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DISTRIBUTIONS OF PRODUCTS INVOLVING THE TYPE 11
BESSEL FUNCTION RANDOM VARIABLE

M. Garg, J. Agrawal, S. Nadarajah

1. INTRODUCTION

The distribution of product of independent random variables (r.v.s) is of inter-
est in many areas of science and econometrics. The distribution of product of in-
dependent r.v.s X and Y has been studied by several authors especially when X
and Y belong to the same family of distributions. In this context the names of
Sakamoto (1943), Stuart (1962), Springer and Thompson (1970), Podolski (1972),
Steece (1976), Wallgren (1980), Bhargava and Khatri (1981), Abu-Salih (1983),
Tang and Gupta (1984), Malik and Trudel (1986) and most recently those of Gli-
ckman and Xu (2008) are of great importance.

In the present paper we shall study the distribution of XY as well as of | XY |
when X and Y are independent r.v.s belonging to different families of distribu-
tions. Here we assume that the r.v. X follows the type 11 Bessel function distribu-
tion given as follows

Type I Bessel function distribution (Springer, 1979)

2
f(x) = D] x| exp{—‘%}fmwwn . xe(=om) 0
PO CED)
where D = 7 ; >0, 1>0, 520 2
© 1 5 2m+v
and 1(¥)= 2~ T(m+v+1) (Ej ©)

(-0 < v <0) is the modified Bessel function of the first kind.
This distribution generalizes the well known Rayleigh distribution, Chi distribu-
tion, noncentral Chi distribution and folded normal distribution (Springer, 1979).
The other r.v. Y belongs to one of the following families of distributions
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Normal distribution
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Pearson VII distribution

-
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g(]Fm[HJ—] ; ye(-o,0), M>1, N>0 )

N

Maxcwell Boltzmann distribution (Mathai, 1993)
3

2 el

gu>=—fa2f exp(-ay’) ; a>0, ye(—ow,) ©
T

We shall require the following definitions in the sequel

Modified Bessel function of the third kind (Gradshteyn and Rhyzik, 1994)

1

NEF - (VW)

— s [ - Y exp(=xt)dt | v+ 1a>0 )
ZVF(V“FZJ !

Tricomi’s function (Stivastava and Manocha, 1984)

K, (x)=

00

w(a,b;z) = B [ Q)™ dr , a>0,2>0 (8)
0
(- b) F<b -1 (1-b)
, by ) =——— F(a; by 2) + ———= Fla=b+1; 2-0b;
y(a %) F(a—b+1)1 1(a %) ) Z k(e %)
©)
Kampé de Feriét function (Stivastava and Manocha, 1984)
)., 110, 1)
a . . ¢ .
ot [@0) s ] O IO TE)
F/ cmyn . . . X5 - z / w n | | 5
o (a/).(ﬂM)’(yﬂ)’ ro= H(aj)r+x (ﬂ])l (}/j)s e
J=1 J=1 J=1
(10)

where, for convergence,
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QO prg<i+tm+1l, pF+i</+tnt+l, |x| <o, |y| <o, or (11

() p+g=I/+m+1, p+k=1I/+n+1,and

|X|1/<p—/> +| j|1/<ﬁ—’><1, if p>1, (12)
if p</

2. THE DISTRIBUTION OF THE PRODUCT OF TWO INDEPENDENT RANDOM VARIABLES
THAT ARE NOT EVERYWHERE POSITIVE

Let a r.v. X has the probability density function (p.d.f.) f(x), which can be writ-
ten as

JO) =)+ fHx) , -o<x<® 13)

in which f~(x) vanishes identically except on the interval -00 < x < 0, where f~(x)
=Jix).

