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PRICING AND HEDGING OF A GENERAL KIND
OF MULTIASSET OPTION (*)

S. Romagnoli, T. Vargiolu

1. INTRODUCTION

In this paper we present a closed formula for the price and for the replicating
strategy of a European option on several assets having the general payoff

]\T —_
Cr =2 (4, S(ITN-K N, ,

where ¢ s and K s 7 =1..,N, are respectively #-dimensional real vectors and
constants, S is a vector of # assets, each one traded in a (possibly) different
country and converted in the domestic cutrency via the exchange rate X, (#) at

time 7 that is
S()=(8,(#),-,5,(2)), where § ()= X,,;(1)S ,(#), 1 €[0,T], j=23,..,n

with the understanding that §,(.)=B,(.,T) is the zero coupon bond with matur-
ity T traded in the domestic country, for which the exchange rate is X, =1, 5,

is traded in the j-th country, for j=23,..,7, {..) is the euclidean scalar product

in R", and the ¢; are disjoint sets in Q depending on the value of S(T). In our

model, besides the assumption of absence of arbitrage opportunities, we make
the further hypotheses that the quantities significant to our analysis (that is the

prices S (#) in 7 of the j-th asset, the exchange rates X (#) between the 7-th
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country and the /-th one, and the spot forward rate r;(#,x) in time 7 with matur-

ity #4+x of the j~th country) satisfy stochastic differential equations driven by a
k-dimensional Wiener process. This leads us to a specific structure for the sto-
chastic differential equations satisfied by these quantities. If we make the further
assumption that the market is complete and, if we consider the quantities cited
above as a whole process, it is Markov, then we are able to linearize the price of
the multiple option and to get a formula in terms of a linear combination of the

assets S, weighted by the probabilities of suitable exercise sets. In order to attive

to such a formula, we change the numeraire in each of the elements of the linear
combination using for each country ; the corresponding risk-neutral probability

Qi , and the forward-neutral probability Q%, introduced in (El Karoui e a/.,
1995) and (Jamshidian, 1989). With the additional assumptions that the risk pre-
mium and the diffusion term of the forward rates are deterministic in all
the countries, we are able to derive explicit formulae both for the price and for
the hedging portfolio of the multiple option. Finally we present a case in which
our formula is reduced to the well known Johnson's formula for the option
on the maximum on several assets (see Johnson,1987), and two applications
of our option, namely the MAP strategy (Multiple Asset Performance), presen-
ted in (Fong and Vasicek, 1989), and the option on the arithmetic mean of #-7
assets.

This work generalises results contained in (Romagnoli and Vargiolu, 1998), and
uses three different topics in finance: international finance, term structure of in-
terest rates and options on several assets, focusing much on the third topic. The
first relevant work in international finance is (Garman and Kohlagen, 1983),
which is the seminal paper in the subject in the same sense as the paper of (Black
and Scholes, 1973) is in pricing and hedging of European options. The main idea
presented in the Garman-Kohlagen model is the assumption of absence of arbi-
trage opportunities between the countries, formalized by the fact that the foreign
prices expressed in terms of the domestic currency by the exchange rate behaves
as a domestic price. Through this approach we may see the exchange rate as a
domestic asset that pays a continous dividend which corresponds to the foreign
interest rate. Term structure of interest rates is a wide topic in finance, but here
we do not concentrate much on it. We only notice that, though in a first ap-
proximation it is possible to suppose that the rates are deterministic, since we are
dealing with exchange rates, we suppose that the interest rates in our » countries
are stochastic. In order to justify this approach, we notice that our main applica-
tion is the MAP strategy, that is a derivative asset on stock indexes of different
countries, so the exchange risk is comparable to the risk of the considered assets.
In order to derive explicit formulae, though, we suppose that the volatility of the
bonds and the risk premiums in all the # countries are deterministic. A determi-
nistic volatility of the bonds is equivalent to the hypothesis that the forward rates
are gaussian processes (see for example Amin and Jarrow, 1991, Heath et al,
1992, and Musiela, 1993). In particular, we use the Musiela parametrisation (see
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Brace and Musiela, 1994, Musiela, 1993, or Vargiolu, 1999) for the interest rates
rather than the Heath-Jarrow-Morton one (see Heath ez a/, 1992), because the

first easily allows to see that the instantaneous forward rates (7:(#,.)), of the dif-

