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SUMMARY

A cure rate model under a competing risk scenario where the number of competing causes follow
a shifted binomial distribution with parameter p is proposed. Interestingly, the resulting distribu-
tion is the well-studied transmuted class of distribution. Few existing cure rate models are shown
to be special cases of the proposed model. The identifiability issues of the model are studied in
detail. Further properties of the model are investigated, and we discuss the maximum likelihood
estimation of the parameter. The performance is confirmed through a simulation study using a
defective Gompertz baseline and with competing causes. The Bayesian approach to the estima-
tion of the parameter is adopted. The complexity of the likelihood function is handled through
the Metropolis-Hastings algorithm. We analyse the data consisting of 8966 patients who have
undergone bone marrow transplantation at the European Society for Blood and Marrow Trans-
plantation (EBMT). The validation of the estimation algorithm is confirmed using the bootstrap
technique.

Keywords: Bootstrap; Cure rate; Metropolis-Hastings algorithm; Transmuted distributions

1. INTRODUCTION

Improper or defective distributions (Rocha et al., 2017) are used to model time to event
data, when there is always a proportion of the individuals, commonly referred to as
immunes who do not experience the event of interest. The mixture model (Berkson
and Gage, 1952; Boag, 1949) and promotion time cure rate model (Yakovlev et al., 1993)
are the two general cure rate models that has received a lot of attention and has been
worked by many authors under different perspectives. In both cases, the cure rate model
has an improper distribution function. For the mixture cure rate model, the population
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consist of two groups. The immunes and the susceptibles. If T be the failure time, then
the probability of survival of the total population, Ḡ(t ) = P [T > t ] for 0 < p0 < 1 is
given as

Ḡ(t ) = p0+(1− p0) F̄0(t ), (1)

where F̄0(t ) is any baseline survival function. Then, Ḡ(t ) is an improper survival func-
tion and limt→∞ Ḡ(t )→ p0, is referred to as the cure rate.

In Cox and Oakes (1984), a competing risk perspective of the mixture cure rate
model is presented. This was further studied by Tsodikov et al. (2003) by considering
M to be an unobservable random variable denoting the number of competing causes
related to the occurrence of an event of interest, with the probability mass function

pm = P [M = m] m = 0,1,2, . . . .

Also, for m > 0, Wk , k = 1, . . . , m denote the time to event due to the k th competing
cause and Wk are independent and identical random variables with survival function
F̄0(t ) that does not depend on M . The number of competing causes M and the lifetime
Wk associated with a particular cause is not observable, but only the minimum lifetime
among all causes is observed. It is defined as

T =min(W0,W1,W2, . . . ,Wm) with P [W0 =∞] = 1, (2)

which leads to a proportion p0 (say) of the population not susceptible to the event occur-
rence, termed the cure fraction. Then, for a given F̄0(t ) the long-term survival function
of the random variable T is given as

Ḡ(t ) = P [T > t ] =
∞
∑

m=0

P [M = m]{F̄0(t )
m}= E

�

F̄0(t )
M �, (3)

where Eq. (3) is the probability generating function of M . Rodrigues et al. (2009) stud-
ied the model in Eq. (3) by assuming a Weibull baseline distribution for F̄0(t ) and M
having a Conway-Maxwell (COM)- Poisson distribution. This was further studied by
Balakrishnan and Pal (2013, 2015); Balakrishnan et al. (2024).

In this paper we propose a general class of cure rate model by extending the Ro-
drigues et al. (2009) model by letting M having a shifted Binomial distribution with
probability mass function (pmf) is given as

pm = P [M = m] =
�N−1

m−1

�

p m−1(1− p)N−m ; m = 1,2, . . . ,N , (4)

where N ≥ 1 is the total number of potential competing causes relate to the occur-
rence of an event of interest. It is assumed that W j ; j = 1,2, . . . ,N is the time to event
due to the j th cause following an improper survival function Ḡ0(t ) which implies that
limt→∞ Ḡ0(t ) = c0, 0< c0 < 1. It is interesting to see that the resulting model evolves to
the general transmuted family of distributions (Rahman et al., 2018).
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This paper is organised as follows; in Section 2, we introduce the general class of
transmuted cure rate (GTC) model, and the properties of the model are presented in
Section 3. In Section 4, the identifiability issues of the proposed model are discussed. In
Section 5, the proposed model is illustrated with an example, the properties and their
estimation procedures of parameters are also discussed. In Section 6, the Bayesian ap-
proach to estimating parameters of GTC is explored in detail. The complexity of the
likelihood function is handled through the Metropolis-Hastings algorithm. In Section
7, simulation studies are carried out to establish the effectiveness of the method of max-
imum likelihood and Bayesian estimation procedures. In Section 8, an application to
an actual data set is detailed by using the well-analysed blood and marrow data (Fiocco
et al., 2005). We conclude the paper with a discussion and summary of our findings in
Section 9.

2. GENERAL CLASS OF TRANSMUTED CURE RATE MODELS

Consider M to be an unobservable random variable denoting the number of competing
causes related to the occurrence of an event of interest, with probability mass function
(shifted Binomial).

P [M = m] =
�N−1

m−1

�

p m−1(1− p)N−m ; m = 1,2, . . . ,N , (5)

where N ≥ 1 is the total number of potential competing causes relate to the occurrence
of an event of interest. Let W j , j = 1,2, . . . ,N denote the time to event due to j th

competing cause and W j are independent and identical random variables with a common
survival function Ḡ0(t ) that is independent of M with Ḡ0(∞) = c0, 0 ≤ c0 < 1. Here
there is a positive probability that W j =∞, j = 1,2, . . . ,N . The number of competing
causes M and the lifetime Wk associated with k th cause is not observable but only the
minimum lifetime among all causes is observed. The observed life time is now

T =min(W1,W2, . . . ,WN ). (6)

Then, for a given Ḡ0(t ) the long-term survival function of the random variable T is
given as

ḠN (t ) = P [T > t ] = P [M i n(W1,W2, . . . ,WN )> t ]

=
N
∑

m=1

[Ḡ0(t )]
m�N−1

m−1

�

p m−1(1− p)N−m

= Ḡ0(t )
�

1− p + p Ḡ0(t )
�N−1

, (7)

where N ≥ 1. Observe that the model in Eq. (7) is an improper survival function and
is formulated as a transmuted model of order N (Rahman et al., 2018). Hence, we refer
Eq. (7) as the general class of transmuted cure rate (GTC) model.
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Let G be the class of baseline survival function given by

