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THE MULTIVARIATE ASYMMETRIC SLASH LAPLACE
DISTRIBUTION AND ITS APPLICATIONS

Bindu Punathumparambath

1. INTRODUCTION

Symmetric distributions generalizing normality have got lot of attention in the
statistical literature. Regression models applied in the field of biology, economics,
psychology, sociology, need not obey Gaussian law in all situations. It is sug-
gested that error structures in these cases should be handled beyond the normal-
ity frame work. Hence there is a special interest in constructing distributions that
could describe symmetry, skewness and heavy tails observed in the data. One
such family of distributions is the slash distribution proposed by Kafadar (1982
and 1988). The slash distribution is the ratio of a standard normal random vari-
able to an independent uniform random vatiable U on the interval (0,1) raised

to the power 1/¢, ¢>0 and has heavier tails than normal distribution.

Genton and Wang (2006) generalized the univariate slash normal of Kafadar to
multivariate skew-slash normal and investigated its properties. An alternative to
multivariate skew-slash distribution is introduced by Arslan (2008 & 2009). Tan
and Peng (2005) introduced multivariate slash Student’s # and skew slash Stu-
dent’s ¢ distributions and studied their properties. A generalization of the slash
distribution using the scale mixture of the exponential power distribution was in-
troduced by Ali Gen (2007). Jose and Lishamol (2007) introduced the slash
Laplace distribution. A new family of slash distributions with eliptical contours
was proposed by Go’mez e al. (2007). Also Arslan and Genc (2009) introduced
a generalization of the multivariate slash distribution. Recently Bindu (2011,
2012(a)) introduced a family of skew-slash distributions generated by normal and
Cauchy kernels. Also Bindu (2012(b)) introduced a new family of multivariate
skew-slash t and skew-slash Cauchy distributions.

In this paper we study the multivariate asymmetric slash distribution and de-
rive its various properties. The standard classical slash Laplace distribution is ob-

tained as the distribution of the ratio X =(Y/U'?), where Y is a standard clas-

sical Laplace random variable, U is an independent uniform random variable
over the interval (0,1) and ¢> 0. The probability density function (pdf) is given

below,
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1 ;
h(x;q)= iJ‘qu e dp,~0 < x <0,

2

For ¢ =1 we obtain the canonical slash Laplace density as,

JO) = f(x)—|x] f(x)
h(x,1) = x
(2, 1) /)

2 bl

x #0,

x =0,

where f(-) is the standard dlassical Laplace pdf given by, f(x)=(1/2)e ™, —00 < x < o0,

The pdf of the univatriate canonical slash Laplace distribution is symmettic
about the origin and has the same tail heaviness as the Cauchy distribution. In the
present work we study the multivariate symmetric and asymmetric slash Laplace
distribution and several of its properties were explored. This article is organized
as follows. Section 2, introduces multivariate slash Laplace distribution and de-
scribes various properties. In Section 3, multivariate asymmetric slash Laplace dis-
tributions are developed and properties are studied. In section 4, we illustrate the
application of the asymmetric slash Laplace distribution to the microarray gene
expression data.

2. MULTIVARIATE SLASH LAPLACE DISTRIBUTION

In this section, we define a multivariate slash Laplace distribution and derive its
pdf. Also an alternative definition of the multivariate slash Laplace distribution
based on elliptically contoured distribution is also given.

Definition 1.4 random vector X €R? has a d-dimensional slash Laplace (SIL ;) distri-

bution with location parameter 1t =0, positive definite scale matrix parameter T and tail pa-

Y
rameter q >0, denoted by X~SL.L,(0,Z,9), if X = W+ﬂ) where Y is a Laplace
1
random vector with characteristic function (cf) given by @y (7) Zli,z‘eRd and
1+—#'3¢
2
U~U(0,1) independent of Y .

