STATISTICA, anno LXXII, n. 4, 2012

SPECTRAL DENSITY ESTIMATION FOR SYMMETRIC
STABLE P-ADIC PROCESSES

Rachid Sabre

1. INTRODUCTION

In recent years, there has been a growing interest on p-adic numbers. The lat-
ter may answer some questions in Physics. Besides the number of papers in this
area shows the interest of p-adic numbers to answer some questions in physics, as
in string theory (connected with p-adic quantum field) and in the other natural
sciences in which there are complicated fractal behaviors and hierarchical struc-
tures (turbulence theory, dynamical systems, statistical physics, biology, see
(Kozyrev (2008), Hua-chieh (2001), Dragovich (2009)). Particulatly 2-adic num-
bers will be useful for computer construction see (Klapper (1994)). Cianciri
(1994) presented the main ideas to interpret a quantum mechanical state by
means of p-adic statistics. He was interested in limits of probabilities when the
number of trials approaches infinity. However, these limits are considered with
respect to the p-adic metric. Khrennikov (1998) found a new asymptotic of the
classical Bernoulli probabilities. In Khrennikov (1993), he developed the theory
of p-adic probability to describe the statistical information processes. Kamizono
(2007) defined the symmetric stochastic integrals with respect to p-adic Brownian
motion and provided a sufficient condition for its existence. The properties of
the trajectories of a p-adic Wiener process were studied using Vladimirov’s p-adic
differentiation operator, see (Bikulov and Volovichb (1997)).

Brillinger (1991) studied central limits theorems for finite Fourier trans-
forms and for a family of quadratic statistics based on stationary processes

X(z) te QP where Qp is the field of p-adic numbers. He also studied the spec-
tral representation of theses processes and gave spectral density estimation by
constructing the periodogram similarly to the real case. Rachdi and Monsan
(1999) give another estimator built from discrete-time observations X(7, ).,

where (7, ), is sequence of random variables taking their values in Q,, associ-

ated to a Poisson process.
In this paper, we consider a class of stationary symmetric a-stable processes.
The estimate of the spectral density of theses processes is given by Masry and
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Cambanis (1984) when the time of processes is continuous real, and by Sabre
(1994, 1995) when the time is discrete. Our goal is to extend these works if the
process is p-adic time. Precisely,we consider a harmonizable p-adic process:

X()= IQ eiMdM(/l), t€Q, where Q, is the ficld of the p-adic numbers and
P

M is a symmetric & stable random measure with control measure m . Assume
that the measure m is absolutely continuous with respect to Haar measure:
dm(x)= f(x)dH(x), x¢€ Q,- The density function f is called spectral density
of the process X. The aim of this paper is to give an estimator of the spectral
density f by observing the process X on the p-adic ball U, . We start by con-

structing a periodogram that we smooth for obtaining nonparametric estimates of
the spectral density which is asymptotically unbiased and consistent.

The paper is organized as follows: Section 2, introduces p-adic processes. The
periopdogram based on the observations of the process is defined in section 3.
Section 4 gives an asymptotically unbiased and consistent estimate by smoothing
the periodogram. Section 5 contains the concluding remarks, the potential appli-
cations and the open research problems.

2. PRELIMINARIES

In this section, we define the field Q, of p-adic numbers and give some prop-
erties. Let p be a prime number. Define the following norm: for a,b#0€e€Z,
|a/ b|p =p"” where m is the highest power of p dividing a and n is the high-
est power of p dividing b. The norm of zero is vanishing. Define Q, as the
completion of Q in the metric defined by the norm ||p The addition, product,
quotient operations are catried over from Q. It follows that the p-adic norm, ||/,
has the following characteristic properties:  [x|,;=0 is equivalent to
x=0;3]x09),=x[,Dl, and [x+ |, <max(|x]|,,|],). Note that x|, can take

only the countably many values p™, #€Z. An important result given in Os-

trowski’s theorem namely the Euclidean and the p-adic norms are the only possi-
ble non-trivial norms on the field of rational numbers Q Koblitz (1980) and

Valdimirov (1988). All x#0€Q, can be represented in a unique form (Hansel

representation) X = inpi ,with x, €{0,1,.., p—1} and meZ.If x_ #0 then
izm

—m

the norm of this p-adic number X is defined to be |x|,=p ™ and the fractional

part of a p-adic number x, denoted <x >, is defined by: <x>= Z:Xipi . Note

i<0
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that <x>€(0,1) and <x>< p|x] . The ring of p-adic integers, Z, is given by
the elements of Q, satisfying | x|, <1. The ball with center x, and radius p" is
defined by: U, (x,)={x€Q,/|x—x,[, <p"}. In particular when x,=0 we de-
note U, (0)=U, and U,={x€Q,/|x|, <1}.