Similarly f*(x) is defined to be identically zero except over the interval 0< x <

oo, where f*(x) = f{x).
Let X and Y be two independent r.v.s with p.d.f. f(x) and g(y), respectively. We
know that the p.d.f. h(z) of the r.v. Z=XY is given by (Springer, 1979)

bz) = J| |f<x>g( ]dx = j| | ( ]guw (14)

Using the concept of partitioning as given by (13) for both f{x) and gy), the a-
bove expression can be written as

i (15)
I—| ()8 (XJ dx+I |f (x) 8 ( j
We shall write h(z) as
blz) =h—(z) + ht(z) , -0<z<oo (16)
in which
(z) , —o0<z<0

and
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b (o) 0 , —0<z<0 18
@ 4oy 0erem 18

>

In the special case, when f(x) and g(y) are even functions i.e. ff(x) = f(-x) and
20) = g(9), eq. (15) can be simplified as follows. For —0 <z <0,

F R =ho= 0+I§f+<x>g‘(§jdx— j%f‘(x)g{f)dmo

- [Lree (- e[ (-2 a 19
Tl + + ke
= ZJ;f (x)g (—;jdx.
For 0 <z <00,

b (z) =hiz)=

gt [fjdmjiﬁ(x)y (fjdx o)

Thus in this case when f(x) and g(y) are even functions, we have

L LA P
)= Z_EXf(x)g[ dex ; —o<z<0

0 ; 0<z<o

(21)

and

0 ; —0<z<0

b &= ZT%f(x)g(ijdx ; 0<z<oo @2

Theorem 1 Let X be a r.v. following the type 1I Bessel function distribution given
by (1) and Y be an independent r.v. following the normal distribution given by
(4), then the p.d.f h(z) of Z=XY is given by
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4 1 é
b({)zﬁ Gl o U 05 1 RV £|%|
Jr | 267 0’7’ =0 k! T(k+ ) 16 657 ki3 o

—0 < <00 (23)

whete 0> 0,0>0,A>0, >0, A-(1/2) #0, £1, £2,... and K,() is given by (7).
The cumulative density function (c.d.f.) H(z) of z is given by

1 2 r(i-1
RNV F(z ) 05" ( 2) Jo
H(z) 2"’2\/;6’ ) o 1( )~ 3 —F(/I) - z |1 A4,(3)
24)
where
A A+1 ) 5 5
110 ’ ’ B’z 03
Al (%)_FZ:Z;O /1+l,ﬂ,+l, ﬂ,,/l, = - 862 > 40_2 5 (25)
2 2
(1) [£ ' Nzl
(*‘E) (E) 20 ) | 40’
4,R)=2 Y 3 - ' 26
£=0r=0 (ﬂ'>,€ (E)r ! rl

where F() is given by (10).

Proof : Since the p.d.f.s f(x) and g(y) as given by equations (1) and (4) are even, we
shall use the results (21) and (22) to calculate the value of h(z). Substituting the
values of f{x) and g(- z/x) from equations (1) and (4) in eq.(21) we get

2
eief(ﬂ /20) 1

()= i ex x)ex it : I
h(z)= 5 odon { P{ }1;, 1(Bx) P{ . (Xj }d » (27)

-oo<z<0

Next, writing the modified Bessel function I,(fx) in its series form (3) and us-
ing the following known integral (Gradshteyn and Rhyzik, 1994)

0

ij exp(—=fx —yx")dx = %( %J Y K, (2, [(8r)) [Re >0, Rey>0]
p

(28)

we gCt
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2 1 L
B \E 0{2 2 9 4 7<ﬁ2/29) © 1 ﬂ4%2 2 \/5
yR)=r =5 |5 K . | (-
®) 7;(202] (GZZZJ ‘ Z‘Oél Ter 16607 ) it e P

(29)
-0 <z < 0

The value of /*(z) as given in (22) can be similatly obtained as

1

, . £

o 2[00 s 1 B ) Jo

h(g)=—~ K 7
RNE [2#} (azgzj ‘ ;/é! T+ )16 60° )  #5| o ®

(30)

0<z<o

Now using the equation (16) and combining the results (29) and (30), we get
the required p.d.f. 5(g) as given by equation (23).

