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ON THE RATE OF CONVERGENCE TO THE NORMAL LAW
OF LSE IN REGRESSION WITH LONG RANGE DEPENDENCE (¥)

N. N. Leonenko, E. Taufer

1. INTRODUCTION

Long range dependence random fields arise in applications in the most dispa-
rate areas such as astronomy, economics, hydrology and the telecommunications;
the study of random processes and fields with long range dependence presents
interesting and challenging probabilistic and statistical problems and recent litera-
ture has seen an increasing number of papers developing models for the descrip-
tion and analysis of this phenomenon.

In the present paper we will present some results on the rate of convergence to
the normal law of the Least Squares Estimators (LSE) of the regression coetfi-
cients in models with multidimensional inputs and long range dependence errors.

The same problem, for single input regression, has been considered in
Leonenko e al. (2000); this work finds its motivation in the fact that the exten-
sion to multiple regression is not immediate and some different tools have to be
utilized.

Note that we consider regression on continuous homogeneous random fields,
in particular, for »=1, we can interpret the parameter of the random field as
time. It could be pointed out that even if many of today's data set are available
virtually in continuous time, practical applications require to consider the ob-
served phenomena at fixed time points. Notwithstanding, procedures of discreti-
zation lead sometimes to loss of information on important parameters (see, for
example, Leonenko, 1999, pp. 14-16).

Statistical problems related with long range dependent continuous random
processes and fields have been considered in the book by Ivanov and Leonenko
(1989), Chambers (1996) considers the problem of estimation of continuous pa-
rameters in long memory time series models, in Comte (1996) we find an analysis
of different methods of simulation and estimation for long memory continuous
models. Leonenko and Bensi¢ (1996a, 1998) and Leonenko and Taufer (2001)
present Gaussian and non-Gaussian limit distributions of univariate and multi-
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variate regression for long memory random fields and processes, their results
have been obtained by the methods presented in the works of Dobrushin and
Major (1979) and Taqqu (1979).

For other results of interest here see Yajima (1988, 1991), Kunsch et al. (1993),
Dabhlhaus (1995), Robinson and Hidalgo (1997), Deo (1997), Deo and Hurvich
(1998) which consider regression models with long memory errors in discrete
time.

The paper is organized as follows. In Section 2 we will state our model and as-
sumptions exactly and formulate the main result which shows the rate of conver-
gence of Kolmogorov's distance between the distribution of the normalized LSE
and the standard normal distribution. The proof of the main result, together with
some preparatory lemmas, is given in Section 3. Section 4 contains the discussion
for an extension to a wider case which can be done at the price of a slower con-
vergence rate.

We do not take into consideration here the problem of estimation of the de-
pendence index (or Hurst parameter), for this, see Giraitis and Koul (1997) and
their references.

2. MAIN RESULTS

Let R, 21, be a #n-dimensional Euclidean space, A ©R” be a bounded and
convex subset containing the origin and A(T) be the image of the set A under

the homotetic transformation with center at the origin and coefficient T > 0, that
is A(T)={xeR":x/T €A} . Practical situations often claim that A is a paral-

lelepiped or a ball but we can allow this weaker condition.

Assumption 1. Consider the regression model of the form
J(x)=0"g(x)+n(x), xeR”

where g(x)=[g(x),...,g,(x)]" is a known vector function whose coordinate

functions g;(x), 7=1,...,q form a linearly independent set of real functions posi-
tive on A and square integrable over the same set for all bounded A cR” con-
taining the origin. 8 =[6,,...,6 ] is an unknown vector of parameters and 7(x) is

15 Y,

an homogeneous random field of errors with E7(x) =0 and En(x)* <o .