Here X isa dxd positive definite matrix. The pdf of the SL.L, random vec-

tor can be given as

2,(x;0,%,9)= qj.olpq”_lfd (x0,0,%)do, x €R?, M
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where f,(-) is the density function of the 4-dimensional Laplace random vector,
which is given by

v/2
2 v p—
£1(5:0,5) = [J Jj K, (2527 ),

ery? |z 2

2—d
where v = % and K, (#) is the modified Bessel function of the third kind
(see Kotz et al., 2001) and is given below,

2
“
=

_1 %VOO_V_1[ 4tJ
K, (x)= 2(2} [ dt,n>0. @)
For the simulation purposes we consider Y as

d
Y=\IFN,

where W is the standard exponential variate and N follows N ,(0,X) independ-

Y
ent of W. Then X =—— will follow SL.L,(0,Z;¢). The cumulative density
U

/q

function (cdf) of the SI.L., random variable can be obtained as
G,(x;0,%,9)= qJ.Olqu_ZFd (x0;0,%)dy, x €R?,
where F, () is the cdf of the 4-dimensional Laplace random vector.

Remark 1 Note that the slash Laplace random vector in (1) is a scale mixcture of the Laplace
random vector and so it can be represented as,

X|(U=u)~L,0,47"%),

where L, is the d-dimensional Laplace distribution.

Remark 2 The limiting distribution of multivariate slash Laplace, S1.1.,(0,Z,q), as
g —> 00 s the multivariate Laplace distribution (L ,(O,X)).
In the univariate case, i.e. for 4 =1 in equation (1) we get the univariate slash

Laplace distribution and its pdf is given by

()]
-
Jopqe 7 dy,—0<x<00,—0< <0, g,0>0. 3)

9

h(x;u,0,9)=——
(x314,0,9) o
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Figure (1) gives the probability density curves of the slash Laplace distribution
for various values of parameters and figure (2) gives the probability density curves
of slash Laplace (SLL), slash normal (SLN), slash t (SLT) and slash Cauchy (SLC).
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Figure 1 — Density functions for the univariate slash Laplace distribution for £ =0, o =1 and for
two values of g, along with standard normal and Laplace densities.
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Figure 2 — Slash Laplace density function along with slash normal, slash 7 and slash Cauchy densi-
ties.

Figure (1) gives the density curves of the standard Laplace(the dotted line), not-
mal (dashed line), slash Laplace with ¢ =1 (lowest one) and slash Laplace with

g =4 (second one). We can see that for ¢ =1 the slash Laplace density has heavy
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tails, hence the parameter g control the tail behaviour. A comparative study be-

tween the density curves of slash Laplace (highest one), slash normal, slash 7 and
the slash Cauchy (lowest one) distributions, for ¢ = 2 is given in Figure (2).

Now we define the multivariate slash Laplace distribution as a family of slash
distribution generated from an elliptically contoured distribution. Ernst (1998)
introduced a multivariate Laplace distribution via an elliptic contouring. Fang et

al. (1990) defined an elliptically contoured random vector on R? with characteris-
tic function of the form

¢(f) — ez’f'm l//(f'ZZ‘),

for some function w, 7 is a dx1 vector in R’ and £ is a dxd positive-

definite matrix.

Definition 2 A random vector X €R’ has a d-dimensional slash elliptical contoured
Laplace (SECL. ;) distribution with location parameter p =0, positive definite scale matrix

parameter L and  tail  parameter q>0, denoted by X ~SECL,0,%Z,9), i

Y
X = N +p, where Y ~ ECL,(O,Z) is an elliptically contoured Laplace random vector

w1 11/2
with pdf given by f,(y)=k, |Z["* 1 B , k, is a proportionality constant (see,
Fang et al.(1990)) and U ~U(0,1) independent of Y .

Remark 3 The elliptically contonred Laplace random vector Y in definition 2 has the polar
d
representation Y =RHU" | where H is a dxd matrix such that HH' =%, R is a

positive random vector independent of UY and UY i a random vector uniformly distributed
on the surface of the hyper-ellipsoid { y eR" : y’=™ y=1}.
It Y~L,(0,%) then R has the density

2x d/de/zfl (\/EX )

(\/E)f’/“r@ + 1)

’X>03

Jr(x)=

where K, is the modified Bessel function of the third kind given in equation (2).