The c.d.f. of z is defined as

Z 0 Z 1
H(z)= f/?(@dz = I h(z)dz + I/ﬂ(z)dz =3
—00 —00 0

Z
+ I/?(z)dz (31)
0

[since the p.d.f. fix) and gy) are even, A7) is also an even function and

[ nz)dz =11
Writing the value of 4(z) from eq. (23), using the known result (Prudnikov,
Brychov and Marichev, 1986) as mentioned below

VA K, (x)d =
0

200 A-v+1
— 2 R — SAEERELE
172 2 2 4

A—v+3 x°
,1_‘/3 T
(A-v+1)

27— A+v+1
+ ( V) Xi+v+1 1F2 v . P
2 2 4

A+v+3 X7
;1+v, ;
(A+v+1)
(32)
(ReA>[Rev|-1)

and applying some useful properties of hypergeometric functions, we get the re-
quired result (24).

Fig. 7 illustrates possible shapes of the p.d.f. (23) for (a) =17, =17, 0= 17and A
=051,1510,b)c=1,0=1,A=1and #=0,1,3,6,(c) o=1,=1,1=1
and 0=10.1,02,1,10and d) =1, #=1,A1=1and o= 1, 5, 10, 50. The effect
of the parameters is evident.
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Fig. 1 — Different possible shapes of the p.d.f. (23) for specified values of parameters 4, f, f and o

Corollary 7 1f X and Y are independent r.v.s as given in Theorem 1, then the p.d.f.
h(w) and c.d.f. Hw) of W = | XY| are given by

h(w)="—= o) —w

2 L £
AN RN T (5 120) < 1 t )2 % Jo
V7 | 262 ) \o?w SRTE+H\16 062 ) 5 o

(33)

and
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s oA r(E=2)( g,z r(1-1
H(wy= e 120 -4 )(%J/h(w)- %—( 2)[@;:»}42@) 34

r(a) | 20° I'(A)
0<w<oo
where 0> 0,0>0,4>0, 20 and Ai(w) and Ax(w) ate given by eq. (20).

Proof: The result (33) for the p.d.f. of w is a direct consequence of (23) and the
relation

bw)=2hz) ; 0<z<w (35)

and the result (34) for the c.d.f. of w follows from the relation H(w) = 2 H(z);0 <
z < oo where H(z) is given by (24). m

Corollary 2 Let the r.v X follow the Rayleigh distribution (Springer, 1979) defined
as follows

f(x) = —|x|exp{—£} ;0 0>0, x € (—00,00) (36)

and the independent r.v Y follow the normal distribution defined by (4), then the
p.d.f. 5(z) and the c.d.f. H7) of Z = XY are given by

_\/E 0%{2 % \/5
b(z)—\/;( wj K;(jlzl (37)

and

1,1V .00 16 3 9z2
Hiz)=% 5{(1;%}05(—f§402 Hl o) i) 5.2 py

0< y< o0 (38)

where 0> 0, 0> 0

Proof On taking f= 0 and A = 7 in Theorem 1, the type 1I Bessel function distri-
bution reduces to the Rayleigh distribution and we easily arrive at the above re-
sult. m

Remark 1 Note that the p.d.f.s given by Theorem 1 and Corollary 1 are infinite
mixtures of type I Bessel function distributions. The p.d.f. given by Corollary 2 is
precisely that of a type I Bessel function distribution.
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Theorem 2 Let X be a r.v. following the type II Bessel function distribution given
by (1) and Y be an independent r.v. following the Pearson VII distribution given
by (5), then the p.d.f 4(3) of Z=XY is given by