G = {Ḡ0(t ,θ0) : lim
t→∞

Ḡ0(t ,θ0) = c0(θ0), 0≤ c0 < 1, t ∈ R+}, (8)

where θ0 = (θ01,θ02, . . .) is the set of parameters in the baseline distribution. From
Figure 1 we see that the parameter p manages the skewness of the distribution and this
motivates us to incorporate effect of covariates through the parameter p as p(x,β), using
the logistic function (Farewell, 1982) as

1− p(x,β) =
1

1+ eβx
and p(x,β) =

eβx

1+ eβx
, (9)

where x = (1, x1, . . . , xp )
′ be the vector of covariates and β = (β0,β1, . . . ,βp ) be the

(p + 1)× 1 vector of regression coefficients. Define the class P such that

P =
§

p(x,β) : 0< p(x,β)< 1
ª

. (10)

For a given Ḡ0(·) ∈ G and p(·) ∈P , then the class of models corresponding to (7)
can be written as

H =
§

Ḡm(t , x) : ḠN (t , x,θ) = Ḡ0(t ,θ0)
�

1− p(x,β)+ p(x,β) Ḡ0(t ,θ0)
�N−1

ª

, (11)

where t ∈ R+,N = 1,2, . . . .
The cure fraction of GTC model is

cN (x,θ) = lim
t→∞

ḠN (t , x,θ) = c0(θ0) [1− p(x,β)+ p(x,β) c0(θ0)]
N−1 , (12)

where limt→∞ Ḡ0(t ,θ0) = c0(θ0), 0 ≤ c0(θ0) < 1. The class of GTC models reduces to
some well studied distributions in literature (see Table 1 ).

TABLE 1
Examples of cure rate models.

N ḠN (t , x,θ) Cure rate model

1 Ḡ1(t , x,θ) = Ḡ0(t ,θ0)
Defective cure rate model
(Rocha et al., 2017).

2 Ḡ2(t , x,θ) = Ḡ0(t ,θ0)
�

1− p(x,β)+ p(x,β) Ḡ0(t )
� Shifted Bernoulli cure rate model

(Asha and Soorya, 2021).

3 Ḡ3(t , x,θ) = Ḡ0(t ,θ0)
�

1− p(x,β)+ p(x,β) Ḡ0(t ,θ0)
�2 when Ḡ0(·) is proper Ḡ3(·) reduces

to cubic transmuted distribution
(Granzotto et al., 2017; Rahman et al., 2018).
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(a) p = 0.1 (b) p = 0.5

(c) p = 0.8

Figure 1 – Plots of probability density function of improper survival function of GTC cure rate
model for different values of p.
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3. PROPERTIES

We proceed this Section by deriving the properties of the GTC model i Eq. (7). The
density of the GTC model is obtained as

gN (t , x,θ) =
N
∑

m=1

g0(t ,θ0)
�

m Ḡ0(t ,θ0)
m−1�N−1

m−1

�

p(x,β)m−1(1− p(x,β))N−m
�

, (13)

where g (t , x,θ) and g0(t ,θ0) are the probability density function of improper survival
function of GTC cure rate model Ḡ(t , x,θ) and improper baseline survival function
Ḡ0(t ,θ0) respectively. Figure 1 shows the probability density plots of GTC model with
different parameter values for p and m.

The hazard function of GTC cure rate model is given by

hN (t , x,θ) = h0(t ,θ0)
�

1+(N − 1)
p(x,β)Ḡ0(t )

1− p(x,β)+ p(x,β)Ḡ0(t ,θ0)

�

, (14)

where h0(t ,θ0) is the hazard rate of baseline survival function Ḡ0(t ,θ0).

THEOREM 1. The GTC model Ḡ(t , x,θ), has a decreasing failure rate if the baseline
distribution Ḡ0(t ,θ0) has a decreasing failure rate.

PROOF. See Appendix A for the proof. 2

Note that the GTC model need not exhibit the same behaviour of failure pattern as
the baseline apart from the decreasing case. However, it should be mentioned that the
failure rate is bounded in all cases. The following result is quite intuitive.

THEOREM 2. The failure rate of GTC model is an increasing function of the number
of competing risk N.

PROOF. See Appendix B for the proof. 2

THEOREM 3. The cure rate of the GTC model is a decreasing function in both param-
eter p and N.

PROOF. The proof is direct. 2
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4. IDENTIFIABILITY ISSUES OF GTC MODEL

In case of studies involving long term survivors the modelling and estimation of param-
eters can be challenging. Farewell (1982) discussed the issues in distinguishing censored
individuals in susceptible groups from the non susceptible individual. This in turn leads
to non-identification of models with a high incidence of susceptibles and long tails of
the latency distribution from low incidence of susceptibles and short levels of latency
distribution. Every cure rate model discussed now needs to be investigated for identi-
fiability issues to obtain unique estimates of unknown parameters. This warrants an
in-depth study of identifiability issues of the proposed GTC model. In this Section, we
investigate the conditions under which GTC model is identifiable.
Note that the GTC model can be represented as

ḠN (t , x,θ) = Ḡ0(t ,θ0)U (t , x,θ)N−1, (15)

where U (t , x,θ) = 1− p(x,β) + p(x,β) Ḡ0(t ,θ0). This is of the form of the standard
mixture cure rate model. The identifiability of the standard mixture cure rate model has
been extensively discussed by Li et al. (2001) and Hanin and Huang (2014).

DEFINITION 4. The function U (t , x,θ) is identifiable within the family P and G if
the equality

U (t , x,θ) =U ∗(t , x,θ∗), (16)

where
U ∗(t , x,θ∗) = 1− p∗(x,β∗) + p∗(x,β∗) Ḡ∗0 (t ,θ∗0) (17)

for some p(x,β), p∗(x,β∗) ∈P , Ḡ0(t ,θ0), Ḡ∗0 (t ,θ∗0) ∈G implies that p(x,β) = p∗(x,β∗)
and Ḡ0(t ,θ0) = Ḡ∗0 (t ,θ∗0).

THEOREM 5. The GTC model ḠN (t , x,θ) is identifiable if the function U (t , x,θ) is
identifiable.

PROOF. See Appendix C for the proof. 2

COROLLARY 6. The GTC model in Eq. (11) is identifiable.