Proposition 1 If X ~SL.L,(0,X,q)), then the density of X can be expressed as

— L= p0), Jor x=p,
L = (g+4d)
Tx (5 42,9)) = q|2|71/2 5 LHd=2

WLW 2 h(w)dw,  for x # u,
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where 6= (x—p)" || (5 —u), h(w) is the density generator function corre-

sponding to the multivariate Laplace distribution with w = &x". If h(w) is some

non-negative function such that J;Oﬂp “h(u*)dn <o (see, Fang et al. (1990)), then

X has a multivariate slash-elliptical distribution proposed by Go'mez et al.

(2007). Hence multivariate slash Laplace distribution is a special case of the mul-
tivariate slash-elliptical distributions.

l €_W/2
@r)’?
then the random vector X has the multivariate slash model introduced by Wang and Genton
(2006).

Remark 4 If the density generator function in the Proposition 1 is h(w)=

2

Theotem 1 If Y be an elliptically symmetric distribution on R’ known as multivariate ex-
ponential power distribution (Ferna'ndez et al. (1995)) with pdf given by,

_ 172 A=y 2
K=k 2] e

where m eR? , 2 isa dxd positive-definite matrix and £, is the proportionality

constant. Then X = follow a multivariate slash exponential power distri-

u'’
bution with pdf

1. 4/2

xv)

2,(x;0,5,9)= gk, |Z["? L:yqﬁ_le_“”x'z_ dv, xeR’.

Remark 5 If A=1 in theorem (1), then Y has the elliptical Laplace distribution (Haro-
Lope'y and Smith (1999)) and X has the multivariate slash elliptical Taplace distribution.
For A=2, X has the multivariate elliptical slash distribution.

Remark 6 If d =1 in theorem (1), then Y has the exponential power distribution and X
has the univariate slash exponential power distribution. For d =1 and A =1, Y bhas the
univariate slash Laplace distribution. If d =1 and A =2, then Y bas the univariate slash
distribution.

STOCHASTIC REPRESENTATION

Here we give a stochastic representations for the multivariate slash Laplace dis-
tribution based on the stochastic representation of the multivariate Laplace dis-
tribution. Let Y is standardized Laplace random vector then it can be repre-
sented as
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d
Y=V .N,

where W is the standard exponential variate and N follows N ,(0,X) independ-
ent of . Then multivariate slash Laplace, SL.L,(0,%,q) can be represented as,

d
X=W.S,

where S is the multivariate slash normal distribution (Wang and Genton (2006)).
MOMENTS

If X ~SLL,(0,%,9), then X =37

v where Y is standardized Laplace

random vector and U ~U(0,1).

Then the mean vector and dispersion matrix are

E(X)=0,g>1and D(X)=—1—3 4> 2.
(9-2)
CHARACTERISTIC FUNCTION

It X~SLL,(0,%,q), then the characteristic function is
o — i xy ! -1/q
K@= EE )= @y (@,

where @, () is characteristic function of L, given by

®, (1) =——

1+—7'27
2

From the definition and the pdf Eq. (1) of SLL,(O,Z,q), the following propet-
ties hold.

@ If X ~SLL,(0,%,9), then its linear transformation

V:b+AX~SLLd(b,AZAT,q), where b is a vector in Rd, A is a non-

singular matrix. This property implies that the multivariate slash Laplace distribu-
tion is invariant under linear transformations.

(if) The multivariate slash Laplace has heavier tails than the multivariate Laplace
distribution.
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(iii) The multivariate slash Laplace distribution tends to the multivariate Laplace
distribution as ¢ — 00 . That is

v/2
2 ! —
liingd(x;O,Z,q)Z [J ]J K, (425’7 y),
q o0

en L 2

_(2-d)

where X is a dXd positive-definite matrix, v and K, (#) is the modi-

fied Bessel function of the third kind given in equation (2).

(iv) The multivariate slash Laplace distribution is symmetric. Here Symmetric re-
fers to the elliptically contoured or elliptically symmetric distribution.

(v) Star Unimodality property

We know that univariate standard Laplace and slash Laplace distributions are
unimodal with the mode at zero. There are many nonequivalent notions of uni-
modality for probability distributions in R’ (see, Dharmadhikari and Joag-Dev
(1988)). A natural extension of univariate unimodality is star unimodality in R?.
This property requires that for a distribution with continuous density f the den-

sity be non-increasing along the rays emanating from zero.

