STATISTICA, anno L.XXI, n. 4, 2011

THE MOST EFFICIENT LINEAR COMBINATION OF THE SIGN
AND THE MAESONO TESTS FOR P-NORMAL DISTRIBUTIONS

G. Burgio, S. Patri

1. INTRODUCTION

In (Burgio and Nikitin, 2001) the linear combination G= a§ + bW of the Sign
test S and the Wilcoxon test IV was studied. The Pitman efficiency of G with re-
spect to Student’s 7 in the case of location parameters, and its maximum with re-
spect to @ and & were calculated and it was obtained that § and W are locally most
powerful and Pitman optimal signed rank tests for the Laplace and the logistic
densities. In this paper, we obtain the most efficient G combined test when the
parent distribution belongs to the p-normal family of densities

f,(x30,0,)=[2p" T (1+1/ p)o, T exp(=|x=6]" / po?)
o, =op 0/ p)/ T3/ P

where xe®R, 6 and o >0 are real parameters and p is the structural parameter
ranging between 0 and co.

The most relevant cases regard the range (1,00), to which we will limit our con-
sideration in this paper. Relevant cases of the p-normal density are: for p=1 the
double exponential or Laplace distribution, for p=2 the normal density, and for
oo the rectangular density (20V3)~! with range 0-0\3 <x < 6+o\3.

The Pitman asymptotic efficiency of the Sign test, for p=1 reaches 2 (the high-
est value), for p=2 is 2/7 and for p— tends to 1/3. The Sign test is asymptoti-
cally more efficient than the 7 test for 1<p<14 i.e. for p-normal distributions with
kurtosis 4<<6. The Wilcoxon test (Burgio, 1996) is asymptotically more effi-
cient than the 7 test for 1<p<1,75 i.e. for p-normal distributions with kurtosis
3,3<%<6.

The paper proceeds as follows.

In Section 2, we present the properties of the G combined test and show that,
for any p, it is more efficient of both the Sign and the Wilcoxon tests.

In Section 3, we consider the properties of the Maesono test G4and compare it
with the G test, which is a particular case of the Maesono’s one for =2.
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In Section 4, we may conclude that G» for leptokurtic p-normal distributions,
and of Gy for platikurtic p-normal distributions are, in general, more efficient than
Student’s 7, with maximum loss of efficiency of 3,1% in the near proximity of the
normal distribution.

2. PROPERTIES OF THE G COMBINED TEST

In (Burgio and Nikitin, 2001) some properties of G have been proved. If we
consider that G is a sequence of U statistics (Hoeffding, 1948) with kernel

., (5,8) = a1y + 1y )/ 25 01,

>0} s+1>0}

it can be represented in the form

G:(g) D> DX, X))

1<i<j<n

where X (7=1,#) are the observed values of a random sample of size 7.

Using the central limit theorem for U-statistics (Hoeffding, 1948), G is asymp-
totically normally distributed. For weakly unimodal symmetric densities (Hodges
and Lehmann, 1956), the Pitman relative asymptotic efficiency of the G com-
bined test is > 1 with respect to both § and .

Suppose that, under the null-hypothesis of symmetry Hy, the initial distribution
function (d.f) Fy(x), is absolutely continuous and symmetric with respect to zero.
Hence, for every x;, 1- Fy(x)- Fo(-x)=0.

Under the alternative hypothesis Hi, the observations have common d.f.
F(x,0), >0, such that F(x,0)= Fy(x) for some symmetric d.f. Fp, with continuous
density fy only for 6=0.

Therefore, the case of location alternative is F(x,0)= Fp (x -0).

The Pitman relative asymptotic efficiency of G with respect to #is

—00

+o00 2
120{%<O>+2b [ foz(y)dy}
G;t) =
«(G:1) 3a* + Gab+ 4b°

which, for the standard normal density, becomes

6(a+b2)
7(3a” +6ab+ 457

e(Gyt)=

The max Pitman efficiency of G relative to 7is 0,9643, higher than 0,6366 for
the Sign test and 0,9549 for the Wilcoxon test individually considered.