ferent countries /=7,..., #n are Markov processes. Coming to the third topic in-
volved in this work, the first work about options on several assets is the paper by
(Margrabe, 1978), that analyses the simplest case of an option to exchange one
asset for another. Later, (Stulz, 1982) arrived to price an option on the maximum
of two assets. His work was generalized by (Johnson, 1987), who solved the same
problem for a general number of assets. The first and the last work follow more
or less the same idea, that is to linearize the payoff function and to find closed
formulas in terms of a ponderate sum of different probabilities calculated in dif-
ferent exercise sets in terms of the multivariate gaussian distribution function. In
particular we follow Johnson's technique and find an expression similar to John-
son's formula. This also allows us to find a replicating strategy in the 7 assets: this
derives intuitively from Johnson's formula, even if Johnson himself does not de-
rive the replication strategy from it. Moreover in this work there is the further
complication of stochastic interest rates. Because of the gaussian model we have
chosen, though, this complication affects the general structure of the price and
replication formulae only in terms of more complicated coefficients than those of
Johnson.

The paper is organized as follows: in section 2 we present the model we used;
in section 3 we derive the pricing formula for the multiple option; in section 4 we
derive the hedging strategy from the pricing formula we have found; in section 5
we show that under stronger assumptions our formula is reduced to Johnson's
formula (Johnson, 1987); in section 6 we present an example of application of
our option, namely Fong-Vasicek's MAP strategy (Fong and Vasicek, 1989); in
section 7 we present another example of application, namely the option on the
arithmetic mean of several assets.

2. THE MODEL

We consider # assets, each one traded in a country, that could be all different
ones, but this is not necessary; anyway we assume that asset 1 is always traded in
our domestic country, while assets 2,...,# could be traded in the domestic country
or in a number up to 7 — 1 of foreign ones. From now on, we will indicate as “the
i-th country” or “the /~th currency” respectively the country or the currency rela-
tive to the /~th asset, so if the /~th and the j-th assets are traded in the same coun-
try, the ~th and the /~th country will coincide, as their currency will. We consider

a probability space (Q, P, P) and we represent the information at time # €[0,T]
with a filtration (F,),, which for technical purposes we assume to be complete

and right continuous. We also suppose that all the processes are adapted to the
filtration (F,), . We name:
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- 1,(¢,0) the instantaneous forward rate prevailing at time 7 for the maturity
t+0 = T'in the /~th country; we will indicate shortly the spot rate 7.(#,0) with 7.(#);

- 8,(?) the price at time 7 of the riskless asset in the domestic country, ex-
pressed in the domestic currency;

-8,(#)=B,(¢,T) the price at time 7 of the zero coupon bond with maturity T in
the domestic country;

- 5.(#) the price at time 7 of an asset in the /th country, expressed in the ~th
currency;

- X (#) the exchange rate from the 7-th country to the j-th country, that is the

price of 1 unity of the j~th currency expressed in /~th currency; if the /~th and the
J-th currency coincide, then X, =1.

We suppose that the dynamic of the processes under the historic probability P
are

S, (1) = Sy (£)r,(1)dt

dB,(¢,T)=B,(¢,T)(u, (2, T)dt + (T, (z,T),dH}/(f»)

dS, (1) = 8,(2)(u, (£)dt + (o,(#),dW (1)) (1)
dr.(+,0) = a,(t,0)dt +(z.(2,0),dW (1))

dX (1) = X, () (m($)dt + (o7 (),dW (1))

where () is the euclidean scalar product on R*, and (U}/(z‘))f is a k-

dimensional brownian motion which represent the sources of risk which affect
the different economies, and where we suppose that all the quantities we intro-
duced satisty the technical regularity conditions for the integrals to be defined.
We suppose there are no arbitrage opportunities in the domestic market; we
shall see in the next theorem that this implies the existence of a probability meas-

ure Q; equivalent to P, under which the actualized prices of all the domestic as-

sets are martingales, and that there are several contraints on the quantities intro-

duced before.