Y
1 0%2 _ ﬁZ/ZG
)= —=| N0
ﬁlzl[ZN]
(1o - A-1+M; - - |
F(2 Z)F(M+l 1 100 ;oSS ,325{2 8_?12
rArM-1 ,1+%; A o+ 4N’ 2N
1 1 -1
o) R
4 > 57 >
2N [(M—-1T(2) 2 277200 2N) |
o< z<o (39)
Vs
where 0,3, N > 0,M> 1, B 20, |7 < 1,3-(1/2) %0, 41,42, ...
F() is given by (10) and Ha(.) (Erdelyi, 1953) is defined as follows
H(@,7,6,0,5)= Y, Dol o (0)
mn=0 (6)’”}77’%'
Also the c.d.f of Z is given by
r(%—/l)r(MM—nr(z)
B
- rhi{ifﬂ ey
VT TEoN ) Ti—r(a) )b
(a1 2
i +{F(M 2)1“(/1 2)(21\7) Bz(z)_
(41)
where
A=1+M, 4; - - 2 2 2
. bl > > > H
B ()= 20 _ﬁ < ) o 42
1 (R)= Faag /1_}_%,/1_}_%; PR AN ON (“42)
Yk & 07 r
e (73) 0 -3) () Lo ) Lan
O I T 3)
£=0 r=0 (A), (E) k! r

where F() is given by (10).
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Proof: Substituting the values of f{x) and g(- z/x) from equations (1) and (5) in
eq.(21), we obtain

b ()=

%—M)
1

( ) . 2 (
0/16_(’62/29) r M_E T o 2 (_J

X X I 1 dx
ﬁﬂ.fl Nr (M —1) '('; expy- a1 (Bx)| 1+ —— N

(44)
Writing the modified Bessel function in series form (3) and using the following
known integral (Gradshteyn and Rhyzik, 1994)
_[e_]’qu_l (M+ax) " de=a"T(q)y(g,9+1—v) [Reg>0, Re p>0,Rea>0]
(45)

we get

b 1 F(M 1)(9%] (B%/20)

V=T T = | 2N

k
0 1—* ﬂ, _1 2 2 2
x> (kr A+ M-1)| fz |kt A+ M—1; k+ i+t o
= KT(A+4) 4N 2" 2N

(46)
where y(a, b, z)is given by (8).

Writing the Tricomi’s function y(e, B, g) in terms of 1Fi(a, b, 3) as given by (9),
and simplifying the result using some properties of hypergeometric functions, we
obtain

1 0z 2
b ~(p*120)
== z)[ZNJ ‘

(1 _ oL ]
F(E—/I)F(th/l—l) . A=1+M; - - i 9_22 )
rArM-1 ™ 1+ %; A 5 4N’ 2N

2N (M —-1I(4)

_{e_zzjé—ﬂ F(M_;)r(l_;)}]{g—l ol s ﬁ_z —Q—ZZJ
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Similarly, /7 (3) as given by (22) can be obtained as
1 (02
7 2
B ()= 9z | 20
5]
(L= - A-1+M; - - |
F(2 A)F(M +1-1) 100 N 0_22 us
rrM-1 M| 4 +%; A 5 AN’ 2N
1, 1 1
0,2 )2 F(M——)F(l—f) 2 92
L 97 2 20y [ a-d -1 5 B 67
2N [(M —1I(4) 2 277 20 2N

Now using the equation (16) and combining the results (47) and (48) we get
the required p.d.f. h(z) as given by eq. (39). The c.d.f. of z can easily be obtained
on using the result (39) in (31) which after simplification yields the required result
(41). m

Fig. 2 illustrates possible shapes of the p.d.f. (39) for (a) N=1, M=1.5, =1, 0 =
1Tand A= 10.01,0.1, 1,10, (b) N=1, M=1.5,=1,A=1and = 0.01,0.1, 1, 5, (¢)
N=1,M=15p=1,A=1and =10.1,1,510,(d) 0=1,=0,A1 =1, M=15
and N=0.1,1,2,5and () 0 =1, = 0,1 = 1, N=1 and M=1.01, 1.5, 2, 5. The
effect of the parameters is evident.

3. =04l
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@

ﬁ:

1o
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Fig. 2 — Different possible shapes of the p.d.f. (39) for specified values of parameters 4, S, 6, N
and M.