PROOF. From Theorem 1 of Li et al. (2001), we have that U (t , x,θ) is identifiable
for p(·) specified as a logistic function. The result now follows from Theorem 5. 2

5. ESTIMATION OF PARAMETERS

Among many estimation approaches, the maximum likelihood estimation is most pop-
ular due to the desirable large sample properties it enjoys. The likelihood approach
works well for estimating the parameters in GTC model. In this Section, we discuss the
likelihood and observe that it needs to be analytically solved. A simulation algorithm
of the procedure is explained and illustrated through an example using the generalised
Gompertz distribution as the baseline.
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5.1. The Likelihood contribution

If Yi and Ci denote the failure time and censoring time of the i th subject, we observe Ti =
mi n(yi ,Ci ) for i = 1,2, . . . , n. Correspondingly, the failure-time is indicated by δ =
(δ1, . . . ,δn)whereδi = I (Ti ≥Ci )where I (.) is the indicator function andδi is equal to
1 if Ti is a time-to-event and is 0 if it is right-censored. Let x = (1, x1, . . . , xk )

′ be the vector
of covariates andβ= (β0,β1, . . . ,βk ) be the (k+1)×1 vector of regression coefficient
and the covariates are introduced through the parameter p. If θ0 = (θ01, . . . ,θ0k )

′ are the
parameters of the baseline distribution, then θ= (θ0,β) forms the vector of parameters
for the GTC model. The observed data are of the form (ti ,δi , x). Suppose that the data
are independently and identically distributed and come from GTC Model with density
function gm(ti , x;θ) and survival function Ḡm(ti , , x;θ) ∈H , the likelihood function
is given by

L(θ; t , x,δ)∝
n
∏

i=1

gm(ti , x;θ)δi Ḡm(ti , x;θ)(1−δi ). (18)

For the proposed model in Eq. (7) the log-likelihood function is obtained as

l (θ; t , x,δ) =
n
∑

i=1

δi log
�

g0(t ;θ0)
N
∑

m=1

�

m Ḡ0(t ;θ0)
m−1�N−1

m−1

�

p m−1(1− p)N−m
�

�

+(1−δi ) log
�

Ḡ0(t ;θ0)
�

1− p(x,β) + p
�

x,β
�

Ḡ0(t ;θ0)
�N−1

�

. (19)

Given the observed data (t ,δ, x) we wish to find the value of θ that maximizes Eq. (19).
The likelihood equations can be obtained by solving first order partial derivatives of the
likelihood and equating to zero. These equations are non-linear in nature and difficult
to solve. We consider the profile likelihood method. This estimation method is an al-
ternative one when closed form of maximum likelihood estimator is not possible and
iterative procedures fail to converge. The profile likelihood approach involves estimat-
ing parameters in stages. In the first stage, we fix one of the parameters in θ = (θ0,β)
to estimate the remaining parameters. Then, in the second stage, the estimates obtained
from the first stage are substituted back into the likelihood function, and the remaining
parameters are estimated. This stepwise approach is repeated until convergence of the
parameter estimates θ̂= (θ̂0, β̂), is observed. The asymptotic distribution of θ̂= (θ̂0, β̂)
is multivariate normal with mean vector θ = (θ0,β) and covariance matrix I−1(θ0,β)
which can be estimated by from the observed fisher information matrix (Patefield, 1977;
Cox and Barndorff-Nielsen, 1994) evaluated at θ= (θ̂0, β̂).

5.2. Example - general transmuted class of Gompertz cure rate model

It is often observed that in some clinical data on cancer survival, the hazard rate decreases
exponentially with time. This motivates us to consider the Gompertz distribution as
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the baseline distribution in GTC model. It is specified as,

Ḡ0(t ;θ0) = e
b
a (e
−at−1), a 6= 0, b > 0, (20)

where θ0 = (a, b ).

If a < 0 the survival function in Eq. (20) corresponds to the proper Gompertz distri-
bution and if a > 0 the distribution is an improper distribution with surviving fraction
to e−

b
a (Cantor, 2001).

The survival function of general transmuted class of Gompertz cure rate (GTCGC)
model is

Ḡm(t , x;θ) = e
b
a (e

−at−1)
h

1 − p(x,β) + p(x,β) e
b
a (e

−at−1)
im−1

, (21)

where θ = (a, b ,β), a > 0, b > 0, p(x,β) = eβx

1+eβx , x = (1, x1, . . . , xp )
′ and β =

(β0,β1, . . . ,βp ) are the vector of covariates and the vector of regression coefficients re-
spectively. The cure fraction of GTCGC model is

cm(θ; x) = e−
b
a (1 − p(x,β) + p(x,β) e−

b
a )m−1. (22)

The probability density function and hazard functions are given by

g (t , x;θ) =b
m
∑

i=1

e−a t e
b
a (e
−at−1)

�

i
�

e
b
a (e
−at−1)

�i−1

×
�m−1

i−1

�

p(x,β)i−1(1− p(x,β))m−i
�

(23)

and

hm(t , x;θ) = b e−a t



1+(m− 1)
pe

b
a (e
−at−1)

1− p(x,β)+ p(x,β)e
b
a (e−at−1)



 , (24)

respectively. The likelihood function corresponding to Eq. (18) for the GTCGC in Eq.
(21) model is

L(θ; t , x,δ)∝
n
∏

j=1

�

b
m
∑

i=1

e−a t j e
b
a (e
−at j −1)

�

i
�

e
b
a (e
−at j −1)�i−1�m−1

i−1

�

p(x j ,β)
i−1

× (1− p(x j ,β))
m−i

��δ j �

e
b
a (e
−at j −1) �1 − p(x j ,β) + p(x j ,β)

× e
b
a (e
−at j −1) �m−1

�(1−δ j )

, (25)
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where θ= (a, b ,β) and n is the sample size. The corresponding log likelihood function
is

log L(θ; t , x,δ)∝
n
∑

j=1

δ j

�

b
m
∑

i=1

e−a t j e
b
a (e
−at j −1)

�

i
�

e
b
a (e
−at j −1)

�i−1
�m−1

i−1

�

p(x j ,β)
i−1

× (1− p(x j ,β))
m−i

��

+(1−δ j )
�

e
b
a (e
−at j −1) �1 − p(x j ,β) + p(x j ,β)

× e
b
a (e
−at j −1) �m−1

�

. (26)

The log likelihood can be maximized either directly or by solving the non-linear likeli-
hood equations obtained by differentiating Eq. (26).

