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ONE-SIDED AND TWO-SIDED NONPARAMETRIC TESTS
FOR HETEROGENEITY COMPARISONS

R. Arboretti Giancristofaro, S. Bonnini, F. Pesarin, L. Salmaso

1. INTRODUCTION

It is often of interest to compare the concentration of two distributions. For
example, the so called “external efficacy” of two different doctorate courses can
be assessed by comparing the heterogeneity of the range of job opportunities of-
fered by each. Obviously the most effective course is the one that offers the wid-
est and therefore most heterogeneous range of job opportunities. In this matter,
from a statistical point of view, job opportunities represent the nominal categori-
cal response variable and the two populations consist of all the students who
have achieved a doctorate in one course or the other. A sampling survey aimed at
determining the kind of job Ph.D. graduates attain as their first post, could pro-
vide the initial data useful in resolving the above issue.

In marketing studies, in order to accomplish successful communication strate-
gies, a company might be interested in evaluating the heterogeneity of its
customer base. The qualitative variable under examination could be the level of
education, pastimes and lifestyle or any other socio-economic vatiables which are
of interest to the company. Obviously the comparison of the heterogeneity of
two distinct client groups, referenced by two different geographical areas, two dif-
ferent channels of distribution, two different kinds of products etc., could prove
useful to the company to focus on the correct choice regarding the differentiation
of products or the segmentation of the market.

Another science in which heterogeneity is also relevant is genetics. In this field
studies exist that deal with the comparison of two populations in order to verify
which of the two presents a wider genetic differentiation, that is a wider hetero-
geneity from the point of view of the phenotypical combinations of certain ge-
netic factors (Corrain ef al., 1977).

Other examples of specific applications are the study of the territorial distribu-
tion of certain types of plants (comparing one area with another), the territorial
distribution of human activities (comparing regions and countries), the different
type of secondary school attended by undergraduates (comparison between two
degree courses or faculties), biodiversity, and several others. The range of applica-
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tions in which the comparison of heterogeneity proves useful is both countless
and diverse and is the concern of social sciences, medicine, chemical and biologi-
cal sciences, engineering, and many more besides.

The importance of measuring heterogeneity is evident if one considers the
studies of the imbalances of the ecosystem which render vitally important the ex-
act determination of the genetic differentiation between species and the risks of
their reduction by applying proper measures of ecological diversity (Patil e Taillie,
1982; Pielou, 1975, 1977). In the analysis of electoral preferences the indices of
polarization that measure the degree of polarization of the consensus over time
and territory are in fact indices of homogeneity. The richness of the vocabulary
by an author, the indecision when confronted with alternative choices, the muta-
bility of the flora are all issues where the measure of heterogeneity is an essential
aspect in the analysis of the problem.

As far as the methodology is concerned, the heterogeneity has been dealt with
mostly from a descriptive point of view, i.e. with the objective of determining
those indicators capable of providing appropriate measurements of the degree of
heterogeneity of a distribution. The object of this work is to establish an inferen-
tial procedure which allows for the solution of the above mentioned issues,
whose goal is to compare the heterogeneity of two populations on the basis of
sampling data.

The method we propose consists of determining suitable test statistics and a
general methodology based on the ordering of probabilities of various categories
and on a nonparametric test, that, for the one-sided test, is similar to the one
proposed by Pesarin (2001) for issues of stochastic dominance. It is important to
note that the class probabilities of two distributions are unknown parameters and
therefore the ordering of the probabilities can only be assessed on the basis of
sampling data. The proposed solutions are therefore approximate.

In section 2 we show some of the contributions in the literature in which het-
erogeneity is dealt with from the descriptive point of view. We list the main pro-
posed indicators of heterogeneity and describe some of their properties. Section 3
deals with the nonparametric test statistics for the comparison of heterogeneity
between two samples, describing their characteristics and their main properties.
The solution we propose for the directional case shows certain analogies with the
test proposed for problems of stochastic dominance, i.e. for restricted alterna-
tives, in the presence of ordinal categorical variables. In section 4 we describe
some results with regard to a simulation study carried out using the Monte Carlo
method to evaluate the behaviour of the proposed test under the null hypothesis
and the alternative hypothesis. Section 5 consists of some final considerations on
the issue and the results obtained.