Lemma 1. 1f there are no arbitrage opportunities, then it exists a process A4, with

values in R”, called “risk premium”, such that
(1) = r(H1+ 0y ($)4,()

where 1=(1,...,1).
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Proof. 1f o(2) is surjective, then the thesis is obvious; if o,(#) is not surjective,

we build a self-financing strategy H such that (H,(#)S,(#)), is the kernel of
o, (7), then the portfolio T defined by H satisfies:

dV () = r(OV (1)t +((H, ()8, () 14,(1) = ()1 lr

We notice that this portfolio is defined by a bounded variation process; this
implies, by the absence of arbitrage opportunities, that its drift is #(#)l7(#), so

that ((H,(#)S.(2));,14,(¢)—r,(#)1) =0. This means that g (¢#)—r(¢)l€lm o,(#),

and the thesis follows.

Theorem 2. 1f there are no arbitrage opportunities in the domestic country, §,(¢),

r,(¢,x) and X (#) are solutions of equations (1), the process 4, is progressively
17 2
measurable and the Novikov condition [ CXP[E JH@(;‘)H dz‘J <400 holds,
0

then there exists a probability Q; equivalent to P under which the processes

T} Ta(n)de
[ef S, (z‘)] and [e’ XU(;)SZ.(f)J
13 1

are martingales. Moreover, under [P we have:

1, ()= 1,(2,0) + (0, (£), 4, (2)) @)
I;(,T)=- __[t T, (¢, u)dn 3)
a,(2,0) :M—q(z‘,@)ﬂ(;,ﬁ&ﬁ&(l} “4)
my () =r,(8) =1, (1) + 0 (D) 2,(2) ©)
o} (1) =A() = A,(2) ©6)

where (4,(#)), are the risk premium of the /~th economy and (I',(#,T)), is the
volatility of a zero coupon bond with maturity T in the /~th country. The prob-
ability Q, is defined by the following Radon-Nikodym detivative with respect to

P:
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dQl =X | VA 7 VA —lT U 2 U
= p(ojw ), W (1)) Zoﬂw )| 4]

and the process
W,(5) =W (2)= [A(n)dn
0

is a Brownian motion under Q, . Finally the equations (1) under QQ; can be re-

written as follows: Vi, j=1,..,n
4S,(1) = 1 (£)S, (1)dt
4B, (4,1 = B, (¢, T)(¢, T) (r(1)dt + T, (¢, )W (1))
4S,(1) = (1) (5 () + {0, (), 03y (D))de + 6,(1)dW (1)

or;

00

dr.(1,0) = [ (#,0)—7,(+,0)L, (¢, + 0) +(z; (t,e),aff(f))jdz‘ +7.(¢,0)dWV,(¢)

dX (1) = X, (1) (1, (1) =1, (1) + o (1),07, (W)t + o3 (1dW (1))

Proof. The existence of Q, follows from Novikov's condition and from Girsa-
nov's theorem, as does the fact that W, (#) is a brownian motion under Q,. The

existence of the risk premiums A, can be proved by standard absence of arbitrage

arguments (the proof is similar to that of lemma 1, so relation (2) is justified. Re-
lation (3) can be derived by standard 1t6 calculus. Relation (4) can be derived by
absence of arbitrage arguments (see the Musiela model in Musiela, 1993). Relation
(5) and (6) are derived by arbitrage multicurrency arguments and are a straight-
forward generalization of the Garman-Kohlagen model in (Garman and Kohla-
gen, 1983).

We notice that if 7;(.) is a deterministic function, then (.(#,.)), is a Markov

process having values in the space AC(R",R), which can be identified with the

11 - . .
Sobolev space W, ; in the mathematical literature, to treat the problem more

easily, it is preferred to suppose that (7.(7,.)), takes values in a separable Hilbert

space H contained in W//:;l (for some possible examples, see Vargiolu, 1999).

From this it follows that, if the o,, A, and 7, are deterministic functions of
the time for all /=7,..,n, then, for each choice of the maturity T, the pro-
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cess (S,(1),X, (1)1 (1)t j = 1yuayt)
Rﬂ X Rﬂxﬂ X Hﬂ .

, 1s a Markov process having values in

3. THE MULTIPLE OPTION PRICE

From now on, we'll make the assumption that the market is complete; this
means that there exists only one risk neutral probability @, =P such that the ac-

tualized prices of the assets in the domestic countries are (local) martingales, as
seen in theorem 2.
Now we want to evaluate a multiple European option having the final payoff

Cr= 30, FMH-K ), .

where ¢, and K,/ = 1,...,N, ate respectively #-dimensional real vectors and con-

stants, and fj.(f) =X,,(0)S ;(2) forj=2,..,nand 7 €[0,T].

