listed in Section 7.1 depend upon the values 
of the sample size n  and non-response rate p . Thus, we changed the sample size 
n  between 10 to 25 with a step of 5, and the value of p  is changed from 0.1 to 
0.9 with a step of 0.2 to see the effect of both sample size and non-response rate. 
The results so obtained are listed in Table 9.4. From Table 9.4 two pictures are 
very clear that the estimator 2d  is always more efficient than other estimators, 

( )
2

jd , 1, 2,..,8j   which are in fact members of the generalized estimator 2d . 
Another point is clear that as the sample size n  increases the relative gain de-
creases for given value of non-response rate. Also for a given sample size as the 
value of p  increases from 0.1 to 0.9, the percent relative efficiency value also de-

creases. The least efficient strategy is (8)
2d  which may be true because the known 

population variance of the auxiliary variable does not help in improving the esti-
mator when the population is bivariate normal.  

TABLE 9.4 

Percent relative efficiency values for Strategy-II 

  Percent Relative Efficiency ( )
ˆ(*, )RE R   where * is the estimator given below: 

n  p  2d  (1)
2d  (2)

2d  (3)
2d  (4 )

2d  (5)
2d  (6)

2d  (7)
2d  (8)

2d  

10 0.1 438.65 385.70 111.23 409.23 376.73 110.88 147.96 141.56 101.73 
 0.3 263.95 247.50 108.84 255.08 244.50 108.57 135.28 130.92 101.39 
 0.5 191.54 184.69 106.67 187.89 183.39 106.47 125.10 122.21 101.06 
 0.7 151.93 148.80 104.68 150.27 148.19 104.54 116.75 114.94 100.76 
 0.9 126.94 125.57 102.85 126.22 125.31 102.77 109.78 108.78 100.47 

15 0.1 414.18 367.39 111.01 388.29 359.38 110.67 146.73 140.54 101.70 
 0.3 242.13 228.94 108.31 235.04 226.51 108.06 132.70 128.73 101.31 
 0.5 175.50 170.29 105.96 172.73 169.29 105.78 122.04 119.56 100.96 
 0.7 140.11 137.87 103.89 138.93 137.44 103.78 113.66 112.22 100.63 
 0.9 118.18 117.31 102.05 117.72 117.14 101.99 106.90 106.21 100.34 

20 0.1 394.58 352.49 110.82 371.36 345.22 110.48 145.65 139.64 101.67 
 0.3 226.89 215.79 107.89 220.94 213.73 107.65 130.68 127.01 101.25 
 0.5 165.35 161.08 105.45 163.08 160.26 105.29 119.89 117.69 100.88 
 0.7 133.39 131.61 103.38 132.45 131.26 103.29 111.74 110.52 100.55 
 0.9 113.82 113.19 101.61 113.49 113.07 101.57 105.37 104.84 100.27 

25 0.1 375.83 338.04 110.61 355.05 331.46 110.29 144.54 138.71 101.64 
 0.3 213.82 204.39 107.48 208.78 202.63 107.26 128.78 125.38 101.19 
 0.5 157.26 153.70 105.00 155.37 153.01 104.85 118.05 116.07 100.81 
 0.7 128.48 127.02 102.99 127.71 126.73 102.90 110.26 109.21 100.49 
 0.9 111.05 110.55 101.32 110.79 110.46 101.28 104.36 103.93 100.22 

In the same way, Table 9.5 shows the percent relative efficiency of the pro-
posed class of estimators under Strategy-III. 

One thing is very interesting here that as the non-response increases, for a 
given sample size, the relative efficiency increases. Also as the sample size in-
creases for a given value of non-response, the relative efficiency increases. These 
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findings are just opposite of the case in Strategy-II. Thus we conclude that in case 
of higher non-response, preferable to use Strategy-III and in case of low response 
rate prefer to adapt Strategy-II. 

