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ESTIMATION OF PARAMETERS OF A TWO-PARAMETER
RECTANGULAR DISTRIBUTION AND ITS CHARACTERIZATION
BY £-th RECORD VALUES
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1. INTRODUCTION

Record values are found in many situations of daily life as well as in many sta-
tistical applications. Often we are interested in observing new records and in re-
cording them: e.g. Olympic records or world records in sports. Motivated by ex-
treme weather conditions, Chandler (1952) introduced record values and record
value times. Feller (1966) gave some examples of record values with respect to
gambling problems. Theory of record values and its distributional properties have
been extensively studied in the literature. For more details, see Nevzorov (1987),
Arnold, Balakrishnan and Nagaraja (1998), Ahsanullah (1995) and Kamps (1995).

We shall now consider the situations in which the record values (e.g. successive
largest insurance claims in non-life insurance, highest water-levels or highest tem-
peratures) themselves are viewed as ‘outliers” and hence the second or third larg-
est values are of special interest. Insurance claims in some non-life insurance can
be used as an example. Observing successive £-th largest values in a sequence,
Dziubdziela and Kopociniski (1976) proposed the following model of 4-th record
values, where £ is some positive integer.

Let {X,,72=1} be a sequence of independent and identically distributed ran-
dom variables with cdf FF(x) and pdf f(x).Let X denote the j-th order sta-
tistic of a sample (X,,X,,...,X,). For a fixed £21, we define the sequence

U, U, ... of k-th upper record times of X,,X,,... as follows:

U% =1
U =min[j>U"Y X, . >X

URUM +4-1 B

U% =min[ j>U,% X

n+1 Jijtk—

1> X

U”(k):Uﬂ(k) +A—1 ]’

n=12
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The sequence {Y,"”, 7 >1}, where Y, = X, is called the sequence of 4-th

upper record values of the sequence {X,,7>1}. For convenience, we define
Y, ) =0. Note that for k =1we have Y, = X, ,#>1, which are record values

of {X,,n2>1} (Ahsanullah, 1995).

In this paper, we shall make use of the properties of the £-th upper record val-
ues to develop inferential procedures such as point estimation. We shall obtain
the best linear unbiased estimates of the parameters of the two-parameter rectan-
gular distribution in terms of 4-th upper record values. Ahsanullah (1989) consid-
ered the problem of estimation of parameters for the power function distribution
based on upper record values (£ = 1). At the end we give the characterization of
the two-parameter rectangular distribution using £-th upper record values.

In order to derive the estimates for the parameters of the two-parameter rec-
tangular distribution and to give its characterization, we need some recurrence
relations for single and product moments of 4-th upper record values which have
been established in the next section.

Applications of random variables having two-parameter rectangular distribu-
tion are found in the study of consumption of fuel by an airplane during a flight,
the thickness of steel produced by rolling machines of steel plants, development
of gambling, lotteries and in the generation of random numbers in simulation ex-
periments.

n>

2. RECURRENCE RELATIONS FOR SINGLE AND PRODUCT MOMENTS

A random variable X is said to have a two-parameter rectangular distribution if
its pdf is of the form

1

f(X):,g_g’ —0< B, <x <0, <o, ©)
2 1

and the cdf is of the form

-0
Fx)=——2l —0<f, <x <0, <. @
0 _0 1 2
2 1

It can easily be seen that
(0, —x) f(x)=1-F(x), —=0< 0, <x <0, <. 3)

The relation in (3) will be employed in this paper to derive recurrence relations
for the moments of £-th upper record values from the two-parameter rectangular
distribution.

Let {Y,",#>1} be a sequence of &-th upper record values from (1). Then,
the pdf of Y, and the joint pdf of Y, and Y, respectively, are as follows:
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n

o ()= OO = FOOL 0, @
for n=1,2...,
f);gfz)y/fw (%, 0)= k—[H(X)]Wl[H(J/) —HE) ™ h)[1=FO) f(0),5 < 0,

(m=1)\(n—m—1)!
®)

for 1<m<n, n=2,3,...,

where H(x)=-log[l—F(x)], log is the natural logarithm and A(x)=H'(x),

(Dziubdziela and Kopocitiski, 1976; Grudzien, 1982).