2. HETEROGENEITY IN DESCRIPTIVE STATISTICS

The concept of heterggeneity is mostly used in descriptive statistics. Homageneity
notoriously means the attitude of a statistical phenomenon to always be mani-
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fested in the same class or category. A set of statistical units is therefore homoge-
neous if all its units are characterized by the same category. If this does not occur,
that is if at least two categories in the set of statistical units are found, then units
are heterogeneous. Heretogeneity is therefore characterized by absence of homo-
geneity. The degree of heterogeneity obviously depends on the number of catego-
ries observed as well as on their associated frequencies. In particular the hetero-
geneity is at a minimum if the distribution of the obsetrved variable is degenerate,
Le. it presents a single category with a relative frequency equal to 1 and all the
others with a frequency equal to 0. On the other hand heterogeneity is at a maxi-
mum if the variable is equally distributed on all the categories.

Consequently an index that syntetically weasures the degree of heterogeneity of
the observed phenomenon must satisfy the following characteristics:

1. It assumes minimum value when the phenomenon under study is mani-

fested with a single category, i.e. in presence of maximum homogeneity;

2. it assumes increasingly greater values the more one moves away from the

degenerate distribution and the more one approaches the equidistribution;

3. it assumes the maximum value in presence of equidistribution.

It is well known that the notion of heterogeneity is related to that of concentra-
tion.

Heterogeneity can be also associated with the notion of diversity, that is the atti-
tude of a qualitative variable to assume different modalities. This, in turn, is asso-
ciated with the concepts of uncertainty and of information, because in case of mini-
mum heterogeneity also the uncertainty of a classification is at a minimum and
the information derivable from a single observation is at a maximum. In the op-
posite case of maximum heterogeneity one has maximum uncertainty and mini-
mum information is derivable from a single unit. Starting from these notions,
various indicators were proposed in the literature, only the most commonly used
will be mentioned here.

The index of heterogenity proposed by Gini (1912), for a variable X which as-
sumes £ categories with relative frequencies f, /=1,2,...,4, is

G=Y HA=f)=1=3 1 (1)

whose normalized version is G*= G(k - 1)/ 4.
Shannon's index of diversity, also called index of entrgpy of a distribution, is as-
sociated with information theory (Shannon, 1948) and is defined as

S=" flog(1/ f)==2"_ flog(/;). B

where log(-) are natural logarithms, even though in the original version they
were in base 2, and we assume that 0-log(0)=0. The normalized version is
H*=H/log(#).

Observing that G can be interpreted as the mean of 1 — f, (7 = 1,2,...,£), which
in turn are measures of heterogeneity for the single attributes, Leti (1965) pro-
posed as an index the geometric mean of 1/:
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L=TT.007 ®

which in fact is a monotonic transformation of Shannon’s index since I. =
exp(S). The normalized version of Lis L* = (L—1) / (k- 1).

Quite a general approach was proposed by Frosini (1981) who introduced in-
dices of homogeneity and of heterogeneity as the distance between the vector of
the observed relative frequencies (A, f3,..., f¢)' and that of the relative frequencies
in the hypothesis of maximum heterogeneity (1/4, 1/4,..., 1/4)". If the euclidean
distance is used, Frosini’s index of homogeneity is

P= i (51 “

the normalized version of which is related to that of Gini, because

=1 i )4 _lz=_ i . 2_L=_ —
bt \/(k—1jzi_l(fj ,éj \/(é_JZM(ﬁ) 1 1 1-G .