Assumption 2. Let &(w,x)=E&(x), x €R, e Q, be a real valued measurable

mean square continuous homogeneous Gaussian random field on the probability
space (Q,F,P) with E&(x)=0, E&(x)” =1 and correlation function
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X

B(x) =EE(0)&(x) = x| L(|x|)¢{ ] , O<a<n,

[+

where a(-) is a continuous function on the #n-dimensional sphere

s, (D)={xeR :|x| =1}, and L(#)>0, #>0 is a slowly varying function at

infinity (im(L(#5)/ 1.(#)) =1, for every s > 0) bounded on each finite interval.
1—>0

Assumption 3. Let n(x)=G(E(x)), x € R, where &(x) is a random field satis-

tying Assumption 2, and G(+) is a non-random measurable function such that

EG(&(x))=0 and EG*(&(x)) <o, x e R,

Note that the marginal distributions of a field 7(x), x eR”, satisfying As-
sumption 3 need not be Gaussian. Moreover, under Assumption 2 we have

Lﬂ|B(x)|dx =o0. Typical examples of correlation functions satisfying Assump-

tion 2 are the following:
B,(x)=(1+|x[ )2, 0<a<n
and
B,(x)=(1+|x]")", 0O<a<2.

The first function is known as characteristic function of the multivariate Bessel
distribution (see, for example, Fang et al., 1990, p. 69); the second one is known
as characteristic function of the multivariate Linnik distribution (see, Anderson,
1992 or Ostrovskii, 1995).

Our aim is to study the rate of convergence to the normal law of the LSE of
the vector @ which can be found by minimizing

Jy [6(¥) = Olg ()

with respect to 6. The final form of LSE is given by ( see Leonenko and Silac-
Bensic, 1998)

o, =Q;' L(T)g(x)é'(x)dx = 0+Q; | g(x)G(E(x))dx (1)

A(T)

where the integral is taken with respect to every element of the matrices and

Q= | . g()g(x) dx.

A(T)
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The existence of Q ! follows from linear independence and square integrabil-

ity of gy(x),...,g,(x) . It is straightforward to verify that
E(‘?T) =0
and that

Var(6,) = E[6, —6][6, — 6]

=Q;' [, ], 88 EBIGE)GEODMx &y Q. @)
Let

w | d” —u*
Hm(”):(—l)mexp{g}d%m CXP{ > }

neR!, m=0,1,.., be the Chebyshev-Hermite polynomials with the leading

coefficient equal to 1; they are known to form a complete orthogonal system in
the Hilbert space L,(R',@(#)du), where @(u)=2x)"* exp{-u’/2}, neR’.
Note that Hy(#)=1, H(u)=u, Hy(u)=u" —1...

It is well known that (see, for example, Ivanov and Leonenko 1989, p. 55) if

(&,nm) 1s a Gaussian vector with EE=En =0, E&*=En° =1, Eép=p, then
torall », p>0

EH,(&)H () =6, p"m! (3)

where 0 ,f is the usual Kronecker's delta.

Under Assumption 3 the function G(«),# € R' allows the following represen-

tation in the Hilbert space L,(R',@(u)dn):

C

G(n) = Zme(ﬂ), C = IRG(%)HM(%M(ﬂ)du 4
m=20 :

and by Parseval's relation:

2 Cz 2
BG™(§(0)= 2 ~% H,,(n) = [ G ()l <oo 5)

m=>0 :

Note that C, = EG*(£(0))=0. From (1) - (4) we obtain:
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Var(8,)=Q; D> ¥, ,Q; ©)
m>1
where
Cz
W, === | [g(x)g()'B" (x~ ) dx &
m!
AT AT

Now we need some extra assumptions upon the regression vector function
g(-) and the covariance function B(:).

Assumption 4. Suppose that g;(x)>0 for all x#0, 7=1,.,9 and, for

O<a<n/m, m=1 or m=2, the following limits exist and are finite:

—ma

Too h o g (T1,)g (11, |x =)

i,j=1.q,and that L (a,m)=[/(a,n);] is a positive definite matrix

(14, j<q)

(1, is a n-vector of ones).

Assumption 5. Let m=1 or m=2. Suppose that there exist a function
F (x, y) such that

&(xT)g,()T) d,,,(x—yj 1 (L’” x—y\T_1]
&(TL)g,(T1,) |x=0] J]x =™ L"(D)

i,j=1l.g,0<a<n/m,and

SE, (%),

LLF”/(X’)’) dx dy <oo.