In our work, we found that the combined G test has an efficiency, relative to 7,
which equals
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(a+2"770)3p° 13/ p)
(3a” +6ab+ 46" (1/ p)

«(Git, p) =

After some algebra, the maximal Pitman efficiency of the combined G test, for
the p-normal family is

I3/ p)

1/ ) B3R -1)? +1]

maxe(G; 2, p) =

and the Pitman most efficient combination of the Sign and Wilcoxon tests for
p-normal distributions is

_ 1-1/p
L A Papant

@7 -1

For p—1, the Pitman most efficient G test is the Sign test which has efficiency
double than that of Student’s 7

For p=n2/in,5=1,7095, «(G; ¢, p) = 1,01153.

For p—o0 the most efficient combination is G = W - 2/3 § with Pitman effi-
ciency, relative to 7 equal to 4/3.

From Graph 1b, it is possible to note that the G test is less efficient than 4 i.e.
«G; t, p)<1, for 1,76<p<4,4 a range corresponding to a large interval of platikur-
tic and leptokurtic distributions with kurtosis index 2,1334</,<3,288.

However, from Graph 1a, it is evident that, for platikurtic distributions with
p=4,4 (i.e. with kurtosis index 1,8</<2,13), the G test is more efficient than Stu-
dent’s 7
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Graph 1a — Maximum Pitman efficiency of G (relative to 7), as a function of 1= p<400.
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Graph 1b — Maximum Pitman efficiency of G (relative to 7), as a function of 1= p<5.

From the following Graphs 2a and 2b, we can see that the combined test G is,
almost everywhere, more efficient than its components § and . In Table 1, the
values of the a coefficients (b=1) providing for the most efficient G combination,
with respect to 4 are given.
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Graph 2a — Pitman efficiency of S, W and the best G tests (relative to 7), as a function of 1= p<3.
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Graph 2b — Pitman efficiency of S, I and the best G tests (relative to 7), as a function of 1< p=<10.
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Valnes of a (b=1) maximising the Pitman efficiency e(G; 1, p)

TABLE 1

4 a (G 4, p) V4 a (G, 4, p)

1 =1; /=0 2 3,6 20,48696 0,97123
1,01 47,40426 1,95144 37 -0,49367 0,97466
1,02 23,35953 1,90562 38 -0,49989 0,97813
1,04 11,33743 1,82148 4,0 -0,51109 0,98510
1,05 8,93312 1,78281 41 0,51615 0,08858
1,07 6,18547 1,71156 43 -0,52533 0,99551
11 4,12497 1,61797 46 -0,53719 1,00571
12 1,72193 1,39083 47 -0,54071 1,00904
13 0,92167 1,24780 48 -0,54405 1,01233
14 0,52198 1,15374 49 -0,54721 1,01557
1,5 0,28244 1,08984 5,0 -0,55022 1,01878
1.6 0,12294 1,04540 6 -0,57363 1,04837
1,7 0,00915 1,01400 7 -0,58921 1,07360
1.8 -0,07610 0,99161 8 -0,60032 1,09506
1,9 0,14233 0,97563 9 -0,60865 1,11342
2,0 -0,19526 0,96430 10 0,61512 1,12925
2,1 -0,23852 0,95641 20 -0,64230 1,21532
22 0,27454 0,95111 30 ~0,65071 1,25048
23 -0,30499 0,94778 40 £0,65481 1,26953
2,4 0,33107 0,94597 50 0,65723 1,28146
2,5 10,3535 0,94534 100 -0,66200 1,30653
2,6 -0,37339 0,94563 150 -0,66356 1,31526
27 -0,39080 0,94664 200 -0,66434 1,31970
28 -0,40627 0,94823 250 -0,66481 1,32239
2,9 -0,42009 0,95027 300 0,66512 1,32420
3,0 0,43253 0,95267 350 -0,66534 1,32549
3,1 -0,44377 0,95536 400 -0,66551 1,32646
32 -0,45399 0,95826 450 -0,66564 1,32722
33 -0,46331 0,96133 500 -0,66574 1,32783
34 ~0,47186 0,96454 1000 £0,66620 1,33057
3,5 0,47971 0,96785 o 2/3 4/3

3. PITMAN EFFICIENCY OF THE LINEAR COMBINATION OF § AND THE MAESONO TEST

In Burgio and Nikitin (2003) we considered a new test G, = a§ + 6l which is

a linear combination of the Sign test § and the Maesono (1987) test ..

For r=2, the Maesono statistic coincides with the Wilcoxon test and G coin-
cides with Gz. The Maesono statistic, for any natural 7>2, is a U-statistic

) S e

1£i1 <oou<i <n
r

with the kernel

-

K o= S e o)

i=1 j#i

The case =3 is not interesting because G3 has the same Pitman efficiency as
G> (Maesono, 1987).