Q, is a complete separable metric space, the stochastic process X(#,») for
te Qp and weQ, (Q,A4,P) a probability space, is well defined as a map from
Q, xQ to R. (Q,,+) is an abelian locally compact group; from Haat’s theorem

there exists a positive measure H on Q,, uniquely determined except for a con-

stant. It has the properties:
dH(t+a)=dH(t) and dH(at)=|a| dH() 1)
The measure will be normalized by H(Z,) =1, see (Hewitt and al (1963)). Let
t be in Z , then t=t¢, +t,p+t,p” +... writing £(#)= g(t,,t,,.) and taking

(T,, T;,..) to be a sequence of iid. random variables on the sample space

{0,1,2,...} with equal probability. Then, it has .[z f(2)dH(t) = ¢(T,,, T;, T,,...) and
P

Jo fOMO=lim], . SOdHOZim [, 167 M)

3. PERIODOGRAM AND SPECTRAL DENSITY ESTIMATION

Consider a process X ={X,/7€Q_} whete Q_ is the field of p-adic numbers

having the following integral representation

X, = jQpei<”>dM(,1) VteQ, @)

where M is a symmetric & stable SaS random measure with independent and
isotropic increments. There exists a control measure m that is defined by:

m(A)=[M(A),MA)“.

Assume that the measure m is absolutely continuous with respect to Haar meas-
ure: dm = ®(x)dH(x) where H is Haar measure.
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This density is estimated in Masry and Cambanis (1984) when the process has
continuous real time, and in Sabre (1994, 1995) when the process and the random
field have a discrete time.

The goal of this work is to give an asymptotically and consistent estimate of
the density @ called the spectral density of the process X ={X,/#€Q_}. For

that, we take the ball U ={xeQ_ |X|p <p"} as the observation of the process.

Consider the following periodogram:

dy(AFARe[ T )XY 2€Q, 3)

H)=|, hge "+ dH () @)
P

B,= jQ [H@A)|" dH(2)<+o0 ©)

Hnwz(g J H(p " )=A,H(p " 4) ©

a \/a
Therefore, AnZ[E J where

Jo I dr(a)= IQP%\H@%\“ dH(2)
= gp—n IQP [HW)|* dH(w)
Since ‘p,n‘p =p™", we obtain pr |H, ()" dH(2)=1.

Proposition 3.1 Let ‘P”(/i)éj'g |H”(/1—p/)|a O(u)dHu. If O is continwons and
p

bounded function, then B, (¥ (1) —D®(A)) converges to ero as n tends to infinity.

Proof: Using the definition of ¥, (4) and from (5) and (6), we have
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B, [¥,(4) - (D)=

B, UQP [H, (2= w)|" ®(u) dH(u)~ IQP |H, ()| @(ﬂ)dH(u)} =
B, |:jQp %‘H(p“ (A— u))‘a D(u)dw — -[QP %‘H(pnu)r (D(Z)d']‘((u)i|:

{PHIQPP“ [HW* d’(ﬂ —plnj dr=p”J, P HO (D(/I)dH(v)}:

[ jQ [H(v)|" [qn[/l —l] - q>(/1>}dH(v)}.
p p

Since @ is continuous bounded function and from (5), we obtain
B, ¥, (4)~ ®(4)] > 0.
Proposition 3.2 Let A€ O, the characteristic function of d,(A), Eexplird,(A)} con-

verges to exp{—C,, |r|a (L)}

Proof: From (2) and (3), the characteristic function of d (4) can be written as

follows:
Eexp{ind, (1)} =Eexplir, Re[ ¢ h(p")p " X(OdH(©)}

= Bexplird Re[ ¢ *ph(tp") jQ ¢ dM(u) dH()}
n P

Using the same argument used in Cambanis 1983, from the last equality we ob-
tain:

Eexplind, (1)} =

exp {—ca |t |A,

a

|
QP

jU e A T (™ ) dH(1)

O(u) d’H(u)}

Let x=#", we have

Eexplind, (4)}=

a

|
QP

[, e P hdr)
P

exp {—ca e |A, D(u) d?‘((u)}
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Ee»qo{irdnu)}:e»go{—ca [ [, [AHE™ (=) o) dH(u)}

:M){—ca ¢ jQp [H, (2 - w)|” d(w) dH(u)}

=expl = Cy |t ¥, (A)}-

From the proposition 3.1, we obtain the result.
We modify this petiodogram as follows:

I, (A=Cy o |d, (A", )
where O<q<% and the normalization constant is C,,= - T where
FooCa
D = l—m;(ﬂ)d o= l—e_lﬂ‘ad 4C = 1 = ay
q_IW u; q’a_jMT % an a_ZJ‘“ | cos(u)|“du .