Definition 3 A distribution P with continnous density fon R’ is star unimodal abont zero
if and only if whenever 0 <t <u <0 and x #0, then f(ux)< f(#x).

The d-dimensional Laplace laws are star unimodal about zero (see, Kotz et al.
2001). The multivariate slash Laplace distribution is a scale mixture of the multi-
variate Laplace distribution, hence the multivariate slash Laplace laws are also star
unimodal about zero.

3. MULTIVARIATE ASYMMETRIC SLASH LAPLACE DISTRIBUTION

In this section, we define a multivariate asymmetric slash Laplace distribution
and derive its pdf. We discuss various properties and provide the stochastic rep-
resentation of the multivariate asymmetric slash Laplace distribution, which is
useful for simulation studies.

Definition 4 A random vector X €R’ has a d-dimensional asymmetric slash Laplace
(ASL, ) distribution with location parameter pu=0 , dxd positive definite scale matrix

S, skewness parameter m € R, and tail parameter q >0, denoted by ASL (0,2, m,q),
i
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Y
x= “@
whete Y ~AL,(0,Z,7) with characteristic function (cf) given by

1
¢y (1) =————————, where 4=0 is the location parameter, ¥ is a dxd

1+ =2t —in't
2

positive definite scale matrix, 7 €R? is the skewness parameter and U ~U(0,1)

independent of Y .
The pdf of the random vector X in (4) is given by

(0,2, m,q) = q‘l-:yq”*1 g, (x0;0,Z,m) d, (5)

where g,(x;0,2,m) is the density of d-variate asymmetric Laplace (.AL,) ran-

dom vector, which is given by

=1
26(‘}{’ ) ]'E_1J/
Ja()=

(27[)'”2 | |1/2 24w 'm

jm K (Jermstmoe"y)

where ¥ isa dxd positive definite scale matrix, » € R’ is the skewness parame-
2—d
ter, v = % and K, () is the modified Bessel function of the third kind given
in equation (2).
For the simulation purposes, we consider Y as,

d
Y=mwlW +NWN,
where W is the standard exponential variate and N follows N,(O,X) inde-

Y
pendent of W . Then X = o will follow ASL,(0,%,7,q). Here we consid-

ered the more general non-central d-dimensional AL, random vector with loca-
tion centered at .

Remark 7 Note that for m= O , the distribution ASL ,;(O,Z,m) reduces to multivariate

symmetric Laplace Law and hence X reduces to symmetric multivariate slash Laplace denoted
by SLLL,(0,%,q).

Remark 8 The asymmetric slash Laplace random vector given in (4) is a scale mixture of the
asymmetric Laplace random vector.
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Remark 9 The limiting distribution of the multivariate asymmetric slash Laplace distribution
as q —> 0, is the asymmetric Laplace density. Also for m =0 and q—> 0 the multivariate

asymmetric slash Laplace distribution tends to multivariate Laplace distribution.

In the univariate case, ie. for 4 =1 in equation (5), we get the univariate
asymmetric slash Laplace distribution and figure (3) gives probability density
curves of the asymmetric slash Laplace distribution for various values of parame-
ters.

8 N —— ASL(u=0,0=1,9g=1, m=1)
- - ASL(u=0,0=1,q=6,m=2)
ASL(u=0,0=1,9=6, m=0.5)
© - Lu=0,0=1)
©
c
o ©
T oS 7|
c
2
2 "
3 . 3
g =
N
o
o
=

Figure 3 — Asymmetric slash Laplace densities along with Laplace density.

The density plot of asymmetric slash Laplace distribution for various values of
the parameters are compared with the standard Laplace distribution, is given be-
low. From the Figure (3), we can see that asymmetric slash Laplace distribution
has heavier tails, asymmetry of varying degrees and peakedness than the Laplace
distribution. We can see that the asymmetric slash Laplace density is symmetric,
negatively skewed and positively skewed for #=0, m»>1 and m <1 respec-
tively. Also for ¢=1 asymmetric Laplace density has heavier tails like Cauchy
distribution. The main feature of the asymmetric slash Laplace distribution in (4)
is that the parameters » and q control skewness and tail behaviour.