Remark  2.1. Consider the case of polynomial radial regression:
g(x) =g(|x) = (=" -
with  a()=1 and  B(x)=B(x)=(1+|~[")**.  Thus we have

x‘ﬂq)' with g,..., >0. Suppose Assumption 2 hold

L(|x|) = |x|a (1+ |><|2)_0‘/2 0 <a <7 ;then Assumptions 4 and 5 hold with
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1 x| ] .
/M(a’ﬂ)y - ﬂ(ﬂz‘"’ﬂ,/')/z LL“X‘—‘JJMQ dx {[)/ £ :1q : (7)

Remark 2.2. We write

L (a,n)=limD; [

A(T)

[, &gy [‘z - j J\x —)| " dx D @®)
where

Dy =diag[ 4,1, T),...,£,(1,T)]

Remark 2.3. After the transformation x=x T eA(T), y=y TeAT),

T>0, x €A, y €A, we obtain the following expressions for the matrix
J > g exp

W, ., 0<a<n/m:

Ci o » . . ' L’” ( X* _J/* T)
v —ZT L”(T)D, D Lm ng(x T)g(y T) (1) X
% a" X*_J’* dx djma D?DT, O<a<n/m.
X =) X* —)/*

Let =1 or m=2 and C, #0. Then, from Assumptions 4 and 5 and

Lebesgue dominated convergence theorem we obtain (for details, see Leonenko

and Bensi¢, 1998):

C2 n—ma Va
W, == T "(TYD,L, (e, ))Dr (14 o)), 0<a<n/m O
.
as T'—>o0.

To complete our preliminaries, we need to define the Kolmogorov's distance
between random vectors. To this end, let

a,b]={neR a0, <u,<b, i=1,..,q}
be a parallelepiped in R? and let x and y be two arbitrary g-dimensional ran-

dom vectors. Introduce the uniform (or Kolmogorov's) distance between distri-
butions of random vectors x and y via the formula:
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K(x,y)= sup | P(x €Il[a,b])— P(y € II[a,b])]

a,beR?

We are now ready to formulate the main result of this paper. Let z be a stan-
dard normal random ¢-vector with zero mean and unit covariance matrix and
consider the random vector

k. =W Q[0 —0],

where the LSE 0, are defined in (1) and \I’;lT/Z is a nonsingular matrix such that

CHSICHOET I

Theorem 2.1 describes the rate of convergence to the normal law of the ran-
dom vector kT as 1T — o0,

Theorem 2.1 Suppose that Assumptions 1-5 hold for 0 <a <7/2,and
C = I uG(3)P()dn # 0
U

then the quantity:

BV
lim sup L K(k;,z)
T—a (T)

exists and is bounded by
2¢,(9)"" [e,(q) «(G) #]L,(ayn) ' Ly(a,m)]]

where L, (e, 1) and L, (&, ) are defined by (8) and
(G)=C| [ Gwsmin-ci

N \VEI

((g)=~2/7,if g=1 and ¢(g)=(q-1) N

cz(q)=§(l+\/ﬁ>2
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3. PROOF OF THE MAIN RESULT

Before proving Theorem 2.1 we mention some preliminary results. The follow-
ing lemma provides an estimate of the Kolmogorov's distance of a sum of ran-
dom vectors from a standard Gaussian vector. For its proof see Leonenko and
Woyczynski (1998).

Lemma 3.1 Let x, y be two arbitrary random g-vectors and z be a standard

Gaussian g-vector such that, for all a,b e R?,
| P(x e II[a,b])— P(z € I1[a,b])|< K,
where K 20 is a constant. Then, for any £ >0,

K(x+y,z)<K+P(y¢I[-1 ¢]1 ¢])+¢e¢(q) (10)

where ¢,(¢g) is defined in Theorem 2.1 and 1 is a g-vector of ones.

In the proof of Theorem 2.1 we need an estimate on the tails of the maxima of

a general second-order random vector's components which is provided by the
following Lemma (see Karlin and Studden, 1966).