Theorem 3.1 Let 2€Q,,, then E(1,(4))=(y, (l))q/a and 1 (A) is an asymptotically

unbiased estimator of the spectral density but not consistent: BE(1 (A))— (DAY “=0(1) and
2

C (04
Var(1, () =V, @ (A)=o(1) , with V,, ,=—2= =1,

2q,a

The proof of this result is similar to that given in Masry and Cambanis (1984)
and Sabre (1994, 1995). It is sufficient to use the equality:

1— —iux

- c
| =D 'R [ e du  VxeR. ®)

Theorem 3.2 Let A,A, be two different points in Q, such that ®(4)#0 and
D(A,)#0, then

cov(l, (A4 ),1,(4,)) = o(1).

Proof: From (2), we have
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ind_ (2) —Co ¥ (Aul*

—¢
1+
o™

_4
EL () -1 (D)=F.C ajme <

q.a~a

du C(A,4,)=

-2 -2/ - e du,du,
Fo(C) ™" IE( F_[cos[ukdnuk)]]-ew[—caZlukl \Pﬂuk)}' Fr
Where
2 1 2
F_[cos[uklﬂuk)]:E%e[e»@{iZukdnw}}
1 : k-1
E%(exp{ig—l) ukdn(m}J
So that
2 1 2 “
E[ Jeosfu,d, (2)]= Eexp{—ca o 2 H, (4 —w) ®(u)dH<u)}+
k=1 P k=1
%e»go{—ca Jo 20w H, (4 —w) @(w)dH(w)}
Plk=1
Letting u,=—v,, we obtain
-1 /e [[-a _ b dudu,
ClAy A=, (C ) [fe —e bm )
where 2=C, jQ iuan(ﬂk —t)| D(t)dH(L),
p k=1

b=Cy 2w a2

=C, §|uk | JQP [H, (4 —w)|" ®(w)dH(w).

However,
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elti (10)

e —e_b‘S|a—b

H, (4, = w)H, (4, - w)|"" ©(w)dH(w)

la—4 <2C, Ju,u,|”? jQp

|a—[7| -b=<2C, |u1u2

|a/2

SOy (2, 20) = Co > [0 | ¥, (4, where

al2

H, (4, — )| dH(w). (11)

L, U, )=[ | [H, (2 = w)

p

a/?2

. a a
Since 2|u1u2| < |u1| —|u2| , thus we have:

[a =8 =b < =Co 2 Jui|* ¥, (A) = (@)L, (A1, 22))

It is sufficient now to show that L (4,,4,) converges to zero.

al2 a/2

H, (4 —w)|"" [H, (4, —w)|"" dH(w)

Lot )=,

2 s —pow| "l 4, = p s an
Jo |5 [HE™ 4 =p™w) " [HE™ 4 —p W[ dH(w)
p a
Setting p"4 —p "w=1u , we get
_ 1 e/2 o n a2 ,
Lo A== A (A2 —p 4 + )] dH)
a P
Assume that H verifying the following hypothesis.

2a—1)
H=0 si [u] >1, et [H@W)|<|o[ "« si [u| <1 Then
1 ) o '
Ln(/llalz):B—J.Q ‘H(u )‘ Z‘H(pnﬁz _pnﬂq +u)‘ ZdH(u)
a p
1 a-1 n a-1
SB_aJ“u‘Sl|u|P ‘u_p (/’LI _ﬂz)‘p dH(u)

. u .
with t =———— thus we obtain:

P (A4 —4)
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L)< —— o = )P [ o =) 1 e=11"" dH@) wh
ey 2>_Ep<ﬂ1—z>\p [olp" (=] o= 1l M) where

D={d,

P = )| <13,

Blap)
L (A,4,)< ==
o (A1542) F;

a

GRS (12)

with ﬂ(a,p):jQ |t|;‘j*1|t—1|§H dH(©). From (9), (10) and the fact that |p"| =p ™",
p

these complete the proof of the theorem.

4. THE SMOOTHING ESTIMATE

In order to have an asymptotically and consistent estimate, we smooth the pe-
riodogram that was modified using a spectral window.