6. THE BAYESIAN ESTIMATION

The Bayesian approach to cure rate modelling allows one to combine prior information
about the parameter with observed data and has been comprehensively presented by
many authors. See Ibrahim et al. (2001) and Rodrigues et al. (2012) to mention a few.

The posterior distribution of θ= (a, b ,β) based on the observed data is given by

π(θ̂|t )∝ L(t |θ)π(a)π(b )π(β), (27)

where π(a),π(b ) and π(β) are the prior distribution of the parameters a, b and β, re-
spectively. Since the Gamma family is flexible and suitable to model positive variables,
we consider the prior distributions of a, b , as Gamma (m1, n1), Gamma (m2, n2). For
the parameter β the prior taken as N (µ,σ).

The joint posterior distribution is obtained as

logπ(θ; t , x,δ j )∝
n
∑

j=1

δi log
�

b
m
∑

i=1

e−a t j e
b
a (e
−at j −1)

�

i
�

e
b
a (e
−at j −1)

�i−1
�m−1

i−1

�

× p(x,β)i−1(1− p(x,β))m−i
��

+(1−δi ) log
�

e
b
a (e
−at j −1)

×
h

1− p(x,β)+ p(x,β)e
b
a (e
−at j −1)

im−1 �

− logΓm1−m1 log n1

+(m1− 1) loga− a
n1

− logΓm2−m2 log n2

+(m2− 1) log b − b
n2

+ log(σ
p

2π)− 1
2

�

β−µ
σ

�2

, (28)

where Γ is the gamma function, p(x,β) = eβx

1+eβx and m = 1,2, . . . ,N .
Posterior summaries of interest will be obtained from simulated samples for the joint

posterior distribution using standard MCMC procedure as the posterior is analytically
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intractable. Gibbs sampling algorithm is used when the complete conditional distribu-
tions have known forms. The posterior conditionals of Eq. (28) for each variable is
given below

π(a|b , p; t )∝
n
∑

j=1

δi log
�

b
m
∑

i=1

e−a t j e
b
a (e
−at j −1)

�

i
�

e
b
a (e
−at j −1)

�i−1
�m−1

i−1

�

× (p(x,β)i−11− p(x,β))m−i �
�

+(1−δi ) l o g
�

e
b
a (e

−at j −1)

×
�

1− p(x,β) + p(x,β), e
b
a (e

−at j −1) �m−1
�

− logΓm1−m1 log n1+

+(m1− 1) loga− a
n1

,

π(b |a, p1; t )∝
n
∑

j=1

δi log
�

b
m
∑

i=1

e−a t j e
b
a (e
−at j −1)

�

i
�

e
b
a (e
−at j −1)

�i−1
�m−1

i−1

�

× p(x,β)i−1(1− p(x,β))m−i �
�

+(1−δi ) log
�

e
b
a (e

−at j −1)

×
�

1 − p(x,β) + p(x,β) e
b
a (e

−at j −1) �m−1
�

− logΓm2−m2 log n2+

+(m2− 1) log b − b
n2

,

π(β|a, b ; t )∝
n
∑

j=1

δi log
�

b
m
∑

i=1

e−a t j e
b
a (e
−at j −1) �i

�

e
b
a (e
−at j −1)

�i−1
�m−1

i−1

�

× (p(x,β)i−11− p(x,β))m−i �
�

+(1−δi ) log
�

e
b
a (e

−at j −1)

×
�

1 −
�

p(x,β) + p(x,β)e
b
a (e

−at j −1)
��m−1�

− 1
2

�

β−µ
σ

�2 �

.

The Gibbs sampling algorithm is ruled out as the conditionals are in the above form.
We resort to the Metropolis-Hastings (M-H) algorithm which enables us to sample from
the posterior distribution π(θ|t ). The algorithm is based on a candidate-generating or
proposal density k(θ, ν) such that

∫

k(θ, ν)d ν = 1. The M-H algorithm is:

• Set an initial value for θ say θ0. Set iteration number m = 0.

• Generate θ∗ from the proposal density k(θm , ·). Draw a value u from U (0,1).
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• Calculate a probability of move α(θm ,θ∗). The probability of move from θ to θ∗

is the ratio

α(θ,θ∗) =min
�

π(θ∗|t )k(θ∗,θ)
π(θ|t )k(θ,θ∗)

, 1
�

.

Since k(θ, v) is symmetric k(θ∗,θ = k(θ,θ∗). If u ≤ α(θm ,θ∗), accept the new
candidate, and set θm+1 = θ

∗. If u > α(θm ,θ∗), then do not accept the new can-
didate, and set θm+1 = θm . Thus, at iteration (m + 1), θm+1 either takes on the
value θ∗ or remains at the previous iterate value θm .

• Set m = m+ 1, and repeat.

• The iteration is continued untill convergence is attained.

Convergence of the samples θm for m = 1,2, . . . , M to the invariant target posterior dis-
tribution occurs only after the Markov chain has passed the transient stage and the effect
of the fixed starting value θ0 has become negligible and can be ignored and occurs under
mild regularity conditions. These regularity conditions are (a) irreducibility and (b) ape-
riodicity of the Markov chain. We use R software based on the mhadaptive package in
the R software (Chivers, 2011) to develop the code and posterior summaries of interest.

For a sample size n, the mhadaptive takes a sample of size m from posterior dis-
tribution π(θ|t ). This process is replicated R times. The posterior mean θ is
θ̂ = 1

R m
∑R

i=1
∑m

j=1 θ̂i j , where θ̂i j be the j th sample from the i th replication and R, m
are the total number of replications and the iterations respectively. One can choose ei-
ther posterior mean or posterior mode as the Bayesian estimate. The bias and MSE of

the parameter θ is Bias= θ̂−θ and MSE= 1
R
∑R

i=1

�

1
m
∑m

j=1
ˆθ i j−θ

�2

, respectively. We

calculate the standard error of this estimate, we use the Bootstrap algorithm (Efron and
Hastie, 2016).

7. SIMULATION STUDY

A simulation study of the performance of the maximum likelihood estimation and Bayes
estimation were carried out based on simulated samples from the GT C model with three
competing risks and Gompertz distribution as baseline distribution using the following
simulation algorithm.

Simulation algorithm

Suppose that the time of occurrence of an event of interest has survival function Ḡ(t , x)
as given in Eq. (7). The algorithm to simulate right censored failure times from Ḡ(t , x)
with cure fraction cm(x,θ) for a sample of size n is detailed below.