Theorem 3. If the Novikov conditions

.
B, exp[g ool dfﬂ<+oo
0

_ .
EQ] CXP(E ﬂ

0

o, (l‘)HZ dtJ:l<+oo Vi=1,n (7)

_ .,
Eqg, exp[% J.Hl”l(z‘,T)Hz dtﬂ < 400
i 0

are satisfied and the process (5,(#), X, (#),%(?,.),7, j =1,...,n), is Markov, then the
price of the option having payoff C is given by

N ”

C(1)= Z(Zqéjxlf(f)Si(f)@f (&, 17) - B TK,Q (5, \f;)j ®)
J=1\i=2

where Q7 is the risk neutral probability corresponding to the numeraire S, , and

QlT is the risk-neutral probability corresponding to the numeraire B, (#,T), better

known as the “forward neutral probability” of the first country; Q) and Q] are
defined by the following Radon-Nikodym derivatives:
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4Q}
dQ,

Ij oty + o (1) dr

0

T
- exp[ [CAGREAON A% —%

JQF r 1 2
_ _ B T
iQ, B(0,T) T OJ“W’ AW (0) = OJHW, [

Proof. Under the risk neutral probability Q, the value in 7 of our multiple option is:

T N J—
C(t)=Eyq, P O (g ST =K1, |,
J=1

We can linearize the payoff of the option, by using the exercise sets ¢ ;. Be-

sides, we notice that under QQ; we have

S0 _ d X (1), dW, 9
E—(ZL)—’&U)%‘JF(G/U)JFGU-U)’ (1) &)

F,

This gives us a formula for the price:

—Trl #,0)du
C(t)=Eg [ V""" C, | 7=

FED=

F1=K B [0

N T —
- Z(EQ] [e_J; 11(1,0)dn <¢/ ,S(T))lg/
j=1 ’

N ( ' T
- Z[ZEQ [¢;X1z(f)5f (7) CXP( I(O}(ﬂ) +apy (u),dW, (n)) —

*LTﬁ(ﬂ,O)(l'ﬂ
.7'—,} K,Eq [e 1,

Zﬂ:¢;§z(1)Qf[‘9/ ‘}—;] - B1(fsT)KjQ1T l&; ‘ft]j

-

17 v P
_E J. o,(un)+oy; (”)H d%}lg/

t

>

= §¢;3<1>E@; [, |F1- B¢ T)K By 1

~.
Il
AN

I
M=

~.
Il
N

The last member of the equality gives us the formula.
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We have found a rather explicit formula for the price, which depends of the
value of the traded assets X;(#)S,;(#) at time 7 and of the exercise probabilities

Q?‘(gi

set &, because in the first case it is express in function of S;(#) and in the sec-

F) and Q] (g, ‘.7-;) where we have written in different way the exercice

ond case in function of (7). Furthermore these probabilities depend on the

particular dynamics of the forward rates in the 7 countries.
Now we show that, under the assumption that the forward rates processes are

gaussian and the risk premiums A, of the #» countries are deterministic, as the
volatilities o; of §,, we are able to derive a closed formula for the price of the
option. To have gaussian forward rates processes is equivalent to have I',(7,T)

deterministic. In this case it is rather easy to prove, under technical conditions,
existence and uniqueness of the solution (in a weaker sense than the usual,
namely in the mild sense, see Da Prato and Zabczyk, 1992) of the Musiela equa-
tion (as it is shown in Vargiolu, 1999).

Theorem 4. 1f T'.(¢,T), o;(¢) and 0;{ (#) are deterministic functions belonging to

LZ([O,T]) Vi, j=1,---,n, then the price of the currency multiple option is given
by

N 7 ; . Si .
Cy=3| DX, (NS ONG L ] 22 el
Aot )

(10)

_ $,(1) «
B,(#,T)K, N, x {4 (1—e J €g
(1) 5’] (f) )

J=2,..n

where the vectors ; are given by equation 12, the matrices R; are given by

equation 13, and Nfﬂj}l{ is the (# - 1)-dimensional gaussian measure given by

1 1
NZ;;{ A)= xp| —(R(x —m ,x—ﬁz)jdx
(A Ry [ p( (R (=)

VAR measurable

(1)

where #€R"™" and R is a positive definite symmetric real (z—1)x (z —1) matrix.