Corollary 3 1f X and Y are independent r.v.s as given in Theorem 2, then the p.d.f.
h(w) and the c.d.f. H(w) of W= | XY| are given by

2
Hw) = o 67[5}
v 2N
F ) ~
F(Z /I)F(M+/1 1) 00 A-1+M, = - ﬂzﬁ/z 9_”/2 )
rrm-1 M A+ A4 5 4N 2N
i 1
91:/2 2 AF(M—%)F(/?V—E) , 1 ﬁZ 91:/2
+| Hy| A=, M=, 47—
I 2N T(M—-1)I(2) 20" 2N ) |

and
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r(%—z)rmm-nr(ﬂ,)
2 (B /20) B,(w)
H(w):i(ij ¢ 2T(A+1)
V2N ) T(M-1)T(2) g Vi
+wF(M—%)F(&—%)(Ej B2(u/)_
(0)
0<w<o

whete 6, 4, N> 0, M>1, f 2 0, and Bi(w)and Bz(w) as defined by (42) and (43)
respecttively.

Proof: Result (49) for the p.d.f. of w is a direct consequence of (39) and the relation
hw)=2hz) 3 05z<oo (51)
and the result (50) for the c.d.f. of w follows from the relation
Hw)=2H{) ; 05z<o (52)
where H(z) is given by (41). m

Corollary 4 Let the independent r.v. X follow the type 1I Bessel function distribu-
tion given by (1) and the r.v Y follow the student-t distribution (Johnson and
Kotz, 1970) defined as follows

() o (1+—J i ][2‘] (00,00), v>0) (53)
— ; € (-00,00), v
fN=7 o) b

N,
1 14
F(—A)F(ﬂ+j .
2 2 (2)/1L ;Fhoo /1+2’ o B e
1:1;0
r(l)r(”j P T A
2
v 1 1
{2 e o
0 )2 2 1v 1 0
+(—j 2 2 H4[/1——,1+—,/1; ﬂ—,—iJ
2v F(VJFM) 2’2 2777 207 2v

(54)
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and

B y Dy(z)+
H(z)=l+L OY 2r(§)r(/1+1)
2 2Jr\2v 1 1
F(ﬁ‘z)(ﬁf @
ray \av)
-0< z< 0 (55)
where >0, v>0,1>0
A+¥X 2 - - 2 2 2
0; 29 > 5 ’ ,B 6
D, ()=Fy . -4—%, Zi : (56)
/1+§,/1+1; A, v v
2\¢ 2\
-0) (5o 0% 5
& 2. \272) \2). v
D,z)=2.2 N : : (57)
=0 r=0 (), (5) k! r!

Proof: If N = vand M = 7 + v/2 the Pearson VII distribution reduces to the stu-
dent-t distribution, thus the above results can easily be obtained by setting N = v
and M =17 + v/2in Theorem 2. m

Theorem 3 Let X be a r.v. following the type 1I Bessel function distribution given
by (1) and Y be an independent r.v. following the Maxwell-Boltzmann distribu-
tion given by (6), then the p.d.f h(z) of Z=XY is given by

£

Al ~
_ A4 (a0} 545 82 120)y 1 a fi5 ) .
hz) J;[ 2) ") Yol se ) Keaa(2efk)
(38)
and
F(3-2)( goe2 Y r(2-3) 4or
_1. 1 e (2 abg 3 2)[ abz
H(z) 2"’\/;5 F(/l—i-l)( 5 ] Ci(z) () ( > J €, (%)
(39)

-oo<z<00
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whete , 4, >0, 20, k+A1-(1/2) #0, £1, £2,... and

2; 55 afy abyt
C :Fm;o _ep avx 60
1(%) 2:1;0 ﬂ, + 1’1 _%; l; - 4 > 2 > ( )

(61)

Progf: Substituting the values of f{x) and g(- z/x) from equations (1) and (6) in eq.
(21) as follows

- 2 2gr,B20) e 2 2 2
0= ot o e nf o - of [ Jo
(62)

—00<z<0

Next, writing the modified Bessel function in series form and using the known
result (Gradshteyn and Rhyzik, 1994) given in Theorem 1, we get /(3) as follows

2.3 £
- 4 (a0\2'% LAl 2, & 1 Braz’ )
b = — & 274 —(B7/20) 8 K m .
@ \/Z( 2 j SR 25 rerl so ) Teaz(V2e00)
(63)
o<z < 0
Similarly, 4*(z) can be obtained as
£
> 2

1,3
4 (B )24 A 1 /340:22
b)) =—| — SRR — | K s(N2a0
®) ﬁ(zj COEN /;kll"(k+/l) = oy (V200%)
(64)

0<z<o

Now using the equation (16) and combining the results (63) and (64) we can
get the required p.d.f. as given by eq. (58).