STOCHASTIC REPRESENTATION

Here we give a stochastic representations for the multivariate asymmetric slash
Laplace distribution based on the stochastic representation of the multivariate
asymmetric Laplace distribution.
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Let Y is multivariate asymmetric Laplace random vector then it can be repre-
sented as

d
Y =mlW +WN,

where W is the standard exponential variate and N follows N,(O,Z) independ-
entof W . Then ASL,(m,%,q) can be represented as,

d
X=mW UV + IS,

where § is the multivariate slash normal distribution (Wang and Genton (2000)).

Remark 10 Iz the above representation of Y if W bas a generalized inverse Ganssian dis-
tribution (Barndorfj-Nielsen (1997)) with parameters (A, y,w) denoted by GIG(A, y,v)
with pdf

A2 -
f(x)= /v) st T A 1+W), x>0, (6)

2K, (1w)

where K is the modified Bessel function of the third kind given in equation (2),
x20, >0 and 4 €R. Then the random vector Y has the multivariate gener-

alized hyperbolic distribution and hence the random vector X has the multivari-
ate generalized slash hyperbolic distribution, with #=%f and g is some d-

dimensional vector.

Proposition 2 If X ~ ASL (0,2, m,q) and let V" =b+ AX , where b is a vector

in R', A is a  nonsingular  matrix. Then  the  random  vector
V'~ ASL,(b, ASA" A m,q). This property implies that the multivariate asymmetric
slash Laplace distribution is invariant under linear transformations.

Remark 12 Let Y =(Y,,Y,,...,Y,) ~ AL, (O,Z,m) Sor any
b=(b,by,....b;) €R,, the random variable Y, :z;/aiYZ- is univariate AL (o, u)
with o =~b'Sb and p=w'b. Further, if Y is symmetric, then so is Y,. Hence, if
X=(X, X, 0, X)) ~ ASL,;(m,Z5q) for any b= (b, by,...,b;) €R, the random
variable X, = ijlbiXi is univariate ASL(o, 1,q) with o =~b'Sb and = n'b.

Remark 13 The above remark implies that the sum Zj: X; has an ASL distribution if

all X5 are components of a multivariate ASL random vector. Thus all X s are univari-
ate ASL. random variables.
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Remark 14 If X has a univariate ASL(1,1,q) law and m € R?, then the random vector
X =mX has the ASL;(m,2,q), T = mm' with characteristic function

@ _ il x_ (! ~1/q L
<(r)=E(e )= L¢(Mt )du, where ®(.) is given by

1

#(r)=—

14+ =7"mm't —in't
2

Let

Remark 15 Ler Y ~ AL, (m,0) with characteristic function . (t) :l —.
—wmt

Y
X :mm, then X has the multivariate slash Laplace distribution denoted by

X~ ASL,(m,0;q).

4, APPLICATIONS

In this section we will present an application of the asymmetric-slash Laplace
distribution in univariate setting. We downloaded the cDNA dual dye microarray
data sets (Experiment id-51401) from the Stanford Microatray Database. Each
array chip contains approximately 42000 human ¢cDNA elements, representing
over 30000 unique genes. The data set was normalized using locally weighted lin-
ear regression (LOWESS) (Cleveland and Delvin, 1988). This method is capable

of removing intensity dependence in /4g,(R,/G,) values and it has been success-

fully applied to microarray data (Yang et al., 2002). Where R; is the red dye (for

treatment) intensity and G, is the green dye (control) intensity for the " gene.

After normalization, each distribution of the gene expression has a similar shape
and exhibits heavier tails compared to a Gaussian distribution and a certain de-
gree of asymmetry. We use the maximum likelihood estimation method to esti-
mate the parameters. The maximization of the likelihood is implemented using
the optim function of the R statistical software, applying the BFGS algorithm
(See R Development Core Team, 2006). Also the function nlminb in the S-Plus
package can be used to locate the maximum point of the likelihood function as-
suming that all the parameters are unknown.