Theorem 1: Fix a positive integer £21. For n>1and r=0,1,2,...,

(r+1+4) EQV0)™ =(r+ 16, EQY,) +£ EQS)™. ©)

Proof For n=1and r=0,1,2,..., we have from (4) and (3)

k'

0. E Y(»é) r_E Y(k) r+1
2 ( n ) ( n ) ( 1)'

I X [H) 1= Fx)ld

Integrating by parts, taking x” as the part to be integrated and the rest of the in-
tegrand for differentiation, we get (6).

Theorens 2: For 1< m<n—-2, r,s=0,1,2,...,

(s + L+ REY,OY (V)™= 0,(s + DE[(Y) () T+ £EIY,Y (D™ ()

w

and for »2>1, r,s=0,1,2,...,

(s +1+R)EYS) (YU ™ =0, + DE[(YL)Y (Y0 1+ AE(Y, D)™ (8)

m+1 m+1
Proof: From (5), for 1<m<n—1and r,5s =0,1,2,..., we obtain
p 0,

GEIY,”) (V) 1= F(,y (7,0 = = I XHEOHE) (),
"= '
©)

where

o,
1(x)= [ y[HO) = HE) ™ 1= FO) dy,
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on using the relation in (3). Upon integrating by parts, treating y* for integration,

we get

(ﬂ—iﬂ—l)ez

109=-"13 [ HO) = HEr 1= FO) /(0)dy

6,
+ " [ M H) - HEOP ™ 1= FO) ()b,

(s+1)
Substituting the above expression for I(x) in (9) and simplifying, it leads to (7).
Proceeding in a similar manner for the case » = + 1, the recurrence relation
given in (8) can easily be established.

3. ESTIMATION OF THE PARAMETERS 6, AND 6,

It can be shown, on using (1), (2) and (4), that

) n—1 -1
n 2 _ _ 1
E(Yﬂ(/@):—/é J‘x{—log[ % X]} (92 XJ dx,
(ﬂ—l)!g1 0, -6, 6, -6, 0, -6,

which simplifies to

E(Y®)=6, - (6, 0)[;1)” (10)

Also
E(y(k)>2:92+(9 _9)2( YA *1_20 (9 —,9) A "
n 2 2 1 L4 2\Y2 1 Ll :

Hence, one can easily obtain

Var(Y) = (6, —@){( éf 2) —(ﬁ) } (1)

Further, on using the recurrence relations given in equations (6) and (7) in the re-
lation

Con(Y,0, Y, )= E(Y,PY,") - E(V9)E(Y,Y),

a4

we obtain

m > =1

Co(YH Y Hy = (; jcw(y<é> Y,
+
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Applying it recursively, it can easily be verified that
w 2 ) *)
Cov(Y,”,Y,")=| —— var(Y,™),  n>m. (12)
k+1
Let us consider the following transformation
70 =y
i-1
z@:(—mzjz (Y@——'é Y.U@)) i=23,...
' £ ' £+1 ) S
Then on using (10), we obtain
k 17
E(Z =(—je +—2 13
o= ) e =
E
k+2 o
E(ka)){—)z 2 i=23,....n. (14)
V3 k+1
Similarly, on using (11), we obtain
k0, —6,)
Var(z)=—L=0)__ ;15 (15
(F+2)(£+1)
Also, it can be shown that
Con(ZP,Z)=0, i+ j,1<i<j<n. (16)
Let Z'=(Z%, 79 ...., 7). Then
E(Z)=Af, 17)
where
£ 1
k+1 k+1
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The best linear unbiased estimates él,éz of 6, and 6,, respectively, based on

Y1(/€),Y2(/€>,. ..,Yﬂ(k‘) are given by

é:(zlJz(A'A)lA'Z. (18)

2

We have

)
(A'4) = é;l (k+1)° ’