Lemma 3.2 Let v =[1,..1/ ] be a random g-vector with mean Ev =0 and co-
variance matrix Ew'=X=(0,),.; ,, and let W, =17, /(k;0;) whete o’ =0,,

and /él,...,/éq > (0 are some constants. Then

P(max‘W;‘leﬁiz(\/;+,/(qz‘—;)(q__1))2, (11)
q

1<i<q

where r=#1I1, s=1, 11 , I=Eww'=(7,)., ,, 7; =0,/(0,0 kk;), and

1, is a g-vector of ones.
Remark 3.1. From Lemma 3.2 we readily obtain an upper bound for
|7

z

P(max;,., >1) bysetting £ =1/0,,i=1,..q.

The purpose of the next Lemma will be made immediately clear in the subse-
quent Remark.

Lemma 3.3. Let X = (O'y- i<; i< be the variance- covariance matrix of a random

g-vector v , ¢ its trace and s the sum of its elements. Then

0<s<gr.
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Proof: that s 20 is obvious since s = Var(l'q v). To prove that s <g7, use the

Cauchy-Schwarz inequality to obtain
2
J‘SZ‘O‘ASZO}ZGI[ZO‘Z} (12)
i i i

where o, =o,. Again, by the Cauchy Schwarz inequality we know that

2
(Z/’z’bz') Sziafzjbf where a;,b, are positive numbers. Set «;, =o; and
b, =1, Vi.Then

2
[Zo;j < 20'521 =gqt.
Remark 3.2. From Lemma 3.3 we can obtain a less tight version of Lemma 3.2:

1 2 ,
P(gg\w21)3?(\/}+,/W(q—1)) =§(1+1/q—1) .

For later convenience let
1 2
£,(9) =;(1+\/q—1) :

Proof of Theorem 2.1. Formula 4 implies the following expansion in the Hilbert
space L,(€):

C
G(&(x)) = Z;”;Hm@(x» :

m>1 :

we now consider the random vectors
Mt = [y BOOH (G, m=1,2..
In order to apply Lemma 3.1, we represent k. as

k, =%’ |:XT t YT:|

where
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C,
Xr = C1"h,’f‘a > Yr = z

m=2

Note that x, is a Gaussian random vector with Ex; =0 and Ex,;x, =¥ .

So we have
KW x,2)=0
and we may choose K=0 in Lemma 3.1. We are left with the term

1
P(‘P 1/2 v, e TI[— 1 e.6l ]) P(‘I’ 1/2 H[_1q,1q])gp(maxh/j‘21) where
1<i<q

1
V= ‘P11T/2YT —. We can then find an upper bound for P(gr?;“/l‘ >1) by using

Lemma 3.2 as indicated in Remark 3.1. Also, Remark 3.2 shows us that we need
only to evaluate the trace of Evv'. We have:

1 1
t=tBvw'= g—z‘r[‘l’1 1T/2EyTyT 1/2] = g_zl‘r[‘PLlTEYTy'T ]

For notational convenience, denote Ey,y :Z ¥, as X. Since
m= >

‘B(x)‘ﬁl we know that B’(x— ))=B”(x—y), m>2. So that, for
O<a<n/2,

z= Z Lm fyor, BGORO) B (= ) i

C 2 *
- |:”§2;”;} L(T) L(T)g(X)g(y)'B (x=y)de dy=%" (say).

Where the inequality sign refers to any single element of the matrices. Also, we

have that a'Xa = Z L(T) J.A(T) 'g(x)g(y)'aB” (x— y) dx dy whete a is a

vector of real numbers, hence, by the same reasoning and from the fact that

C . . . .
‘PM’T:Var(;”;nM’T is a positive definite matrix it can be seen that

a'Xa<a'X a for any vector a of real numbers, i.e. £ -Xis a positive definite
matrix.
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Then, in order to find an upper bound for #=#Evv' we reason as follows:
from positive definiteness there exists an orthogonal matrix P such that

¥ = PAP' where A isa diagonal matrix containing the eigenvalues of W, .

which are all real and positive. Hence,

p|WE -] =4[ PATP(ET-T) | = #[ ATP(ET - D)P = zq:/i;lp; (Z*-Z)p, 20
i=1

where /1[._1 >0 are the diagonal elements of A , p,; 1s the ~th column of P.