Figure (4) given below, depicts the histogram of the gene expression data and
the fitted probability density function evaluated at the MLEs. We compared the
empirical distribution function of the microarray gene expression data with the
asymmetric slash Laplace (ASL), skew-slash, skew-slash t and skew-normal distribu-
tions evaluated at the MLESs. It can be clearly seen that the estimated density of the
ASL fits the data quite well compare to skew-slash, slew-slash t and skew-normal
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densities. ASL captures skewness, peakedness and heavy tails. Hence, ASL pro-
vides the possibility of modelling impulsiveness and skewness required for gene ex-
pression data. From figure (4) it is observed that the gene expression data are
asymmetric and the asymmetric slash Laplace distribution describes the data
well. The parameter estimates together with the standard errors (given in brackets)
are f1=-0.154(0.003), 6 =0.501(0.016), 7 =1.455(0.023) and ¢ =16.85(0.010).
It can be clearly seen that the estimated density of the asymmetric-slash Laplace dis-
tribution fits the data quite well compare to skew slash and normal densities. It cap-
tures skewness, peakedness and heavy tails.

1.0

Density
0.6
1

0.4

0.2

0.0
L

Gene expression data

Figure 4 — Fitted asymmetric slash Laplace (ASL) probability density function (red dashed line (the
peaked one)) to the microarray gene expression data along with skew slash t (black line), skew slash
(blue dash and dot line) and skew normal (dotted line).

We have used Akaike’s Information Criterion (AIC) (Akaike (1973), Burnham
and Anderson (1998)) to evaluate the comparative appropriateness of ASL . Let
£(8) is our model, then AIC is given by

AlC = —2/0g(Lf(é|X1,)Xn))+2K’

where K is the number of parameters being estimated, L 1is the likelthood
function of the model £, and @ is the maximum likelihood estimate of the
parameters of f. A smaller value of AIC indicates a better fit. We found
that AIC 4 —AIC 4, gy <0, AIC o — AIC <0 and
AIC 4, — AIC < 0, which implies a better fit for the .ASL .

skew—slash

skew—normal



248 B. Punathumparambath

ACKNOWLEDGMENT

The author is grateful to the Department of Science & Technology, Government of

India, New Delhi, for financial support under the Women Scientist Scheme (WOS-A
(2008)), Project No: SR/WOS-A/MS-09/2008.

Department of Statistics BINDU PUNATHUMPARAMBATH
St. Thomas College, Pala, Kerela, India

M.

=

H.

R.

K.

REFERENCES

. AKAIKE, (1973), Information theory and an extension of the maximum likelihood principle, “In

breakthrough in Statistics (Kotz and Johnson eds.)”, Vol I Springer Verlag, New-York,
pp. 610-624.

ARSLAN, (2008), An alternative multivariate skew-slash distribution, “Statistics & Probability
Letters”, 78, pp. 2756-2761.

. ARSLAN, (2009), Maximum likelibood parameter estimation for the multivariate skew-slash distribn-

tion, “Statistics & Probability Letters”, 78, pp. 2158-2165.

. ARSLAN, A. L. GENC, (2009), A generalization of the multivariate slash distribution, “Journal of

Statistical Planning and Inference”, 78, pp. 1164-1170.

. E. BARNDORFE-NIELSEN, (1997), Nomnal inverse Ganssian distributions distribution and stochastoc

volatility modelling, ““Scandinavian Journal of Statistics”, 24, pp. 1-13.

. P. BINDU, (2011), A new family of skewed slash distributions generated by the normal kernal, ““Sta-

tistica”, anno LXXI, n. 3, 2011.

. P. BINDU, (2012)(a), A new family of skewed slash distributions generated by the Canchy kernal,

“Communications in Statistics-Theory and Methods”, to appeat.

. P. BINDU, (2012)(b), The multivariate skew-slash t and skew-slash Canchy distributions, “Model

Assisted Statistics Applications”, 7, 33-40.
BURNHAM, D. ANDERSON, (1998), Mode/ selection and Inference, Springer, New York.

/. S. CLEVELAND, S. J. DELVIN, (1988), Locally Weighted regression: an approach to regression analysis

by local fitting, “Journal of the American Statistical Association”, 83(403), pp. 596-610.

. DHARMADHIKARL, K. JOAG-DEV, (1988), Unimodality, Convexity, and Applications, Academic

Press, San Diego.
D. ERNST, (1998), A multivariate generalized Laplace distribution, “Computational Statistics”, 13, pp.
227-232.