1. Generate n covariate values x1, . . . , xn from fX (x) .
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2. For each xi and the values of model parameters in the baseline distribution and
intensity function, compute the cure fraction cm(xi ;θ) as in Eq. (12).

3. Generate Vi , where Vi ∼ Bernoulli (1− cm(xi ,θ)) for each i = 1,2, . . . n.

4. For i = 1, · · · , n, if Vi = 1 take ti as the solution of G(ti , xi ) = ui , where ui is
generated from Uniform(0,1− cm(x1,θ)). If Vi = 0, set ti =∞.

5. For each i = 1,2, . . . , n, generate the censoring time D = di from a censoring
distribution say g (d |k) with the associated parameter k, where k is computed to
obtain the prefixed censoring rate p. To derive the value of k solve P [D ≤ T <
∞] = p (Wan, 2017).

6. Calculate yi =min(ti , ci ). If ti < ci set the censoring indicator δi = 1, otherwise
set δi = 0. So, clearly, those cured with Vi = 0 have δi = 0.

For the simulation study the parameter values are fixed at a = 2, b = 4 and β= 0.6
with censoring proportions 20% and 40%. The simulation study was carried out 10000
times. For each simulated data set, we obtain the maximum likelihood estimates and
Bayes estimates of the model parameters a, b , andβ, along with the corresponding bias,
mean square error and coverage probability. The mean square errors is given by

MSE=
1
R

R
∑

i=1

(θ̂i −θ)
2, (29)

where θ̂= 1
R
∑R

i=1 θ̂i and θ̂i be the i th sample estimates of θ. The coverage probability
of an estimator is the proportion of times the corresponding 95% asymptotic confidence
intervals contain the parameter’s actual parameter value. Four different choices of the
sample size n = 25,50,100, and 500 are taken to study the behaviour of the estimates
with a change in the sample size.

The results of maximum likelihood estimates and Bayes estimates with informative
and reference priors are given in Table 2, Table 3, and Table 4, respectively. Now, we
provide the following observations from the result presented in these Tables.

1. Table 2 provides the maximum likelihood estimator for θ= (a, b ,β). The biases
and mean square error(MSE) decreases as the sample sizes increases. We also ob-
served that the rate of convergence improved with increasing sample size. Figure 2
and 3 show the estimated cure rate for 20% and 40% censoring respectively. From
these Figures we observe that as sample size increases the empirical cure rate value
c(â, b̂ , β̂) coincide with c(a, b ,β).
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TABLE 2
Bias and MSE of ML estimates in GTCGC model with (a, b ,β) = (2,4,0.6).

Censoring Percentage Sample Size

25 50 100 500

20

â 2.095 1.891 2.043 1.967
Bias 0.998 -0.108 0.043 -0.032
MSE 1.521 0.534 0.372 0.055

Coverage Probability 0.871 0.899 0.921 0.964

b̂ 4.291 3.762 4.064 4.036
Bias 0.291 -0.237 0.064 0.036
MSE 2.286 0.620 0.295 0.056

Coverage Probability 0.825 0.891 0.960 0.959

β̂ 0.913 0.715 0.747 0.670
Bias 0.313 0.115 0.147 0.070
MSE 0.310 0.203 0.177 0.062

Coverage Probability 0.828 0.842 0.903 0.956

40

â 2.783 2.418 2.036 1.998
Bias 0.783 0.418 0.036 -0.001
MSE 1.667 1.380 0.624 0.076

Coverage Probability 0.891 0.912 0.962 0.970

b̂ 4.663 4.132 4.120 4.024
Bias 0.663 0.132 0.120 0.024
MSE 1.674 0.683 0.316 0.060

Coverage Probability 0.888 0.901 0.971 0.981

β̂ 0.874 0.672 0.653 0.606
Bias 0.274 0.072 0.053 0.006
MSE 0.315 0.243 0.214 0.034

Coverage Probability 0.810 0.903 0.965 0.978
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(a) n = 25 (b) n = 50

(c) = 100 (d) = 500

Figure 2 – Plots for cure rate for sample sizes n = 25, 50, 100 and 500 under 20% censoring.

2. Table 3, and Table 4 provide the Bayes estimates which obtained from informa-
tive and flat reference prior, respectively. The prior distributions were selected
as Gamma(0.1,5), Gamma(0.6,7), and Normal(0,100), respectively. Randomly
chosen parameter values were tested for the gamma distribution, and the results
for Gamma(0.5,10), Gamma(0.6,7) are reported here. This helped rule out prior
sensitivity and the Normal(0,100)was chosen forβ to admit for a large variance.
The simulation study shows that the biases and MSE’s decreases as the sample
sizes increases. Also the posterior is not prior sensitive. The prior robustness is
evident from Table 3 and Table 4.

Note that the simulation study for GTCGC model with N = 2 is detailed in Asha
and Soorya (2021).
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(a) n = 25 (b) n = 50

(c) = 100 (d) = 500

Figure 3 – Plots for cure rate for sample sizes n = 25, 50, 100 and 500 under 40% censoring.
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TABLE 3
Bias and MSE of Bayes estimates using informative prior in GTCGC model with

(a, b ,β) = (2,4,0.6).

Censoring Percentage Sample Size

25 50 100 500

20%

â 1.700 2.860 2.195 2.121
Bias -0.299 0.860 0.195 0.121
MSE 0.089 0.741 0.038 0.014

b̂ 3.188 3.499 3.523 3.726
Bias -0.811 -0.500 -0.476 -0.273
MSE 0.658 0.250 0.226 0.074

β̂ 0.700 0.676 0.687 0.683
Bias 0.100 0.076 0.087 0.083
MSE 0.010 0.005 0.007 0.006

40%

â 1.033 1.065 1.348 1.803
Bias -0.966 -0.934 -0.651 -0.196
MSE 0.934 0.873 0.423 0.038

b̂ 3.145 3.191 3.498 3.615
Bias -0.854 -0.808 -0.501 -0.384
MSE 0.729 0.653 0.251 0.147

β̂ 0.690 0.688 0.679 0.678
Bias 0.090 0.088 0.079 0.078
MSE 0.008 0.007 0.006 0.006
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TABLE 4
Bias and MSE of Bayes estimates using reference prior in GTCGC model with (a, b ,β) = (2,4,0.6).