The G, test has Pitman efficiency (Burgio and Nikitin, 2003)
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[00)+ 20— D[ Fy 20 2oy |

e(Gr > .f()) = 2 2 (1)
—1)
a” 1 (r=1 +%(1_2_,ﬂ)
4 2r—=1 (2r=1)! r
whose maximum value, with respect to 4, is given by
2dk — 4mw
ay =——— 2
" 2md—k ?
where
d=21-2""/r
+0
£=20r=1) [ F72 () 7 ()
m= f,(0)
—_1\/2
R 1 (r=1 .
2r—=1 (2r-=-1)
The maximum value of the Pitman efficiency (1), for a=ay, is given by
& —dmdk+ 4m*w
«G,, fola=ay)= . ©)

w—d*

The statistic G4, with the appropriate choice of 4, when the distribution is
normal, has Pitman efficiency, relative to Student’s # 0,9794, higher than that of
G2, which is 0,9643.

In (Burgio and Nikitin, 2003) it is also shown that, for the logistic distribution,
the Pitman efficiency of Gy relative to #is equal to 1,0939.

As we may only compare the generalised test with other tests whose efficiency
is known, we evaluated the Pitman most efficient combination of G4 for the
p-normal family

Fz)=12p"m1+ p ) esp(-Jz, |/ ) @

which, for 2,>0, has df

— 1 »
F(%p)—l/ZJF21,(1/;)))’(1/2”%;;)
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1 . . .
where y| —, z;’ is the Euler’s incomplete Gamma function.

Unfortunately, for the p-normal family, it is not possible to get an explicit ex-
pression of the integral

[ B ) £ () )

which is part of the G, Pitman efficiency (1).

Therefore, we evaluated the integral (5) numerically and calculated a0 and
e(G,, fy |a=a,) with the formulas (2) and (3), for /=4 and p=1.

The G4 combinations of the Sign and the Maesono W tests with the highest
Pitman efficiency relative to # for the p-normal family (p=1) are shown in Ta-
ble 2.

The maximum Pitman efficiency of Gy (relative to 7) is shown in Graph 3a for
1<p=<2 and in Graph 3b for 2<p<400.
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Graph 3a — Maximum Pitman efficiency of Gy (relative to 7) for 1< p=<2.
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Graph 3b — Maximum Pitman efficiency of Gy (relative to 7) for 2< p<400.
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TABLE 2
Values of a (b=1) maximising the Pitman efficiency e(Gy, ¢, p)