Both indices are inverse functions of %, f7, which therefore is the core statistics
for homogeneity upon which so many methodological proposals are based. The
class of indices proposed by Frosini in reality is wide-ranging and with distances
different from the euclidean one can obtain alternative versions of the index. If
for example one chooses the distance in absolute value (Manhattan metrics), one
obtains the following normalized index:

pro1-_ % Z;

2(k—1)

1
——]. 5
i é‘ ®)
A generalized index taken from the field of information theoty, is the generalized
index: of entropy of order o proposed by Rényi (1966)

1

1-«a

£ ja
Ra = log Z i=1 ]fl > (6)

with a # 1. R, is a non-increasing function of a. As o varies, one obtains differ-
ent indices of heterogeneity and some particular cases among the most frequently
used are:

1
1—

LR =ggrgl[ . log<Zf_1fﬁ>} =3 flog(f) =5,

2. R,=-log(3." f})=-log1-G),
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3. R, =lim [ . _l - log(Y., f!’)} = —log[,_sllpk(f,-)} :

3. TWO SAMPLE TEST FOR COMPARING HETEROGENEITY

In the previous section we dealt with the notion of heterogeneity from a de-
scriptive point of view, namely by considering the indices that measure the degree
of heterogeneity of a frequency distribution. From now on we will take into con-
sideration the inferential problem which consists of comparing the sampling het-
erogeneity of a categorical variable X in two populations. That is, to test in the
light of two sample data the hypothesis that the heterogeneity in one population
is greater than in the other (one-sided test) or the hypothesis that two heteroge-
neities are not equal (two-sided test). To this end, let X , /=1,...,n, be ii.d. (inde-
pendent and identically distributed) sample data of size 7 = 1 from the jth popu-
lation, j=1,2. It is assumed that the values of random variable X can fall within
one of the £ categories A1, As,..., Ar with probability distribution {p; = 0, Z; p; =
1, 7= 1,2,..k}. It is worth noting that for our testing problem population prob-
abilities p; = Pr{X; = A}, 1 = 1,2,..k4, j=1,2, play the role of undetlying parame-
ters.

From a formal point of view, given two populations Xi e Xo, if we indicate
with He#(X)) the degree of heterogeneity of population X (7 =1,2), the problem of
hypothesis testing with one-sided alternative can be expressed as

H,:Het(X,)=Het(X,)
against
H, : Het(X,)> Het(X,) .

We take into consideration the indeces of Gini G = Z; p(1 - p), of Shannon
S=-%; pi log( pi), of Rényi for oo = 3 and o — o, R; = -lg(Z; pi?)/2 and Ry =
-log [supi (pi)], respectively, and that of Frosini F = (Z; (p; — 1/4)%)!/2. The choice of
R;instead of Ko, which is perhaps the index of Rényi most used in the literature,
is dictated by the fact that R, is one-to-one related with G, and therefore the two
indices imply the same inferential conclusions when applying theory and methods
of permutation tests, since they are permutationally equivalent.

Let us indicate with p, 7 =1,2,...,4, the underlying parameters of X arranged in
non-increasing order: pay = pp) = ... 2 pw. We note that, indices G, S, Rs, Ry and F
are order invariant, i.e. their values do not change if they are calculated with ordered
parameters p, in place of proper parameters p;. 1If we indicate with pyy, 7 =1,2,....4,
the ordered probabilities for population /, / = 1,2, the fact that the indices of het-
erogeneity are order invariant allows us to express heterogeneity through ordered
parameters. To this end, let us obsetrve that: mwo populations such that {p1y = pay,
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i=1,2,...k}, that is with the same ordered distribution, are equally heterogencous. Moteovet,
i Apro) = pawy i=1,2,....k} then data of two samples are exchangeable and so the permutation
testing principle applies.

Then the null hypothesis of our problem can be equivalently written as:
H, :p1(z') = pZ(,‘) ,fori=12,. k.

The problem is similar to stochastic dominance problem for ordinal categorical
variables, with the peculiarity that the order is now determined according to the
values of the parameters p; and not according to the categories the vatiable X can
assume. Therefore, our problem can be referred to as one of dominance in heteroge-
nezty. We may observe that X generally is a nominal variable, because heterogene-
ity is a property that concerns probabilities and does not involve the categories
of X, whereas the standard problem of stochastic dominance assume that classes
A, As,..., Ag are ordered.