Censoring Percentage Sample size

25 50 100 500

20%

â 1.545 1.674 1.787 1.986
Bias -0.455 -0.326 -0.213 -0.014
MSE 0.337 0.314 0.277 0.075

b̂ 3.629 3.759 3.900 4.008
Bias -0.371 -0.241 -0.100 0.008
MSE 0.417 0.262 0.158 0.064

β̂ 0.505 0.514 0.529 0.586
Bias -0.095 -0.086 -0.071 -0.014
MSE 0.015 0.017 0.022 0.023

40%

â 1.606 1.788 1.937 2.024
Bias -0.394 -0.212 -0.063 0.024
MSE 0.450 0.293 0.166 0.046

b̂ 3.694 3.843 3.945 4.017
Bias -0.306 -0.157 -0.055 0.017
MSE 0.338 0.194 0.143 0.058

β̂ 0.511 0.517 0.524 0.583
Bias -0.089 -0.083 -0.076 -0.017
MSE 0.014 0.018 0.022 0.024
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8. ANALYSIS OF BLOOD AND MARROW TRANSPLANTATION DATA

In this Section, we analyse the data consisting of 8966 patients who have undergone
bone marrow transplantation at the European Society for Blood and Marrow Transplan-
tation (EBMT). For severe haematopoietic system problems, such as acute and chronic
leukaemia, haematopoietic stem cell transplantation (HSCT) is an effective and standard
treatment. Fiocco et al. (2005) analysed the data using the reduced rank proportional
hazard model for competing risks. Data are available in the msatate package in R (Put-
ter et al., 2016). The observed time (T ) is the time from transplantation to death or last
follow-up ranging from 0.001 to 211.372 months. The patients still alive at the end of
the study are considered as censored observations. We give a deeper analysis of the same
using the GTC model.

We fit the data for the destructive negative binomial cure rate model with Weibull
baseline (Rodrigues et al., 2011), Generalized exponential cure rate model (Kannan et al.,
2010), Defective Gompertz cure rate model (Rocha et al., 2017) and the proposed GTC
model. After transplantation leukaemia patients are at risk of death from either of
or some of or all of the listed causes which are: (i) operation, (ii) leukaemia relapse,
(iii) chronic graft-versus-host disease (GvHD) (most common non-relapse complication
caused by immune cells reacting against normal host tissues in the donor graft), (iv) infec-
tion, (v) haemorrhage, (vi) severe organ toxicity from high-dose chemotherapy given be-
fore the transplant. So each subject will experience either six competing causes or a com-
bination of the causes of death. We consider defective Gompertz with Ḡ0(t ) in Eq.(20)
and defective Dagum distribution (Martinez and Achcar, 2018) with Ḡ0(t ,γ ,η,α) =
1− γη

η+γ t−α , where α,η > 0 and 0< γ < 1 as baseline distributions.

8.1. Maximum likelihood estimation

The maximum likelihood estimates and the corresponding standard errors (S.E), lower
and upper asymptotic confidence intervals (LCL, UCL) are presented in Table 5. The
LCL and UCL of the maximum likelihood estimates of the parameter θ is θ̂−S.E.

θ̂
zα/2

and θ̂+ S.E.
θ̂

zα/2 respectively, where θ̂ is the maximum likelihood estimate and S.E.
θ̂

is the standard error of the parameter θ. The standard error of the parameter θ is the
square root of the variance, which is obtained from the Fisher information matrix (Pate-
field, 1977) by plugging the estimated parameter values of θ. The model comparison by
the AIC criteria evidences the GTC model (Model 4) in Table 5 for m = 6 and a defective
Dagum baseline distribution is a good fit.

We further analysis the data using the model 4 in Table 5 in-cooperating the co-
variates. The covariates of the data are disease group, donor-recipient gender match,
T-cell depletion and age group. It was observed that the covariates donor-recipient
gender match and T-cell depletion were insignificant. An analysis was conducted us-
ing the remaining covariates namely disease sub classification with levels acute myeloid
leukemia (AML),chronic myeloid leukemia (CML), acute lymphoid leukemia (ALL)
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TABLE 5
Maximum likelihood estimation for different cure rate model.

Model Parameter Estimate S.E LCL UCL AIC

1. GTC model with
defective Gompertz
as baseline(m = 6)

a 0.72 0.026 0.661 0.767
18094b 0.22 0.008 0.206 0.237

p 0.16 0.002 0.153 0.160

2. Defective Gompertz
cure rate model

a 0.74 0.012 0.735 0.784 18136b 0.38 0.009 0.377 0.416

3. GTC model with
defective Gompertz
as baseline(m = 2)

a 0.73 0.021 0.692 0.772
18111b 0.29 0.008 0.273 0.306

p 0.37 0.001 0.365 0.370

4. GTC model with
defective Dagum distribution
as baseline(m = 6)

γ 0.20 0.093 0.120 0.488

17423η 0.32 0.218 0.141 0.999
α 1.21 0.019 1.188 1.263
p 0.31 0.147 -0.147 0.431

5. GTC model with
defective Dagum distribution
as baseline(m = 5)

γ 0.17 0.053 0.168 0.379

17594η 0.28 0.105 0.245 0.659
α 1.21 0.015 1.173 1.233
p 0.46 0.094 0.017 0.387

6. Destructive negative
Binomial cure rate model
with Weibull baseline

φ 4.83 1.021 2.823 6.826

17632ω 2.10 0.877 0.381 3.818
γ1 1.09 0.540 0.036 2.149
γ2 -1.21 0.491 0.326 2.150

7. Mixture generalized
Exponential cure rate model

α 0.73 0.010 0.699 0.741
18160λ 0.65 0.025 0.580 0.681

p 0.60 0.005 0.589 0.612
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and age group with levels below 20 , between 20-40 and above 40.
We adopt the usual indicator variable coding methodology and construct the dummy

variables as follows:

x1,dissub:AML = 1 if patient is in AML disease group, 0 otherwise,

x1,dissub:CML = 1 if patient is in CML disease group, 0 otherwise,

x2,age:≤20 = 1 if patient is in below 20 age group, 0 otherwise,

x2,age:20−40 = 1 if patient is in between 20-40 age group, 0 otherwise.

The estimates are presented in Table 6 and the cure rate in Eq. (12) of the blood and
marrow transplanted subjects are obtained as

c6(x,θ) = 0.839(1− p(x,β)+ 0.839 p(x,β))5, (30)

where

p(x,β) =
e−0.247+0.113 x1,dissub:CML+0.247 x1,dissub:AML−0.799 x2,age:≤20−0.106 x2,age:20−40

1+ e−0.247+0.113 x1,dissub:CML+0.247 x1,dissub:AML−0.799 x2,age:≤20−0.106 x2,age:20−40
.