Remark 5. From this theorem on a number of Gaussian probabilities of sets will

appear. These sets will be often subsets of R , but for sake of simplicity
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we will always identify those sets as subsets of R”™" | though their elements would

always be of the kind x = (x,...,x,_|, X, 4,...X,) .

Proof. 1t T';, o, and 0;( are 1.([0,T]) functions, then the Novikov conditions

(7) are satistied. Besides, since I';, o, and 0' are deterministic, then the process

7

(S, (t),X?./(l), r(t,.),7, j =1,...,n), is Markov, so the formula (8) holds. In order
to know the exercise probabilities, we have to write the dynamics of the assets § ;
under the probabilities Qf Vi, j=1,...,n, starting from (9).

Under Qf , the process LVZ.X (1)=W,(¢)— J‘Ot (o;(un)+ O'ff (#))du 1is a brownian
motion, and § , has the dynamics

5,00 _ x s X _
T 0 (0 ,(1)+ a1, (1),dW; (1) +(0,(1) + o3, (1))dr) =
= (r,(2,0)dt + (0'/. (1) + afj (1),0:(1)+ 0, (t)))dz‘ + (0 (t)+o7; (z‘) dLV (r))

Then we have:

fj(T)=§j(;)exp(j(q(% 0)+ (o7 RORHAOR X )+ o, (n) -

—%afj(u)— (ﬂ)>jdﬂ+ [(ol )+ o), dW/S(u)}j

and

o;(n)—o ;(u)+ O'jj (u)Hz dn +

ds,(T) _ dS(z‘) 17
fj(T) S,() P2

Iz

[, -0,m+0 <u>,dW;“<u>>J

S(TY/S (¢
Then we have found that the law of the vector | log () / ) under
S AT)/8 (T)

Q; is:
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{kjg{ 5.(1)/5,0)

— — ~ N(m, (1),R (¢
S/<T)/S/(T)j]jl,mﬂ (,(2), R, (7))

where 7,(¢) is a (#-1)-dimensional vector with the /~th component given by

o;(u)—o (n)— ij (%)HZ dn (12)

. 1 T

JOa —
mi (1) = 5 L
and where the (7,£)-component of the matrix K, (#) is:

R/ ()= [ (o,(0)= 0, ()= 07} (1),0,0) = 0, (1) = 73 (1)) (13)

So we can write the exercise risk neutral probability of /~th country:

: S 5.0
S 1 1 X
Qz‘ ()= Nﬂmi(t),R.(;) xeR" ——¢’ €¢;
’ S (#)
/ =Ly, j#i

We have removed the conditioning because (S;(#), X (1), (%,.),¢, j =1,...,n),
is Markov.

In order to find the last exercise probability, we notice that under Qz, the
process LV1T (1)=W,(z)— I;Fl(ﬂ,T)dﬂ is a brownian motion, so the process Ej
has the dynamics

ds J X T

L= (100 + (0, (1) + 075 (0. () T\ (1. Tl) =

. (1(£,0)+ (o, (1) + 07, (), T, (£, T))dt + (o () + o7 (£),dW; (#))
Then we have:

= < X 1 x
S].(T) = Sj(f)exp( J‘[i’l(%,O)+<O‘1j-(%)+O'j-(ﬂ),rl(ﬂ,T)—EO'1j—(%)

T
_%aj.<%>>jdﬂ+ j<af§<u>+o/<u>,dW<u>>]

and
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ds\(1) _ dS,() __
S50

p[—%Tj HO'j (n)=T(u, T)+ ij (ﬂ)HZ du +

-
[(o, =Ty, T)+ 0 (g),dw(%»j
t
so we can find the last exercise probability:
;)

: _ Sl S (2
Q¥ (&)= N’ng;),Rl(;) xeR"! [ 12 ¢’ j €&
J=2,.n

where

T
wl (1) :% [l ) =T, T + 0 )|

4, THE HEDGING STRATEGY

(14)

We have found the price of the currency multiple option of the form:

i)

N 7 )
- Z[ZE@J [4X,,(1)S; (1, Fi1- EQ? [K;B,(+,T)1,,

Jj=1\i=2

— [T (n,0)d A =
C(t)=Ey |:e IS (g, S(TH K, N,
J=1

"

Now we want to find a hedging portfolio in terms of the assets
S.(1)=X,(1)S,(),i =1,...,n, that is we want to build a self-financing portfolio

V()= Y H ()X, ()5,00)

such that 17(#)=C(#),Vt<T Q—a.s.