£(=], Wa (2= wI,(wdH(w)
P

where W, (x)=|M, , WGM, ) such that

M | My,
M, 5o ; ——>0;M,|, >0 and ————>c0. (13)
n

P

W is an even nonnegative function vanishing outside [ —1,1] and

jQPW(v)dH(V):1

Proposition 4.1 Let A€ O, and Bias(f,(1))= E[ £,(4)] - (D)™ then
Bias( f,(A)) = o(1)
Moreover if O verify |d)(x) —CD(j)| < w‘e|x —y|;/€ , then

Bias(f,(A))=0

Proof: We have

E(=], ML], WO, (4= )L, (dH(w)
P
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Letting (4 —u)M_ =» and using (1), we obtain

£ (D)= jQ W)L [z - ML] dH(u).
P

n

From the proposition 3.1, we have

p/a
E(f, (A))= jQ \X/(v){‘l’n[/l—MLJ} dH).
P

n

As p< % , then we obtain

|Bias(f, ()] < jQ W)
p

1

p/a
__v _ /a .
‘I’n(ﬂ M) (@A) ]dH()

n

p/a

dH(v)

n

<Jo WO ¥ [A —MLJ ~(@(2)

On the other hand,

(/1 - —] (P(A)=

1 a v
ngp|Hn(u)| {q{ —M——p—] @(l)}d%(u)

Since @ is uniformly continuous and from the proposition 3.1, we obtain
Bias(f, (1))=0(1).

Assume that @ verify |CD(X) - d)(y)| < c;z‘e|x - J/L:k Vx, y€Q,.

-k

A% cste
WH[A—M—J <d><l>><—a LIC m dH(v)
P
—k
I e

p
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Since [x+ y|, < Max(| x|, y|,), we have

[ﬂ——j (@A) =

1 2Aa-1)| Vv
Max| =y S

nlp

dH(u)

p

2e-1)| W

n

1
dH(‘Q’EJ‘\u\Pg'u'p
Using the following equality proved in Vladimirov (1988) page 25,

L, _1-p .
j 1=, 'do = pi , we obtain
|y <t 1-p "

v 1 |V|_k 1-p" 1 1-p°
\Pn (ﬂ' _M_n)_(q)(l)) < Max E|an|;k 1_p5a+1 > 3 a7k 1— p—213¢7z+k+1
P
Thus
. 1
|Bias(£, ()| <O max " , 7
7], Ml

From (13), we have [M, | > | pn|P for large n . Thus, we obtain

|Bias(f, ()=

kp/ o
nlp )
Now we will show that £, is an asymptotically consistent estimate.

Proposition 4.2 Let A be in Q, and M, = P where 0<v <1. Assume that
<DeL] Then Var(f,(A))=0(p "))

Proof: From the definition of variance, we have
Var(f, ()=E(f,(2) — Ef, (4))" =

Jo Jo Wal2=u)W, (4= u,)Clu;, 0, )dH(u,)dH(u,)
S
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where Cuy,u,)=Cor(I,(u,),1,(u,))

Var(fn(ﬂ)):IQ IQ W(xl)W(xz)C( —%,ﬂ—%)dH(xl)dH(xz)
P P

n n

A
NIRRT
{‘4\'1*X2‘p<é‘n} {‘X17X2‘p>gn} ]1 JZ

where & is a positive real converging to zero as n tends to infinity.

1)< LXNZPNH}W@JW@QCKA — —M—]dmxl)dmxz)

n n

From (9) and (10), we get

x x iy du,du
C(/l—M—l,/l—M—iJSCerjﬂa—be “W
a=C, jQp guan [/1 —;;—kn - V] D(v)dH(v)
bZCaZZ:|uk|a‘Pn[ —X—k]:cai]ukr‘j Hn(ﬂ—i—v]acb(v)dy
k=1 Mn k=1 QP Mn
a2
la— 4] < 2C, Juyu, | jQp Hn(ﬂ—g—l—v]Hn(ﬂ—;—i—v] D(v)de

Letting

J,

H|A-——L—v|H |i-—2—v
Mﬂ Mﬂ

|a—b| <2C, |u1u2|a/2 L, [l—;j[—l’,i—x_zj

n n

p

2
|a - Za| -b< —COZZ]uk |a A, , where
k=1
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We have ” (b-a—sf) __ duydu, HJ‘ Cal"y, _ duy