We observe from the Table 5 that in all disease groups, the patients belonging to the age
group below 20 show a higher cure rate than those who belong to the age group above
20. The patients with ALL disease and the age group below 20 (0.678) show a high cure
rate, while those with AML disease and those above 40 (0.55) show a lower cure rate.
Among the disease group, the AML group have a lower cure rate than the CML and
ALL diseases group. The patients who belong to the age group below 20 show a higher
probability of survival compared to the other age group.

TABLE 6
Maximum likelihood estimates for GTC model with defective Dagum distribution as baseline where
β1,dissub:AML, β1,dissub:CML, β2,age:≤20, andβ2,age:20−40 are the regression coefficients corresponds to the

covariates x1,dissub:AML, x1,dissub:CML, x2,age:≤20, and x2,age:20−40, respectively.

Parameter Estimate S.E |Estimate|
S.E LCL UCL

γ 0.16 0.016 0.129 0.193
η 0.26 0.029 0.203 0.316
α 1.22 0.030 1.159 1.277
β0 -0.25 0.087 2.847 -0.417 -0.077
β1,dissub:CML 0.11 0.032 3.496 0.050 0.177
β1,dissub:AML 0.25 0.099 2.486 0.052 0.442
β2,age:≤20 -0.80 0.370 2.159 -1.525 -0.074
β2,age:20−40 -0.11 0.041 2.556 -0.186 -0.025
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8.2. Algorithm validation using bootstrap

The bootstrap technique is used to check the accuracy of algorithm. Here we draw B
bootstrap samples with replacement from the data and each bootstrap sample consist of
8966 observations. We obtain the the bootstrap estimate for each bootstrap sample, say
θ̂b , where θ̂b be the b th bootstrap sample estimate of the parameter θ, b = 1,2, . . . ,B
(Efron and Hastie, 2016). The estimated values are presented in Table 7 thereby con-
firming our claim.

TABLE 7
Bootstrap estimates for GTC cure rate models with defective Dagum baseline where

β1,dissub:AML, β1,dissub:CML, β2,age:≤20, andβ2,age:20−40 are the regression coefficients corresponds to the
covariates x1,dissub:AML, x1,dissub:CML, x2,age:≤20, and x2,age:20−40, respectively.

Parameter Estimate S.E. |Estimate|
S.E. LCL UCL

γ 0.14 0.021 0.100 0.184
η 0.20 0.032 0.133 0.258
α 1.56 0.031 1.501 1.623
β0 -0.21 0.089 2.302 -0.379 -0.030
β1,dissub:CML 0.14 0.045 3.165 0.055 0.232
β1,dissub:AML 0.27 0.097 2.756 0.077 0.457
β2,age:≤20 -0.81 0.311 2.613 -1.423 -0.203
β2,age:20−40 -0.12 0.050 2.365 -0.217 -0.020

TABLE 8
Bayesian estimates for GTC cure rate models with defective Dagum baseline.

Parameter Posterior mean(S.E) Posterior mode(S.E) 95% Credible intervals
0.025 0.095

γ 0.16(0.042) 0.16(0.033) 0.153 0.176
η 0.35(0.045) 0.25(0.110) 0.235 0.938
α 1.27(0.361) 1.20(0.493) 1.168 1.732
β0 -0.22(0.091) -0.20(0.080) -0.310 -0.181
β1,dissub:CML 0.14(0.008) 0.14(0.009) 0.108 0.160
β1,dissub:aML 0.28(0.012) 0.25(0.031) 0.245 0.353
β4,age:≤20 -0.80(0.201) -0.79(0.313) -0.841 -0.773
β4,age:20−40 -0.10(0.005) -0.10(0.002) -0.123 -0.032

8.3. Bayesian analysis

In the most of the clinical trials information regarding the experiment is available through
the previous study or expert knowledge. It is only imperative that this information be
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(a) γ (b) η

(c) α (d) β0

(e) β1,dissub:CML (f) β1,dissub:AML

(g) β4, age:≤20 (h) β4, age:20-40

Figure 4 – Trace and density plots of parameters γ ,η,α,β0,β1,dissub:CML,β1,dissub:AML,β4, age:20-40 and
β4, age:≤20 in GTC cure rate model with defective Dagum distribution.
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(a) Survival function of GTC model by age
group (CML patients).

(b) Survival function of GTC model by age
group (AML patients).

(c) Survival function of GTC model by age
group (ALL patients).

Figure 5 – Plots of survival function stratified by age group for different disease types (CML, AML,
ALL).
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used in data analysis. This motivates us to investigate Bayesian estimation procedures.
We perform Bayesian analysis on this data set. Since we do not have much prior informa-
tion regarding this particular data we relay on non informative prior Uniform(0,1) for
the parameter γ . The flexible gamma distribution priors, Gamma(0.1,10) and
Gamma(0.5,8), were chosen for η and α. The parameters were randomly chosen by
considering naive information we obtained from the initial exploration of the data.
Normal(0,100) was chosen for β0, β1,dissub:CML, β1,dissub:AML, β2,age:≤20 and β2,age:20−40

to admit for a large variance indicating near non information. Using Metropolis-Hastings
algorithm in Section 6, we sample from the posterior distribution and the posterior sum-
maries of interest will be obtained by using R software. The plots of marginal posterior
densities are presented in Figure 4. From the plots we observe that that the chains begin
to converge after approximately 20,000 iterations. To mitigate the influence of initial
values and ensure that the posterior estimates are based on the stationary distribution,
the first 20,000 samples were discarded as burn-in. Also we observe that the posterior
densities are symmetric, so we calculate the 95% credible intervals (CI) which is also
a high posterior density (HPD) interval. The standard error of the Bayesian estimates
are calculated by Bootstrap algorithm in Section 6.2. The Bayesian estimates for the pa-
rameters and the corresponding S.E, CI (HPD) intervals and for the GTC model with
Dagum baseline distribution is presented in Table 8.