Theorem 6. Under the same assumptions of theorem 3, the hedging portfolio is

given by:
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N T
Hy(r)==2_K,Qi (& |F)

N

H, (1) =Qu(e,|F)D ¢ Vk=2,..n
J=1

Proof. We may write the price of the option as a deterministic function of

T =85,)=58,() and 5, =5.()= X, (1)S,(¢) Vi=2,...,n as follows:

)

The proportion of the /~th asset fl in the replicating self financing portfolio is,

f;]_EQlT [Kjfll

F(5,....5)= Z[ZEQA #/51,

as it is well known (see for example Lamberton and Lapeyre, 1991), the derivative
of the function F(5,...,7,) with respect to §,, so we have:

oF (< 0
—= E_ Z?l -E K51, |F,
63@ ;(; Q ¢ Q] |:a 1 17¢ ’
SO:
oF & X
E__ZK/EQ __ZK/Q1 (51‘}-;)
1 J=1 J=1

oF
A CT @/c(gk‘f)Zgb Ve=2,

where we have taken the derivative under the expectation sign and where the
terms with 7 # £ in the sum and the last one are null because their integrands are

0 almost everywhere (with respect to the different Q) and Q).

5. JOHNSON'S OPTION ON THE MAXIMUM OF SEVERAL ASSETS

Now we present a particular case, namely Johnson's option on the maximum
of several assets. This is an option on several assets in the same market, and it is a
famous case of option of several assets; here we see that Johnson's formula can
be derived as a straightforward application of ours.

In this case our assets are all traded in a single market so all the countries 1,...,#

coincide, and we have X, =1 Vi=1,...,7 . Besides the interest rate is supposed

to be deterministic and having a flat structure: 7(z,x)=r, so o5, =0, I, =0
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and Q] =Q, VT >0. For this reason there is no need to consider the dynam-
ics of the zero coupon bond with maturity T" (because it coincides with the
money market account), so we change the notation and suppose that §; is the

money market account and S§,,...,5, are risky assets without qualitative differ-
ences between them. Finally, the assets evolve according to equations having de-
terministic time-independent coefficients: o;(#) =o,. We notice that

zde:
ZTJ

The cash flow at maturity T of the option on the maximum of the assets

s T |
el femon

o;

— exp(@,dWl(T» —%\

O;

S5..., 8, with maturity T and strike price Kis:

Cr =S (T)=K)"

max

where

Smas (1) = max 3 ,(#)

J=2,...0

We can linearize the payoff of the option, by introducing the following exer-
cise sets, in a slightly different way than the ones of the general option;

g ={5(T)> S],(T) Vi#tiy Vi=2,..n

& = {51225( S(T)= K}
<j<n

These sets have an appealing intuitive meaning: in fact, the set &, represents

the possibility to exercise the option, and the sets ¢;,7=2,...,7, represent the

choice of the 7th asset for the payment. We notice that the sets ¢,,7=2,...,n are

mutually disjoint, so we can write the option on the maximum in this way:

Cr = (S (1) = K)" = (max$,(T) - K1, =

max

= (iSf(Tﬂg,. —Kjlgl =

= Zﬂ:sz (T)lal-ﬁgl o K181

=2
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Proposition T (Johnson's formula). Under the assumptions above, the price of the op-
tion on the maximum of several assets is given by

CH) =2 S:(ONx (d)—Ke """ (1= N3 (d)))
=2

where the vectors 4, are given by equation (17), the matrixes R, are given by

equation (16), and N"7'(d) is the cumulative distribution function of a (z-1)-

dimensional gaussian law:

1 n-1 —%<E71X,X>
J(27) " detR e H

The hedging portfolio is given by

Nyz(d)= dx (15)

Hy(#)=1-Ng% (d,)
Hy(H)=Nyz (d,) Vk=1,..n

Proof. The law of the vector | log M under Qf 1s:
$,(0/$,0))

5.(0)/S,(2) -
{log{Sj(T)/SjU)JJ N ~ N(m,(7),R;)
J#i

where 7,(%) is a (n-1)-dimensional vector with the following j-th component:

2
q—@HW:

==

! o; —GJHZ(T—r)

and where the (7,£)-component of the matrix K, (#) is:
J g
R (1) = L (o, —0,,0; —o,)dn =
=(o; —0,,0; —o (T —1)

So we can write the exercise probability of the /~th asset:
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Qe ne)=Q! {bg[s/(n/s/u)JZlog(w)j v

S(T)/S,(2) Ke """
log(—e—r(T—f) ) > log(—y(j) j}
(/5@ | ool 3D
logLS](T)/S](f)J z(f)>l g{jj(f)J 7 (2)
JRY () RO

S(TY/S, 1 Ke "0 ,
log(wj AL [ 50 j Y

JR'(?) JR'(9)

V) #1,

S (¢ .
og[S‘/é ))j—i-mf(f)
(7
:Ng}i. x€R"|x, < — Vj#i
- VR (#)
3:(7)
log(Ke_r(T_f) ] + m} (7)
xy < where
VR
R/ (#)

R (1) = (16)

JRY (R (1)

This leads to the following:
@f (&;MNe)= NZ}{ (d;)

where d; is a (#-1)-dimensional vector with components
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lo (WJ + il (1)
_sw)
d/ = Vi#1,i

R
S, 1
1 1Og(l<e_l’”§?_’>j+wi (7)

d; =
VR ()

We can find the last exercise probability:

(17)

Qi (e)=1-Q {5, (<K Vj#l}=

—r(T—¢
:1_@,{{5/<T>/5,<f><1<e< ) vjﬂ}—

e*V(T*l) - Sj (f)

At . S0 |
BN KRS
. 1og{ 5 (TS, (j)] l(f);Og[K/r(MJ e

1 JRE (@) ) JRE ()

—r(T—Z) A
lo Ke ™ 7 /A0
g g 1
=1-N"2J{xeR"|x < j(f)

Vi#1

Vi#lr=

:1_Ng,_}i11 (dy)

where R, is given by equation (16), and 4, is a (#-1)-dimensional vector with

COI'IlpOI'lCIltS

—r(T—1) _
log Ke o ™ + i ()
: S ()

The composition of the hedging strategy follows immediately from theorem 6.
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We notice that we have obtained Johnson's formula for the evaluation of the
option; this formula is already present in (Johnson, 1987), and so the hedging
strategy is implicit in his work, though it is presented without a rigorous proof.

6. THE MAP STRATEGY

Here we present another example of application of our derivative asset, namely
Fong-Vasicek's MAP (Multiple Asset Performance) strategy (Fong and Vasicek,

1989). This strategy allows us to obtain the best performance of stock indexes

of several countries, provided a certain price (that is the price of the option on
the maximum) is paid. Hence this strategy has the final payoff:

MAP(T) = max [XU(TWT)J _
X,,(0)S,(0)

i=1,...n

(18)
- z'glfl.i(Kz’Xu (T)Sz' (1))

where X, =1 and the K, are fixed at the beginning of the contract in this way:

X1,(0)3;(0)

The choice of the K, is motivated by the fact that the percentage performance
X, (1)S,(T)

X,(0)8;(0)
In this section, we do not suppose that §,(-)=B,(-,T); this is because the final

of the /~th asset over the period [0,1] is

payoff is a function only of the values of 7 assets compared between them, and
does not depend on a fixed quota (like for example in the option on the maxi-
mum), so as we will see, B(-,T") will not appear neither in the pricing formula nor

in the hedging strategy.
The sets ¢; in this case are:

g, ={K,X,;(T)S,(T)> Klej (T)Sj(T) Vi#iy Vi=1,...n

These sets have an appealing intuitive meaning: in fact, the set ¢,, 7=1,...,7,

represent the choice of the /~th asset. We notice that the sets &, 7=1,...,7 are

mutually disjoint, so we can write the MAP as

Cp =S (T) = D KX (T)S,(TN1,

i=1

So we get the result:
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Proposition 8. Under the same assumptions of theorem 4, the price of the MAP
strategy is given by

_ 6 X (D)S8,(1) (e
C(r)= CZ X (05.(0) Ni& (d) (19)

where 4, are given by equation (20), Ez are given by equation (16), and N,_; is
given by (15); it can be hedged by a portfolio (H,(¢),...,H, (#)), in the assets

S,...,3,, given by:
H, (1) =K Nz (d,)

Proof. We can write the exercise risk neutral probability of /~th country:

S _nS KZ'EZ'(T) b=

Qz’ (gl.) _Qz' {K/E/(T) 21 vj * }
0 o] SDUEO |y (KO
= 1g{fj(T)/§j(z‘)J21g{KZJ_}(f)J e }_

5,(D))S, )

=Q?} >
Z YR (#) RY (1)

log£5[<T)/Si(f) }—mlj(z‘) log(K]{/(;‘)j;ﬁi/(z‘)
>

log| N2 A7
1 1 K/’S/’(f)
=Njg ixeR"|x, < -

’ JRY (7)

Vj#i

So if we define the (#-1)-dimensional vector &, as

LHOR
| log{Kjfj(l‘)J-i_% (1)
4 = ..
VR ()

then we have the first part of the proposition. The composition of the hedging
strategy follows immediately from theorem 6.

Vj#i
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7. OPTIONS ON THE ARITHMETIC MEAN

Here we present a third example of application, that is a call option on the
arithmetic mean of #-7 assets. This example appears when we have options on a
stock index that is an arithmetic mean of the most significative assets in the mar-
ket (for example, MIB30 in Italy, CAC40 in France, S&P500 in the U.S.A.), even
if, in the case # is too big, calculation difficulties can arise.

The final payoff is:

Cr=|Da,5,(IN-K| =
J=2

=[Dla,8,(I-K |1,
J=2

where
& —{Zg/S/(T)—K > o}
Jj=2

The main difficulty in this case is that in general a sum of lognormal random
variables is not lognormal, so it is not possible to express the price of the option
using simple functions (for example, via a one-dimensional gaussian distribution);
anyway we can express it via a cumulative (#-7)-dimensional gaussian distribution.

Proposition 9. Under the same assumptions of theorem 3, the price of the call op-
tion on the arithmetic mean is

J=1,j#i

C(f> = Zdij (f)N};Z(lt),R[(z) {X € ]R”_1 z ﬂij (;)ex‘/ > Ke i } —
J=2

my (£),Ry (#)

KB, (¢,T)N"" {x eR"!

Z”: a8 (1e’ > KB (;,T)}

J=2

and the hedging strategy is given by a portfolio (H,(#),...,H,(#)), in the assets
S,,...,8, so that

J=1, j#i

D a8 (e 2K }

-1 -1
Hj (Z‘) = d;/Nfﬁi(z‘),R’.(l) {X (S ]R”

Hy(7)= —KNZ@),RM {X eR"™

Z”: a8, (1e” > KB (z,T)}

J=2
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Proof. We can write the exercise probability under the measure Q) :
Qi ()=Q; {Z a,$,(T)= K} =
J=2

J

S,(T)
A)

S I>Kbs=
(@)

—Q! Y 0,5,0)

7

Z aij(z‘)eX’ > Ke™™

J=1, j#i

R N n—=1
=N, orn ¥ ER

where #,(#) and R;(#) are given by (12) and (13); besides the last exercise prob-
ability is

Qi ()=Q; {Z”:ajsj(T)zK}—

—_nT C S/(T)
_Ql Z%‘S/‘(l‘) S (1)

J=2 J

> KB,(£,T)} =

— Nﬂ—l ~E Rn—l

my (£),Ry (2)

Da,S,()e" 2 KB,(2,T)
J=2

where ,(#) is given by (14). The composition of the hedging portfolio follows
from theorem 5.
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RIASSUNTO

Prezzaggio ed “hedging” di un tipo generale di opzione su pin titols

I nostro scopo ¢ proporre una strategia di valutazione e di replicazione per un tipo ge-
nerale di opzione su piu titoli in un mondo internazionale multidivisa senza arbitraggi con
tassi di interesse gaussiani. Come caso particolare viene derivata la formula di Johnson per
l'opzione sul massimo di piu titoli, e vengono presentati due esempi di applicazione, in
particolare la strategia MAP e 'opzione sulla media aritmetica di diversi titoli.
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SUMMARY

Pricing and hedging of a general kind of multiasset option

Our aim is to propose an evaluation and a replicating strategy for a general kind of
multiasset option in an international multicurrencies no-arbitrage world with Gaussian
interest rates. Johnson's formula for the option on the maximum of several assets is de-
rived as a particular case of ours, and two examples of application, namely the MAP strat-
egy and the option on the arithmetic mean of several assets, are presented.