(k+1)°

where

() () ()
T = + + +
k+1 £ N\ k+1 £ ) \k+1

_ K (mz)”_l

C2k+ 1) | £ '

Now, one can easily obtain

(k+2)"_1( 1 jz
J’_ PR [
£ £+1

&
(k+1)* (k+1)°

k+2) [(k+2)" || o] & ( £ jz
2 £ (+17  k+1

Substituting for (A'A)™" in (18) and simplifying the resulting expression, we ob-

(A'4)” =

tain

206+ 1)

kz(/ﬁz{(é;j” _1}

W ko & |z - £ : (é+2)22(’6>+...+(k+2j2Zﬁ‘”
E+1 (k+1) e+1)° |U & : £

6, =

and



Estimation of parameters of a two-parameter rectangular distribution etc. 173

1 n—1

b, = 2(k+1)* | ;213 [é;ijZU&H_M_}_(/&ZijZié)
n— + 2
Bk + 2)[(/“2) —1} (k+1)
k
Hence, on using (15) and (16), we obtain
2 2
Var(d,) = 2(6,-6,) (,éz-i- 1) T ’
k(£ +2) (/g ; 2) 1
IS
: 2k(0,-06,)
Var(0,)= KO, ])’H
(£ +2)? HMJ - 1}
&
and
W 20, -6,
Cov(6,,6,) =~

S (E+2 ”‘1_ .
(k+2) {(/@) 1}

The generalized variance s of él and éz = Var(é1 )T/ar(éz) - (Coy(é1 ,éz )?)is

2(6, - 6,)"

s w ﬂ—l_ ’
(£+2) {( . ) 1}

On considering the two 4-th upper record values Y* and Y (s > 1) it fol-

lows from (10) and (12) that the best linear unbiased estimates of 6, and 6,

based on these two £-th record values are as follows:

. (E+1Y £+1Y .
(s
£ £

v _(’é + 1JH )

1_£/e+1j
£
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. . * *
The variances and covariances of 8, and 6, are

Var(6,) = [(6+1)" — £ (£+2)] 0,-6,) + [(%) - 1] Var(6)),

E(E+2)
(MJ” _(/ﬁljzw
£ k£
(/ez) 1_(/<+1)“” 2
£ £
and

Con(6, ,0,) = —((%)r — 1]Var(¢9§ ).

It can  ecasily be  shown  that the  generalized  variance
X =Var(6, War(6,)—(Cov(6, ,0,))" is minimum when s = n and r = 1. Hence

the best linear unbiased estimates of 8, and 6, based on two selected £-th record

Var(6]) = (6, -6,)°

values are

Also, on using (11) and (12), one can obtain

6, - 91)2 n V‘”(éz)

Var(6,) = ,
@ k(k+2) £’
B { L+1 2(n-1) _/én—l k+2 ﬂ—1}
Var(@) =2 22 diy gy
[(%j —1] )"
and
Cov(6,,0,) = —m.

k
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Let

_Var®)  _Var0) . _Co(0,0))

Y V@) 7 Var(d,) 2 Con(6,,6,)
The generalized variance T of 671,672 is
{(+ 12D — " (ke +2)7")
2 (‘92 - '91)4~

n—1
/é;zfl(/é+2)n+l (’égl) -1

Further, it can be seen that ¢, =e¢,.

In Tables 1 and 2, we tabulate the values of ¢, and e,, for £=2 and £ = 3, re-
spectively and for » =2, 4,5, 10, 15, 20 and 30. It can be seen from the tables
that efficiency of the best linear unbiased estimate of 6, based on two 4-th re-

cord values are very high compared to corresponding estimate based on a com-

plete set of £-th record values.