9. DISCUSSION

We proposed a general class of transmuted cure rate models motivated by the rank trans-
mutation of improper distribution. The identifiability issues of the model are discussed
by appealing to the result in Li et al. (2001). The defective cure rate model and the
shifted Bernoulli cure rate model can be considered special cases of the GTC model
with m = 1,2 respectively. The cure fraction of the population modelled by the GTC
model is obtained as c0(1− p+ p c0)

m−1 where c0 is the limiting value of baseline distri-
bution. The parameter p manages the skewness of the proposed model motivates us to
include covariates through p. The example of the proposed model is illustrated through
the defective Gompertz distributions as a baseline distribution. The method of maxi-
mum likelihood estimation and Bayesian approaches are shown to work effectively in a
synthetic data.
The application of the model is illustrated using the blood and marrow transplanted
data. The survival probability of the data is modelled through some existing models and
the GTC model with defective Gompertz and defective Dagum baseline distributions.
The analysis results show that the GTC model with six competing risks and defective
Dagum baseline distribution fits the data well. To study the effect of covariates on the
long-term survival probability of blood and marrow transplanted patients, the param-
eter p(·) is linked with the covariates disease sub-classification, donor-recipient gender
match, T-cell depletion and age group. The covariates gender match of donor-recipient
and T-cell depletion showed no significant effect on the survival probability, while the
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disease sub-classification and age group are substantial.
From Figure 5 we observe that irrespective of the disease sub-group, the probability

of cure of a below 20 years of age group patient has a 14% and 17% higher probability of
cure than the patient in between 20-40 age group and above 40 age group, respectively.
We also observe that in all age groups, the patient with AML disease shows a 4% less
cure than the ALL patient, while the CML patients and AML patients did not show any
significant change in their cure rate for the different age groups. This data is well studied
by Fiocco et al. (2005) using the reduced rank proportional hazard model for competing
risks. They found that a patient’s age at transplantation strongly influences their death,
which is consistent with our findings.
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APPENDIX

A. PROOF OF THEOREM 1

PROOF. Observe,

h ′N (t , x,θ) =h ′0(t ,θ0)
�

1+(N − 1)
p(x,β)Ḡ0(tθ0)

1− p(x,β)+ p(x,β)Ḡ0(t ,β)

�

− h0(t ,θ0)

(N − 1)
�

g0(t ,θ0)p(x,β)(1− p(x,β))

1− p(x,β)+ p(x,β)Ḡ0(t ,θ0)

�

(31)

where h
′

N (t , x,θ) and h
′

0(t ,θ0) are the first derivatives of hN (t , x,θ) and h0(t ,θ0) respec-
tively with respect to t .
Let assume that Ḡ0(t ,θ0) has a decreasing failure rate, then from Eq. (31) it is now
straightforward that Ḡ(t , x,θ) has a decreasing failure rate. 2

B. PROOF OF THEOREM 2

PROOF. Differentiate Eq. (14) with respect to N ,

∂ hN (t , x,θ)
∂ N

= h0(t ,θ0)
p Ḡ0(t ,θ0)

1− p(x,β)+ p(x,β) Ḡ0(t ,θ0)
. (32)
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From Eq. (32), it is obvious that ∂ hN (t )
∂ N > 0, that is the failure rate is an increasing

function of N . 2

C. PROOF OF THEOREM 5

PROOF. If U (t , x,θ) is identifiable, then

U (t , x,θ) =U ∗(t , x,θ∗)

=⇒ p(x,β) = p(x,β∗) and Ḡ0(t ,θ0) = Ḡ∗0 (t ,θ0∗)

which in turn implies ḠN (t , x,θ) = Ḡ∗N (t , x,θ∗). Hence the proof. 2
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Journal of Statistics, Series B, 39, pp. 92–96.

H. PUTTER, L. DE WREEDE, M. FIOCCO, M. PUTTER (2016). mstate: An R Package
for the Analysis of Competing Risks and Multi-State Models. R package version 0.3.1.
URL https://cran.r-project.org/package=mstate.

M. M. RAHMAN, B. AL-ZAHRANI, M. Q. SHAHBAZ (2018). A general transmuted
family of distributions. Pakistan Journal of Statistics and Operation Research, 14,
no. 2, pp. 451–469.

R. ROCHA, S. NADARAJAH, V. TOMAZELLA, F. LOUZADA (2017). A new class of de-
fective models based on the Marshall–Olkin family of distributions for cure rate modeling.
Computational Statistics & Data Analysis, 107, pp. 48–63.

https://cran.r-project.org/package=mstate


Transmuted Cure Models - A Competing Risk Perspective 285

J. RODRIGUES, V. G. CANCHO, M. DE CASTRO, N. BALAKRISHNAN (2012). A
Bayesian destructive weighted Poisson cure rate model and an application to a cutaneous
melanoma data. Statistical Methods in Medical Research, 21, no. 6, pp. 585–597.

J. RODRIGUES, M. DE CASTRO, N. BALAKRISHNAN, V. G. CANCHO (2011). Destruc-
tive weighted Poisson cure rate models. Lifetime Data Analysis, 17, no. 3, pp. 333–346.

J. RODRIGUES, M. DE CASTRO, V. G. CANCHO, N. BALAKRISHNAN (2009). COM–
Poisson cure rate survival models and an application to a cutaneous melanoma data.
Journal of Statistical Planning and Inference, 139, no. 10, pp. 3605–3611.

A. TSODIKOV, J. IBRAHIM, A. YAKOVLEV (2003). Estimating cure rates from survival
data: an alternative to two-component mixture models. Journal of the American Sta-
tistical Association, 98, no. 464, pp. 1063–1078.

F. WAN (2017). Simulating survival data with predefined censoring rates for proportional
hazards models. Statistics in medicine, 36, no. 5, pp. 838–854.

A. Y. YAKOVLEV, B. ASSELAIN, V. BARDOU, A. FOURQUET, T. HOANG,
A. ROCHEFEDIERE, A. TSODIKOV (1993). A simple stochastic model of tumor recur-
rence and its application to data on premenopausal breast cancer. Biometrie et Analyse
De Donnees Spatio-Temporelles, 12, pp. 66–82.


	Introduction
	General class of transmuted cure rate models
	Properties
	Identifiability issues of GTC model
	Estimation of parameters
	The Likelihood contribution
	Example - general transmuted class of Gompertz cure rate model

	The Bayesian estimation
	Simulation study
	Analysis of blood and marrow transplantation data
	Maximum likelihood estimation
	Algorithm validation using bootstrap
	Bayesian analysis

	Discussion
	Proof of Theorem 1
	Proof of Theorem 2
	Proof of Theorem 5