1+g— T |Hg-a/2 = 1+g-a/2 °
| uu 2| k

By changing of the variable: v=u, (A, , )%, we obtain

j Je,(b,\a,/,\) du,du, < cste

|L1 u |1+q—a/2 - 2 \/2maf :
1 | | (R
k=1
From (5), we have
n 20-1
L, —i,ﬂ—x—z < core| £ |X1 —X2|2a_1 (14)
Mn Mn Mn p p
P’
Since P 50, we obtain
M,
p
0 2a-1
P
L|A-—L a-=2|=0| —2| . (15)
Mn Mn |1V‘[n|p

Thus, from the proposition 3.1, we have A, , — ®(1) . Therefore

cste Xy X < <
S S ——— )l <x1>w<x2>Ln(ﬂ—M—n,z Mn]dH( DAH(x,)
I, SLA where
(@(2)

2

dH(x)} dH(v)

a/2
H, (A—i—v]
Mﬂ

Putting u=A4—v, we have

A= jQPcp(v) IQPW(X)
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a/2 2
A:J‘QP(I)(X, —u) {J.QPW(X) H, [u _M_HJ dH(x)} dH(u)
Denote by:
a/2
G, (u):jQpW(x) H, (u = M—J dH(u)

and

S. (D)=, P4 =G (w)dH(w)
P

Letting u— MLZV in the integral of G, (), we get

n

G (w=], M|, Wi = )M, ][, ()] dH(v)
p

Let u= ML in the integral of S (1),

n

- g2 | D
sn(ﬁ)_jqu{z MJG[M jIMn ) dH(t)

n

X
Mﬂ Mﬂ

o)

al2

dH(x).

t
G, [M—} [ o, YO

From (6), we obtain

t _ W(X) n/2
o (M_HJ_IQP B "

dH(X)

X —-n
p =r weget

n/2 M 1 “
o e
n P

1
n p a

Let
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Since |H(V)|a € LlQ and W is bounded, we obtain
P

n/2
PG (MLJ <B,2sup(W) IQP ()| dH ().

M, .
p
L11/2 2
P’ S ()= P (e
Thus, Mnisn(z) jqu{z MJ |anGn(Mj dH(t).
p" t -1 2 al2 ?
|Mn|[2, 8, (4) < J.QPG{—M—JBH (sup()) UQP|H@| dH(r)j dH(v)

< c;z‘ejQ [} [/1 - MLJ dH(b).

p

n

n

t
Let A———=r, we get
M

. o

=S, (A)Scste| M, |ijpq>(r)dH(r). Since ® e LlQp ,

p
we obtain

s neof M
.(A)=0 p—n . (16)

D[] e, WEW ) (V) (V) ey,

X X
where Vi=Var| 1 | A———||and V,=Var| I | 1 ——2=|]|.
Mﬂ Mﬂ
p/a
X X
As Var| 1| A=—||=| Vo, | Yol A—— , foralarge n we get
Mﬂ , Mfl

1Ji| < const(@()* | IH W)W, )dH(x, ) dH(s, ).

<&

Since jQ jH W(x, )W (t —x, )dH©OIH(, )st dH(x,), we have,
p tp<8ﬂ tP<8n
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3
| M, 5

|]1| < const(D(A))?'* &, . Then Var(f,(1))=0 —+¢
P

n

~(Gv+l)n

Using the fact that M, =p" and choose &,=p with v is satistying v<1,

thus we obtain

Var( f,(A)=0(p"""*").

5. CONCLUSION

In this paper, we have proposed in this paper some results about the estima-
tion of the spectral density for symmetric stable p-adic processes. The approach
was based on the technique used by Masry and Cambanis (1984) for stable proc-
esses combining estimates of p-adic spectrum introduced by Brillinger (1991).
This work could be applied to several cases when processes have an infinite vari-
ance and have a discrete time, as for example:

e The segmentation of a sequence of images of a dynamic scene, detecting weeds
in a farm field.

e The detection of possible structural changes in the dynamics of an economic
structural phenomenon.

e The study of the rate of occurrence of notes in melodic music to simulate the
sensation of hearing from afar.

This work could be supplemented by the study of optimal smoothing parame-
ters using cross validation methods that have been proven in the field.
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SUMMARY

Spectral density estimation for symmetric stable p-adic processes

Applications of p-adic numbers ar beming increasingly important espcially in the field
of applied physics. The objective of this work is to study the estimation of the spectral of
p-adic stable processes. An estimator formed by a smoothing periodogram is constructed.
It is shwon that this estimator is asymptotically unbiased and consistent. Rates of conver-
gences are also examined.