)l a eGstp) | p a «(Gs6p) | P a «(Gs6p) | P a (G5 4 p)
1,00 1 245 025308 1,11812 | 390 -0,41931 154373 | 535 -0,47521  1,88798
1,05 9,05397 095037 | 2,50 -026414  1,13381 | 3,95 -0,42214  1,55695 | 540 -047649  1,89853
1,10 423196 091425 | 2,55 -027448  1,14948 | 400 -0,42488 157007 | 545 -047773 190899
1,15 262484  0,88846 | 2,60 -0,28418 1,16513 | 4,05 -0,42753 158308 | 550 -047896 191938
1,20 182156 087072 | 2,65 -0,29329  1,18074 | 4,10 -0,43009 1559599 | 555 -048015 192969
125 133971  0,85929 | 2,70 -0,30187  1,19629 | 4,15 -0,43257 160880 | 560 -048132 193992
1,30 1,01860  0,85289 | 2,75 -0,30996 121179 | 420 -0,43498  1,62151 | 565 -0,48247  1,95008
1,35 078929  0,85051 | 2,80 -031760 122723 | 425 -043732 163412 | 570 -048358 196016
1,40 061738  0,85138 | 2,85 -0,32483 124260 | 430 -0,43958 164663 | 575 -048468 197016
145 048370  0,85491 | 2,90 -0,33168 125789 | 4,35 -0,44178 165904 | 5,80 -048576 198009
1,50 037678  0,86061 | 2,95 -0,33818 127310 | 440 -0,44391 167136 | 585 -048681 198995
1,55 0,28933 086810 | 3,00 -0,34436  1,28822 | 445 -0,44598  1,68358 | 590 -048784  1,99974
1,60 021646 087707 | 3,05 -0,35024  1,30326 | 4,50 -0,44799  1,69571 | 595 -0,48885  2,00945
1,65 015483  0,88726 | 3,10 -0,35584 131821 | 4,55 -0,44995  1,70774 -0,48984  2,01909
1,70 0,10200  0,89848 | 3,15 -0,36118 133306 | 460 -0,45186 1,71967 | 10  -0,53379  2,61380
1,75 005622 091054 | 320 -0,36628 134782 | 4,65 -045371 1,73151 | 15 -0,55372  3,06499
1,80 001618 092331 | 325 -037115 136248 | 470 -045551  1,74326 | 20 -0,56326  3,35785
1,85 -0,01915 093667 | 3,30 -0,37581  1,37704 | 4,75 -0,45726  1,75492 | 25 -0,56887  3,56511
1,90 -0,05056  0,95052 | 3,35 -0,38028  1,39150 | 4,80 -0,45897 1,76649 | 30  -0,57255  3,72046
1,95 -0,07866 096478 | 340 -0,38456  1,40585 | 4,85 -0,46064 1,77796 | 35 -0,57517 384173
2,00 -0,10395 097937 | 345 -0,38867 1,42011 | 490 -0,46226  1,78935 | 40 -0,57711 393934
2,05 -0,12682 099424 | 350 039261 143426 | 495 -0,46384 1,80065 | 45 -0,57862  4,01980
210 -0,14762  1,00932 | 3,55 -0,39640 144831 | 500 -0,46539 181186 | 50  -0,57982  4,08738
2,15 -0,16661  1,02459 | 3,60 -040005 146225 | 505 -0,46689  1,82299 | 100 -0,58518  4,43780
220 -0,18402  1,04000 | 3,65 -040356 147609 | 510 -0,46836  1,83403 | 200 -0,58784  4,65637
225 -020004 1,05551 | 3,70 -0,40694 148983 | 515 -0,46980  1,84499 | 300 -0,58872  4,74069
230 -0,21483 107110 | 3,75 -041020 150346 | 520 -0,47120  1,85586 | 400 -0,58916  4,78624
235 022852 1,08675 | 3,80 -0,41334 151699 | 525 -0,47257  1,86665 | 600 -0,58960  4,83508
240 024124 1,10243 | 385 -0,41638 153041 | 530 -0,47390  1,87736 | o  -62/105  1184/239

[N

4. CONCLUSIONS

We can now easily compare the Pitman efficiency of the best G2 and Gy tests,
with respect to the ~test, by varying the p structural parameter of the p-normal
family. As we can see from the Graphs 4a and 45, Student’s # appears to be a bit
more efficient than G, and Gy only in the proximities of the normal density (p=2)
and in particular for 1,76<p<2,07, that is for p-normal densities with kurtosis in-
dex 2,93</4,<3,29.

By using either the Gz or the Gy tests, instead of the Student’s £ the maximum
absolute loss of efficiency is about 3,1% when p=1,96 corresponding to a
p-normal density with kurtosis index 3,04.

For values of p between 1 (double exponential density) and 1,76 (p-normal
with kurtosis index 2,93) the G test is much more efficient than the #test, with
maximum efficiency twice that of the Student’s 7 for the double exponential den-
sity.

For platikurtic densities, and in particular for values of p between 2,07 and
(rectangular density), the Gy test is increasingly more efficient than the #test. In
particular, for the rectangular density, Gy is about five times more efficient than
Student’s 7

It is therefore possible to conclude that the Ga test, for leptokurtic p-normal
distributions, and the G; test, for platikurtic p-normal distributions, are in general
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more efficient than Student’s # with a maximum loss of efficiency of about 3,1%
in the near proximity of the normal distribution.
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Graph 4a — Pitman efficiency of the best G2 and Gy tests (relative to /) as a function of 1< p<3.
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Graph 4b — Pitman efficiency of the best G2 and Gytests (relative to ) for 1,74< p<2,08.
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SUMMARY

The most efficient linear combination of the Sign and the Maesono tests for p-normal distributions

This paper deals with the Pitman most efficient G, linear combination of the Sign and
the Maesono tests for parent distributions belonging to the p-normal family of densities.

The most efficient linear combinations G> and Gy are obtained. It is also shown that
G (for leptokurtic p-normal distributions) and Gy (for platikurtic p-normal distributions)
are much more efficient than Student’s 7 with a maximum loss of efficiency of about
3,1% in the near proximity of the normal distribution (p=2).