The c.d.f. of z can easily be obtained by using the result (58) in the definition
(31), which on using a known result (Prudnikov, Brychov and Marichev, 19806) as
mentioned in the proof of Theorem 1 and applying some useful properties of hy-
pergeometric functions, yields the required result (59). m
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Fig. 3 illustrates possible shapes of the p.d.f. (58) for (@) a =1, f=1,0=1 and
A=0.5,0551,10,b)y a=1,0=1,A=1and = 0.01,0.1,1,4, (c) =1, =1,
A=1land 0=0.1,1,510and d) 0=1,=1,A=1and = 0.1, 1, 5, 10. The
effect of the parameters is evident
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Fig. 3 — Different possible shapes of the p.d.f. (58) for specified values of parameters 4, £, 6 and a.

Corollary 5 1f X and Y are independent r.v.s as given in Theorem 3, then the p.d.f
h(w) and the c.d.f H(w) of W= |XY| are given by

k

Al s

8 (24 , 243 o & 1 ‘)2

b(ﬂ/)=—(—a j ()2 42 ape g s (\2a0m)
Jr\ 2 SRIT(R+A) 80 krd=

(65)
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and
3 3 N
H(w):ig-(ﬂZ/ze) F(E_A) abw’ ﬂC(w)_F(l_Z) alOn? zC )
\/; r(A+1) 2 1 r(A) 5 5
(66)
0<w<oo

where 6, 4, > 0 f 20 and Cy(w) and C;(w) as defined by (60) and (61) respectively.

Proof: Result (65) for the p.d.f. of W is a direct consequence of (58) and the rela-
tion

) =20 ; 0sz<w (67
and the result (66) for the c.d.f. of W follows from the relation

Hw)=2HF) ; 05z<o (68)
where H(7) is given by (59). m

Corollary 6 Let the independent r.v. X follow the Chi distribution (Springer, 1979)
given as follows

0
0 - 2
20_2} |X|zalexp{—g§2} ; x€(—0,0),8>0, >0 (69)

1

and the independent r.v Y follow the Maxwell-Boltzmann distribution given by
(6), then the p.d.f. h(z) and the c.d.f. H(z) of Z = XY are given by

0,1
4 o \2'+ , 01 1 J2a6

(a) (z2)2+4 X [ a MJ, <y < (70)
(o2

b =
®= 727 ry o
and
S B}
F(f—ﬁ) 2\?¢ 2
0 6
PR R I AP R
1| T@+)\ 20 2" 20
H(Z):_+ﬁ 3 X
_F( _5) abz” |2 5 3.5 é_e'aQZZ
re) |20 ) 272’2 7 25?

where 6, >0, >0, 0- (3/2) #0, +1, £2,...
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Proof: On taking = 0 and 0= 0;/c? , A = 0; and replacing 0; by 0 in Theorem 3,
the type II Bessel function distribution reduces to the Chi distribution and we
easily arrive at the above result. m

Remark 2 Note that the p.d.f.s given by Theorem 3 and Corollary 5 are infinite
mixtures of type I Bessel function distributions. The p.d.f. given by Corollary 6 is
precisely that of a type I Bessel function distribution.
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SUMMARY

Distributions of products involving the type I Bessel function random variable

The aim of the present paper is to study the distributions of product of two independ-
ent random variables X and Y which are not everywhere positive. We have taken X to be
a type II Bessel function random variate whereas Y belongs to one of normal, Pearson
VII or Maxwell-Boltzmann families of distributions. Several special cases have also been
obtained.