TABLE 1
Values of ¢, and e, for k=2

n e e,

2 1.0000 1.0000
4 0.9965 0.9506
5 0.9969 0.9141
10 0.9996 0.7272
15 1.0000 0.6148
20 1.0000 0.5592
30 1.0000 0.5170

TABLE 2
Valnes of ¢, and e, for £=3

n ﬁ'l 6'2

2 1.0000 1.0000
4 0.9968 0.9688
5 0.9970 0.9148
10 0.9989 0.7846
15 0.9998 0.6492
20 1.0000 0.5613
30 1.0000 0.4725

Remark : Although 6, can be accurately estimated by taking large n, the esti-

mate of 6, does not improve with increasing n (asymptotically for £ =2,

Var(6,)=1/8 and for k=3, VVar(6,)=1/15).
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4, CHARACTERIZATION

This section contains characterization of the two-parameter rectangular distri-
bution. Characterization is a condition involving certain properties of a random
variable X, which identifies the associated cdf F(x). The property that uniquely
determines F(x) may be based on function of random variables whose joint dis-
tribution is related to that of X. A characterization can be used in the construc-
tion of goodness of fit tests and in examining the consequences of modeling as-
sumptions made by an applied scientist.

In this paper we shall use the record moment sequence to determine F(x)
uniquely. We shall use the following result of Lin (19806).

Theorem 3 (Lin, 1986): Let 7, be any fixed non-negative integer, —0 <a <bh < oo,
and g(x)2 0 be an absoluetly continuous function with g'(x)#0 a.e. on (a, b).

=&(x)

Then the sequence of functions {(g(x))" ¢ **,n2n,} is complete in I(a, b) iff

() is strictly monotone on (g, b).

Theorem 4: A necessary and sufficient condition for a random variable X to be dis-
tributed with pdf given by (1) is that

(r+1+4) EYAY™ =(r+ 18, EPY +& EYAY™, (19)

n—1

for n=1,2,... and r=0,1,2,..., where k> 1 is any fixed positive integer.

Proof: The necessary part follows from (6). On the other hand if the recurrence
relation (19) is satisfied, we get

1+£06" ¢ . - -t
%I X HEN L= FOI f(x)d
L
n HZ
:%I X THE 1= F)] f(x)dx
o0
I
+ (n—2)! J.X’“[H(X)]HU = F() ™ f ().
¥

Integrating the last integral on the right-hand side of the above equation by parts,
we get
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ﬂez
MIXHl[H(X)]”J[l CEO £ ()
(=D 5
_M@XV SO = F) ™ fx)dx
O [ e - Feor s
,é”ﬂ 0, ) 1 o=
+(n—1)lix [HCO [1-F(x) f(oc)dx
RG]

(7"+1) “ r n—1 13
== [ THEN 1= Fol d,
(n=1)! 8,

which on simplification reduces to

0,

I X HE 11— F(x)]k_l[(r +1+£)xf () + (r+ 1)(1=F(x)) = (r + 1)@, f (x) — kxf (x)]dx = 0.
)

Now on using Theorem 3 with g(x)=—log[1— F(x)]= H(x), it follows that

(0, =) f(x) =[1= F(x)),
which proves that f(x) has the form (1).

5. CONCLUDING REMARKS

In this paper the best linear unbiased estimates of the parameters of a two-
parameter rectangular distribution have been obtained using some properties of
the £-th record values. The efficiency of these estimates based on two £-th record
values has been compared with that of the corresponding estimates based on a
complete set of £-th record values and has been presented in the tabular form. It
has been seen that efficiency of the best linear unbiased estimate of 6, based on

two A-th record values are very high compared to corresponding estimate based
on a complete set of £-th record values.

Some recurrence relations for single and product moments of 4-th upper re-
cord values from a two-parameter rectangular distribution have also been estab-
lished. These recurrence relations have been used to characterize a two-parameter
rectangular distribution.
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W.

SUMMARY

Estimation of parameters of a two-parameter rectangular distribution and its characterization by k-th
record values

In this paper, we shall make use of the properties of the £-th upper record values to
develop the inferential procedures such as point estimation. We shall obtain the best lin-
ear unbiased estimates of parameters of a two-parameter rectangular distribution based on
4-th record values. The efficiency of the best linear unbiased estimates of the parameters
based on two £-th record values has been compared with that of the corresponding esti-
mates based on a complete set of £-th record values. At the end we give the characteriza-
tion of the two-parameter rectangular distribution using 4-th upper record values.