TABLE 9.5 

Percent relative efficiency values for Strategy-III 

  Percent Relative Efficiency ( )
ˆ(*, )RE R   where * is the estimator given below: 

n  p  3d  (1)
3d  (2)

3d  (3)
3d  (4 )

3d  (5)
3d  (6)

3d  (7)
3d  (8)

3d  

10 0.1 108.52 108.15 101.04 108.32 108.07 101.01 103.41 103.08 100.17 
 0.3 129.77 128.22 103.09 128.95 127.92 103.00 110.66 109.56 100.51 
 0.5 159.39 155.65 105.12 157.41 154.93 104.97 118.55 116.51 100.83 
 0.7 203.56 195.36 107.13 199.18 193.82 106.91 127.16 123.98 101.13 
 0.9 276.46 258.01 109.11 266.48 254.65 108.83 136.61 132.05 101.43 

15 0.1 110.13 109.68 101.22 109.89 109.59 101.18 104.02 103.62 100.20 
 0.3 135.78 133.84 103.57 134.76 133.47 103.47 112.44 111.14 100.58 
 0.5 172.52 167.59 105.82 169.90 166.65 105.64 121.43 119.02 100.93 
 0.7 229.48 218.04 107.97 223.35 215.92 107.72 131.04 127.32 101.26 
 0.9 329.75 301.66 110.02 314.42 296.67 109.71 141.35 136.04 101.56 

20 0.1 111.60 111.08 101.38 111.33 110.98 101.34 104.56 104.12 100.23 
 0.3 141.10 138.79 103.96 139.88 138.34 103.84 113.93 112.46 100.65 
 0.5 183.60 177.58 106.33 180.40 176.44 106.14 123.63 120.94 101.01 
 0.7 250.13 235.78 108.52 242.41 233.14 108.26 133.69 129.57 101.34 
 0.9 369.12 332.82 110.54 349.18 326.48 110.21 144.11 138.36 101.63 

25 0.1 113.20 112.60 101.55 112.88 112.48 101.50 105.15 104.64 100.26 
 0.3 146.68 143.95 104.34 145.24 143.43 104.21 115.42 113.77 100.71 
 0.5 194.71 187.51 106.79 190.87 186.15 106.59 125.66 122.69 101.08 
 0.7 269.44 252.12 108.96 260.09 248.97 108.69 135.87 131.43 101.40 
 0.9 401.69 357.92 110.89 377.51 350.38 110.55 146.05 139.97 101.68 

 

School of Studies in Statistics, Vikram University, HOUSILA P. SINGH 
Ujjain-456010, M.P., India 

Department of Biostatistics, All India Institute Medical Sciences, PREM CHANDRA 
New Delhi, India 

Department of Mathematics, Statistics and Physics, Punjab INDERJIT SINGH GREWAL 
Agricultural University, Ludhiana, India 

Department of Mathematics, Texas A&M University- SARJINDER SINGH 
Kingsville, Kingsville, TX 78363, USA CHENG C. CHEN 
 STEPHEN A. SEDORY 

Division of Science and Mathematics, University of Minnesota- JONG-MIN KIM 
Morris, Morris, MN 56267, USA 

ACKNOWLEDGEMENTS 

The authors are thankful to the Executive Editor Carlo Tivisano, Administrative Gio-
vanna Galata and a referee for their valuable comments to bring the original manuscript 
in the present form. 



Estimation of population ratio, product, and mean using multiauxiliary information etc. 479 

REFERENCES 

M.C. AGARWAL, B. PANDA (1994). On multivariate ratio estimation. “Jour. Ind. Statist. Assoc.”, 32, 
103-110. 

WAYNE W. DANIEL (1995). Biostatistics: A foundation for Analysis in the Health Sciences. 6th Edi-
tion, Wiley, New York. 

V. DUBEY, M. UPRETY (2008). A class of estimators of population mean using auxiliary information in the 
presence of non-response. “Model Assisted Statistics and Applications”, 3(2), 119-125. 