. T. FANG, S. KOTZ, K. W. NG, (1990), Symmetric multivariate and Related distributions, Chapman

and Hall, London, New-York.

. F. FERNAN’DEZ, ]. OSIEWALSKI, M. F. J. STEEL, (1995), Modeling and inference with v-distributions,

“Journal of the American Statistical Association”, 90, pp. 1331-1340.

. GEN, (2007), A Generalization of the Univariate slash by a Scale-Mixtured Exponential Power

Distribution, “Communications in Statistics - Simulation and Computation”, 36(5), 937-
947.

W. GOME’Z, F. A. QUINTANA AND F. J. TORRES, (2007), A New Family of Slash-Distributions with
Elliptical Contonrs, “Statistics & Probability Letters”, 77 (7), 715-727.

A. HARO-LO’PEZ, A. F. M. SMITH, (1999), On robust Bayesian analysis for location and scale parame-
ters, “Journal of Multvariate Analysis”, 70, pp. 30-56.

K. JOSE, T. LISHAMOL, (2007), On slash Laplace distributions and applications, “STARS Interna-
tional Journal (Sciences) 7, 1, pp. 1-10.



The multivariate asymmetric slash Laplace distribution and its applications 249

K. KAFADAR, (1982), A biweight approach fo the one-sample problem, “Journal of the American
Statistical Association”, 77, pp. 416-424.

K. KAFADAR, (1988), Siash distribution, “Encyclopedia of Statistical Sciences”, Johnson, N.L.,
Kotz, S., Read, C., Eds., Wiley, New York: 510-511.

S. KOTZ, K. KOZUBOWSKI, PODGORSKI, (2001), The Laplace Distribution and Generalizations: A
revisit with Applications to Communications, Economics, Engineering and Finance, Birkhiuser,
Boston.

R DEVELOPMENT CORE TEAM, (20006), R: A Langnage and Environment for Statistical Computing, R
Foundation for Statistical Computing: Vienna, Austria, http://www.R-project.org/.

F. TAN, H. PENG, (2005), The slash and skew-slash student t distributions, “Pre-print”, available from
http://home.olemiss.edu/ mmpeng/sst2.pdf.

J. WANG, M. G. GENTON, (2000), The multivariate skew-slash distribution, “Journal of Statistical
Planning and Inference”, 1306, pp. 209-220.

Y. H. YANG, S. DUDOIT, P. LUU, D. M. LIN, V. PENG, J. NGAL T. P. SPEED, (2002), Normmalization for
¢DNA microarray data: a robust composite method addressing single and multiple slide systematic
variation, “Nucleic Acids Research”, 30(4), e15.

SUMMARY

The multivariate asymmetric slash Laplace distribution and its applications

We have introduced a multivariate asymmetric-slash Laplace distribution, a flexible dis-
tribution that can take skewness and heavy tails into account. This distribution is useful in
simulation studies where it can introduce distributional challenges in order to evaluate a
statistical procedure. It is also useful in analyzing data sets that do not follow the normal
law. We have used the microarray data set for illustration. The asymmetric slash Laplace
distribution provides the possibility of modelling impulsiveness and skewness required for
gene expression data. Hence, the probability distribution presented in this paper will be
very useful in estimation and detection problems involving gene expression data. The
multivariate asymmetric-slash Laplace distribution introduced in this article is cleatly an
alternative to multivariate skew-slash distributions because it can model skewness,
peakedness and heavy tails. One interesting advantage of the multivariate asymmetric
slash Laplace distribution is that its moments can be computed analytically by taking ad-
vantage of the moments of the multivatiate asymmetric Laplace distribution, see the dis-
cussion in Section 3. Another attractive feature is that simulations from the multivariate
asymmetric-slash Laplace distribution are straightforward from softwares that permit
simulations from the multivariate asymmetric Laplace or Laplace distribution. We believe
that the new class will be useful for analyzing data sets having skewness and heavy tails.
Heavy-tailed distributions are commonly found in complex multi-component systems like
ecological systems, biometry, economics, sociology, internet traffic, finance, business etc.