The last inequality follows from positive definiteness of >ox. Using this last
result we obtain the following estimate

1 . 1 Lo 1 C? .
f:—zfr[lpl}z]:—zfr[lpl}z ]:7{2_’7}{%}??21}

& & &

Using (9) we have that

2C7 T
t=lim #r Ly g =4r| L (a,n)L,(a,n) |, O0<a<n/2.
lim {CZZ o B } | L (@)L (a.n) |

Hence we have the following upper bound for #:

L(T)
T(X

Lo | L @mLy(a,n)], 0<a<n/2 (13)
&

as T — oo, where

2
Cm

(G)=C* Y

m=2 /77'

=C? [ [ G2 )y — Cf] .

Finally, using Lemma 3.1 with x= ‘I’l_l/ ZXT and y = ‘Pl_l[/ ZyT we obtain from

(13) that for any € >0:

T -1
Kk ,z)<e&c(q)+ %K(G)[Z (9) L) fr[L] (a,n)L, (a,n)] . (14)

& T
In order to minimize the r.h.s. of the inequality, set

1/3

| x| L (@mLatam | 1)
o (9) T
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and substitute into (14) to obtain the following

L(T)T/ ’

K(k;,z)< 261(4)2/3[5(6)52 (4)2‘7”(14_1] (a,n)L, (a’”)>]1/3 ‘: =

4. EXTENSIONS AND GENERALIZATIONS

As follows from the results of Leonenko and Silac-Bensi¢ (1998), the asymp-
totic normality of the normalized LSE takes place for all o €(0,7) (see Assump-
tion 1) if C, #0, whereas Theorem 2.1 gives the convergence rate to Kolmo-
gorov's distance only for a €(0,7/2).

Nevertheless, our method is applicable also to the broader interval a € (0,#)

at the price of a slower convergence rate.
For simplicity we consider the homogeneous isotropic random field (the function
a()=1 in Assumption 2) and the case of radial regression function:

), x €R".

g(x)=8(|x
We consider now the case A(T)=»(T)={xeR": x| <T}, T — 0. Thus the
random field {(x)=0'g(x)+n(x) is observed on the ball »(T).

Assumption 6. Let £(x), x €R", be a real valued mean square continuous ho-
mogeneous isotropic Gaussian field with E&(x)=0, E&(x)* =1 and correlation
function

B(x) = B(|x|) = E&(0),&(x) > 0

monotonically as |x| =00, and 5(x)=G(&(x)), whete EG(£(x))=0 and
EG’(&(x)) <o, x € R~

Assumption 7. Suppose that for the regression function it holds
g(x) =g
S |)S§z(

), x €R” such that <gl,(|‘><|)>(), i=1..,q, if |x|¢0, and

), =1,...,q, for |X|§b/‘.

Assumption 8. There exists a 6 € (0,1) such that
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_ x)g J)
ﬂ(l+5)
Y15 = J;(T) J;(T)g (T)g, - (T) (| _J’D dx dy

_p(1-0) J' J' gz(xT)g/ LT) B(T‘X J’b
V()2 g, (T)g (T) B(T)

dx dy >0 Vi, j=1,.49

as T —> 0.

Note that if Assumption 2 (with a(-)=1), and Assumptions 4 and 5 (with
m=1) hold, then y; ;, >0 as T'—o forall 7,/=1,..,9. Thus the random

field &(x), x € R” satisfying Assumption 8 is a random field with long range de-

pendence.