For problems of stochastic dominance the literature offers quite a long list of
exact and approximate solutions. Among the many, we mention those of Agresti
and Klingerberg (2005), Han e a/. (2004), Hirotsu (1986), Loughin and Scherer
(1998), Loughin (2004), Lumely (1996), Nettleton and Banerjee (2001). For the
univariate case most of the methodological solutions proposed are based on the
restricted maximum likelihood ratio test. Among these we mention Cohen e .
(2000), Silvapulle and Sen (2005), Wang (1996). In general these solutions are
criticized because the distributions under the null and alternative hypothesis are
asymptotically mixtures of chi-squared variables with weights essentially depend-
ent on the unknown population distribution. Nonparametric proposals are those
of Troendle (2002), Brunner and Munzel (2000), Pesarin (1994 and 2001), and
Pesarin and Salmaso (20006). The latters, based on the nonparametric combination
of dependent permutation tests (NPC), provide for exact, unbiased, and consis-
tent tests.

As far as we are concerned in difference of heterogeneity, it is reasonable to
take into consideration as test statistic the difference of two sampling indices:

Tr=151-0D,

where index [ stands for G, S, Rs, R, and I and, of course, [; indicates the sam-
pling value of I calculated for population j, / = 1,2. Cleatly the tests will be signifi-
cant for large values, i.e. large values observed in the test statistic can lead to the
rejection of the null hypothesis in favour of the alternative. In order to apply the
tests according to the usual approach, it is necessary to make reference to their
sampling null distributions. These can be known in principle if the set of underly-
ing null parameters (Py(1y> Par2)s- Pary)  Wete known. But since in practice this

knowledge is not available, we must act subject to a proper sampling estimate un-
der Ho of the marginal vector of ordered probabilities. That is, we must consider

]A)N) = fiy =10 /nj»,j:7,2, 7=1,...,m, because the vectors of the probabilities
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One-sided and two-sided fest: ) 1y

(D15 pisepie)’ as well as those of the ordered probabilities (pj), P> Pik)'s J =
1,2, are unknown. In reality this question is not easy to solve exactly, with per-
haps the exception where £ = 2. For this purpose, instead of the true ordering of

unknown parameters {p1), pj),---» piw; /~1,2}, we utilize its estimate (data driven
solution) based on ordering the observed frequencies (empirical ordering)

Ly 2 Fiey 22 Fiy © Pjay 2 Py 22 Pjwy> =12

thus, obtaining the following ordered table:

TABLE 1
Probabilities ordered by frequencies

Classes Sampling
Population [©) (2) (k) Dimensions
Xi may me me) m
X 721y ) 72 2
72.(1) 72.(2) 72.(k) N

We note that the order is realized separately for each sample and as it is based on
frequencies rather than on classes, it could be that the 7th column of table 1 re-
fers to two diverse classes for the two samples. In other words class (2) corre-
sponds to the class whose observed frequency occupies the /~th position in the
ordered sequence and can be different for the two samples. Obviously the order
imposed by the frequencies presents a random component and may vary depend-
ing upon sampling variations. Therefore under Hy data are not exactly exchange-
able as it would be if the true order of population parameters were known and
used. The exchangeability property can only be obtained asymptotically. There-
fore, permutation solutions are approximate for finite sample sizes and asymp-
totically exact.

Using the data in table 1, the observed value of the test statistic T} is calcu-

lated. For each permutation of the dataset one obtains a new permuted table (as
in table 2), with different values from those of the observed table but with fixed
marginal frequencies.

TABLE 2
Absolute frequencies after a permutation of data

Classes Sampling
Population (1) (2) (k) Dimensions
X 711y 712 at0) m
X n2q) n22) "2 (k) n
7.(1) 7.2 7. (%) N

Using the data of the permutated table in the calculations of test statistic, one

obtains the permutation values T . Calculating the values that can be obtained

making all the possible permutations, one obtains the permutation distribution of
each test statistic. Alternatively it is possible to extract a random sample from the
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set of all permutations, thus obtaining conditional Monte Carlo estimates. In this
way it is possible to calculate the p-value, that, if B is the number of considered
permutations, is given by

4y =#(T 2T/ | X)/B,

for the test based on index I, where #(T}" > T, | X) indicates the number of times
permutation values are not lower than the observed one, conditionally on the given
dataset X. The dependency on X is equivalent to the dependency on the space gen-
erated by all the possible permutations of X, namely the orbit associated with X.
Therefore, according to the general deciding rule of the tests, if the p-value is less
than or equal to the fixed significance level, the null hypothesis is rejected in favour
of the alternative hypothesis otherwise the null hypothesis cannot be rejected.