W. GAMROT (2008). A note on some nonresponse-adjusted estimator for the finite population coefficient of 
variation under double sampling. “Model Assisted Statistics and Applications”, 3(2), 139-152. 

O. HAREL (2008). Outfluence-The impact of missing values. “Model Assisted Statistics and Appli-
cations”, 3(2), 161-168. 

I. OLKIN (1958). Multivariate ratio estimator for finite population. “Biometrika”, 45, 154-165. 
D. RAJ (1965). On a method of using multi-auxiliary information in sample surveys. “Jour. Amer. 

Statist. Assoc.”, 60, 270-277. 
P.S.R.S. RAO, G.S. MUDHOLKAR (1967). Generalized multivariate estimators for the mean of a finite 

population. “Jour. Amer. Statist. Assoc.”, 62, 1009-1012. 
G.N. SINGH, R. RANI (2005-2006). Some linear transformations on auxiliary variable for estimating the 

ratio of two population means in sample surveys. “Model Assisted Statistics and Applications”, 
1(1), 3-7. 

S. SINGH, A.H. JOARDER (1998). Estimation of finite population variance using random non-response in 
survey sampling. “Metrika”, 47, 241-249. 

S. SINGH, A.H. JOARDER, D.S. TRACY (2000). Regression type estimators for random non-response in sur-
vey sampling. “Statistica”, LX, (1), 39-44. 

H.P. SINGH, P. CHANDRA, A.H. JOARDER, S. SINGH (2007). Family of estimators of mean, ratio, and 
product of a finite population using random non-response. “Test”, 16(3), 565-579. 

S.K. SRIVASTAVA (1971). A generalized estimator for the mean of a finite population mean using multi-
auxiliary information. “Jour. Amer. Statist. Assoc.”, 66, 404-407. 

S.K. SRIVASTAVA, H.S. JHAJJ (1981). A class of estimators of population mean in survey sampling using 
auxiliary information. “Biometrika”, 68, 341-343. 

S.K. SRIVASATA, H.S. JHAJJ (1983). A class of estimators of the population mean using multi-auxiliary 
information. “Cal. Statist. Assoc. Bull.”, 32, 47-56. 

R. TAILOR, R.TAILOR (2008). Estimation of finite population mean using two auxiliary variables in 
sample surveys. “Model Assisted Statistics and Applications”, 3, 297-303. 

D.S. TRACY, S.S. OSAHAN (1994). Random non-response on study variable versus on study as well as 
auxiliary variables. “Statistica”, LIV, (2), 163-168. 

R.K. TUTEJA, S. BAHL (1991). Multivariate product estimators. “Cal. Statist. Assoc. Bull.”, 42, 109-
115. 

L.N. UPADHYAYA, H.P. SINGH (1985). A class of estimators using auxiliary information for estimating 
ratio of two finite population means. “Gujarat Statist. Rev.”, 12(2), 7-16. 

SUMMARY 

Estimation of population ratio, product, and mean using multiauxiliary information with random non-
response 

In this paper, a family of estimators of population ratio R , product P  and mean 0Y  
has been suggested using multi-auxiliary information under simple random sampling 



 H.P. Singh, P. Chandra, I.S. Grewal, S. Singh, C.C. Chen, S.A. Sedory, J.-M. Kim 480 

without replacement (SRSWOR) and its properties have been discussed. We have further 
suggested three families of estimators in the presence of random non-response in differ-
ent situations under an assumption that the number of sampling units on which informa-
tion cannot be obtained due to random non-response follows some distribution. The es-
timators of the family involve unknown constants whose optimum values depend on un-
known population parameters. When these population parameters are replaced by their 
consistent estimates, the resulting estimators are shown to have the same asymptotic 
mean squared error (MSE). The work of Singh et al. (2007) is shown as a special case. At 
the end, numerical comparisons are also made. 