Remark 4.7. We write

r,= [YT,y']m',/Sq = Tﬁﬂ(lm)DT J g(x)g()/)'];dx _J’|) dx dy D}l

w(T) Jv(T)

We have the following result:

Theorem 4.1 Suppose that assumptions 6-8 hold, and
Cy = [ #Gn)p(aydn = 0

then the following quantity:

-1/3

2}15 -
lim sup|:€<ﬂ) 1T, +B(T°) | K(ky,2)
n

T—w

exists and is bounded by

20 «(G) ()] er(q)*”

where ¢,(¢) and ¢,(g) have been defined in Theorem 2.1, and

47'T2(n/2)

n

cy(n) =

Before proving the theorem, we need some preliminaries. With this in mind,
let u, and u, be two independent random vectors selected in accordance to the

uniform law on the ball »(T) € R”. Then (see Ivanov and Leonenko, 1989, p. 25)
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the density function p,(#) of the Euclidean distance ‘ul —uz‘ between u, and

u, is

pr(n)= T*ﬂm/’llliwﬂ)z (”TH,%) , O<u<2T,
where

I,,(a,b) lf((“);(z [#7'a=n""dr, a>0, pe[o]

is the incomplete Beta function. Using randomization we obtain for every func-

", yeR”:

oo Loy 7= o e dy = (T B, =)
=T [ f )y () (15)

et n+1 1
=c(m)T L g 1f<%)11—(z/21‘)2 (T 2) ®

where ¢(#)=4x"T(n/2)/n and ‘ZJ(T)‘ is the volume of a ball »(T).

Proof of Theorem 4.1: we follow the scheme of proof of Theorem 2.1 including
the necessary modifications. Let us introduce the sets

Ay ={(x,9)|x = 9| < T}
Ay ={(, )i = H|2 T}

Following the results of the previous section, in order to find an upper bound
for #=1[W,(T) "' £] consider

{ m*cz—wz(n}—ﬂ[ (T (10, + 10, )gg(0) Bl = o)) v ay | (16)

2

Consider first the set A, , we have B*(-)<1 and then, for the first term on the

r.h.s. of (16), using result (15) with f(|x — y|)=1 , we have the estimate
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(07 (], 0800 B sty [ < wy () ey (], o)

no

=T [ (T FDETY] (1)

The above result can be manipulated a little further by using the properties of
the trace operator. Recall the definition of Dy andlet 1, and J, denote respec-

tively a ¢ vector and a ¢ x¢ matrix of ones. Note that 1'1 =4, 11’ =] and

J,J, =4J,- Then we can write

| WL (T) ' 8(T)E(T)' | = 1 DD, (T) ' §(T)8(T)' D' D, |
— | ~D,w ()" D, D, g(T1, 1qg<T>'D?}
q

1 1
— i ;DTlIll(T) DT]qu} 18

=1 D,W,(T) ' D, ], |

=1 D, % (T) ' D1,
—n(140) =241 —

=T "OC T,

As far as the second term in the r.h.s. of (16) is concerned note that on the set

A, we have Bz(‘x — )/b < B(Tg)B(‘X — ]‘) and then

w0 [, e080) Bl = o) i )|
< B(T%[%(T)* (11, 6800 B =] dyﬂ (19)
<B(T°)C;?

Using Lemma 3.1 in the same fashion as in the proof of Theorem 2.1 and re-
sults (17)-(19) we obtain that

1 c(n)2"° . ~
K(kT,z)Secl(q)+g—zc(G)52(q){ ( i 1T, +B(T’ )}

In order to minimize the r.h.s. of this inequality, set
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1/3 s 1/3
G) e ~ 2" ~
g =| 2@AC) )1qullq BTy | | A 1T;'1, +B(T”)
c1(9) "
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RIASSUNTO

Convergenza all' approssimazione normale degli stimatori dei minimi guadrati in un modello di regres-
sione multipla con errvori fortemente dipendenti

Nel presente lavoro si analizza la convergenza all'approssimazione normale degli stima-
tori a minimi quadrati in un modello di regressione multipla con errori fortemente dipen-
denti. Il metodo di studio ¢ basato sull'analisi asintotica di espansioni ortogonali di fun-
zionali non lineari di processi Gaussiani stazionari e sulla distanza di Kolmogorov.

SUMMARY

On the rate of convergence to the normal law of 1.SE in regression with long range dependence

In this paper we study the rate of convergence to the normal approximation of the
least squares estimators in a regression model with long range dependent errors. The
method of investigation used is based on the asymptotic analysis of orthogonal expan-
sions of non linear functionals of stationary Gaussian processes and on Kolmogorov's
distance.