The problem, with two-sided alternative hypothesis, can be expressed as fol-
lows

H, : Het(X,) = Het(X,)
against
H, : Het(X,)# Het(X,),

the test statistic can be based on the absolute value or on the square of difference
of the sampling indexes:

112 = (L — L),

and the testing procedure is the same described for the one-sided test.

4. SIMULATION STUDY

In order to assess the properties of the test, we consider a simulation study in
which data are generated according to the following model:

X~1+Int[k-U®,

where 8 € R is a real number and U is uniformly distributed in the open unit in-
terval (0,1).

The random wvariable X is therefore discrete, whose domain consists of the
first & positive integers. The situation of maximum heterogeneity is simulated by
making & = 1.

Increasing § the distribution of X moves further away from maximum hetero-
geneity approaching that of maximum homogeneity where frequencies tend to be
concentrated on the first category. The choice of this model, as an alternative to
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the generation of data hypothesizing diverse possible distributions of probabilities
for the two populations, mainly depends on the fact that studying the power of a
nonparametric test, the variety of proposable alternatives for simulations is so
vast that it is almost impossible to consider them all (Lehmann, 1953). In this way
we can generate discrete distributions with different degrees of heterogeneity us-
ing a single parameter instead of K, as we would if data were generated from a
completely specified distribution, such as: p1, pa,.., pe.

Generating the data as described, for diverse sample sizes, diverse couples of
parameters &1 and &, for respectively population Xi and X, and diverse values of
nominal significance level, we calculated the rejection rates of some tests in order
to verify their degree of approximation as well as their power. The results re-
ported refer to the case of £ = 16.

Table 3 reportts, for the one-sided test, the rejection rates of test T¢, based on
Gini’s index, Ty, based on Shannon’s index, Trs and Trs based on Rényi’s index
of order 3 and « respectively, and Tr, based on Frosini’s index, under the null
hypothesis, for different degrees of heterogeneity with 8; and &> ranging from 2
(maximum heterogeneity), to 3. 2000 dataset were generated each with 2000 per-
mutations in order to approximate the related permutation distribution. Reported
results show that, in general, the most conservative test is that based on the index
R, of Rényi. For the other tests the performances are very similar, even though
those based on R; and F shows to be slightly anticonservative but in any case we
can conclude that the tests are substantially well approximated. In general, by in-
creasing of 81 and 3 the rejection rates tend to increase.

TABLE 3
Rejection rates for the one-sided tests in the null hypothesis

o1 52 n nz nominal alpha Test
0.010 0.050 0.100
2 2 20 20 0.005 0.038 0.086 Te
0.006 0.039 0.087 Ts
0.010 0.067 0.124 Tr3
0.002 0.029 0.069 Tree
0.005 0.056 0.124 Tr
20 10 0.006 0.036 0.083 Te
0.007 0.037 0.084 Ts
0.015 0.066 0.140 Tr3
0.007 0.024 0.051 Treo
0.009 0.079 0.140 Tr
3 3 20 20 0.010 0.052 0.115 Te
0.011 0.053 0.116 Ts
0.017 0.069 0.134 Tr3
0.007 0.034 0.062 Treo
0.012 0.060 0.127 Tr
20 10 0.012 0.064 0.116 Te
0.013 0.065 0.117 Ts
0.016 0.085 0.144 Tr3
0.003 0.026 0.054 Treo
0.014 0.079 0.150 Tr

To evaluate the power of five tests we considered some situations in which the
heterogeneity of the two populations were different. In this case 1000 dataset
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were generated and, for each of these, 1000 permutations. Obviously, the power
of the tests increases with the increase in the difference of heterogeneity parame-
tets 8,, /=1,2, (table 4).

Comparing the performances of the four tests it emerges that the power of the
test Tre is slightly lower than that of the others, while a preference is shown for
the test Trs, based on Rényi's entropy index of order 3.

TABLE 4
Rejection rates for the one-sided tests in the alternative hypothesis

&1 32 n nz nominal alpha Test
0.010 0.050 0.100
2 2.5 20 20 0.016 0.097 0.224 T
0.017 0.098 0.225 Ts
0.036 0.156 0.272 Trs
0.014 0.074 0.137 Treo
0.017 0.100 0.204 Tr
20 10 0.023 0.097 0.186 T
0.024 0.098 0.187 Ts
0.046 0.154 0.250 Tr3
0.016 0.069 0.119 Tree
0.031 0.132 0.210 Tr
2 4 40 40 0.522 0.756 0.856 Te
0.523 0.757 0.857 Ts
0.542 0.767 0.860 Trs
0.409 0.659 0.776 Treo
0.396 0.654 0.761 Tr
30 40 0.466 0.730 0.841 T
0.467 0.731 0.842 Ts
0.506 0.746 0.847 Tr3
0.354 0.630 0.748 Tree
0.360 0.614 0.734 Tr

Table 5 reportts, for the two-sided test, the rejection rates of test T, Ts and Tc,
under the null and alternative hypotheses, for different degrees of heterogeneity
with 61 and 02 ranging from 2 to 4. Test T¢ is based on y? test statistic. The pet-
formance of the three tests are quite similar: under the null hypothesis the rejec-
tion rates are not very different from the nominal significance level and under the
alternative hypothesis the estimated powers are high. Rejection rates of T¢ under
the alternative hypothesis are slightly less than the others.

TABLE 5
Rejection rates for the two-sided tests in the null and alternative hypotheses

&1 32 ni nz nominal alpha Test
0.010 0.050 0.100

2 2 60 30 0.009 0.053 0.100 T
0.016 0.055 0.107 Ts
0.014 0.062 0.119 Te

3 3 60 30 0.009 0.052 0.106 Te
0.014 0.057 0.116 Ts
0.011 0.056 0.106 Tc

2 3 60 30 0.192 0.409 0.540 Te
0.187 0.404 0.554 Ts
0.142 0.311 0.414 Tc

2 4 60 30 0.552 0.777 0.857 T
0.526 0.763 0.858 Ts

0.432 0.695 0.753 Tc
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5. CONCLUDING REMARKS

This work consists of an inferential procedure that allows for a solution to the
problem of hypothesis testing, in which the objective is that of comparing the
heterogeneity of two populations on the basis of sampling data, i.e. to test the
hypothesis that the heterogeneity of one population is greater or not equal than
that of another.

Such a proposal consists of finding appropriate test statistics and a general
methodology of hypothesis testing based on the ordering of probabilites. The test
statistic consists of the comparison of the sampling indices of heterogeneity cal-
culated for two samples and can vary according to the index of heterogeneity
considered. The test statistics taken into consideration are those based on the in-
dex of entropy of Shannon, on the index of heterogeneity of Gini, on the indices
of entropy of order 3 and infinite proposed by Rényi and on the index of hetero-
geneity of Frosini. The fact that the probabilites of the two distributions com-
pared are unknown parameters and therefore the ordering of probabilities can
only be estimated on the basis of sampling data, implies that the proposed solu-
tions are approximate. As estimates of the probabilities the observed relative fre-
quencies were used. The choice of the nonparamteric test proves to be both prac-
tical and efficient, easy to apply and requiring few and weak assumptions without
knowing the distribution of the data nor that of the test statistics.

The simulation study permitted to assess the degree of approximation in the
null hypothesis and the power behaviour of the proposed non parametric tests of
heterogeneity. The rejection rates increase with the increase in the homogeneity
of distributions. Among the test statistics considered, that based on the index of
Rényi of order 3 seems to register higher rejection rates under Ho but a slightly
higher power under Hi. The rejection rates under the alternative hypothesis are in
any case satisfactory for all the tests considered.
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SUMMARY

One-sided and two-sided nonparametric tests for beterogeneity comparisons

This work consists of an inferential procedure that allows for a solution to the problem
of hypothesis testing, in which the objective is that of comparing the heterogeneity of two
populations on the basis of sampling data, i.e. to test the hypothesis that the heterogeneity
of one population is greater or not equal than that of another. The simulation study igh-
lights the good behaviour of the tests, i.c. the proposed tests are well approximated and
powerful.



