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SUMMARY

Measures of income inequality are used for modelling and analysis of income data. In this paper,
we present various income inequality measures in the quantile set up. We also introduce quan-
tile version of well known dullness property. The interrelationships among these measures are
investigated. The monotonic behaviour of income inequality measures are discussed. We also
develop new quantile functions useful for income analysis. Various applications of the measures
are discussed.
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1. INTRODUCTION

The study of poverty and affluence in a population has been and continues to be of
considerable interest for researchers in economics and statistics. Consequently, various
concepts for measuring income inequality have been developed in literature. The af-
fluence and poverty are generally quantified in terms of the proportion of the rich and
poor people and their incomes (Sen, 1976, 1986, 1988). Poverty and affluence indices
based on the truncated means have been employed in such contexts by considering the
duality between poverty and affluence. However, Sen (1988) mentioned the limitations
of using truncated means in formulating affluence measures and proposed the harmonic
mean as an alternative. Later, Belzunce et al. (1998) introduced a concept called mean
proportional residual income which is closely related to the well known income gap ra-
tio and used it to classify income distributions using the monotonic nature of the mean
proportional residual income.
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It is an acknowledged fact that people in the higher income group under report their
incomes to avoid higher amount of income tax. This phenomenon has been extensively
investigated by income analysts to study its impact on the specification of the income
distribution, for example, see Krishnaji (1970); Talwalker (1980) for some theoretical
discussions. This property, referred to as dullness property, is an important tool for
modelling and analysis of income data. For various applications of the dullness property
we refer to Artikis et al. (1994); Slemrod (2007); Nataraja (2009).

In all the above mentioned aspects of income modelling, the income distribution is
represented by its distribution function. A probability distribution can also be defined
in terms of its quantile function and there are situations in which it enjoys more desirable
properties compared to the distribution function. Those quantile functions which are
highly flexible and do not possess a closed form distribution function, add to the rich-
ness of probability models. Sarabia (1997); Gilchrist (2000); Tarsitano (2004); Haritha
et al. (2008); Beena and Kumaran (2010); Nair et al. (2013a) have used such quantile func-
tions as income distributions. A review of quantile functions, income distributions, and
income inequality measures is conducted by Varkey and Haridas (2023).

The primary objective of the present work is to demonstrate the role of the quan-
tile function in the topics mentioned above so as to facilitate the analysis of incomes
in a wider perspective. We propose quantile-based counterparts of inequality measures,
dullness property, affluence index, etc., and their properties and provide examples as to
how they can replace effectively the results in the distribution function approach.

The paper organized as follows. Section 2 presents quantile versions of income in-
equality measures. The interrelationships among various income inequality measures in
the quantile set up are presented in Section 3. In Section 4, we present quantile version
of dullness property and its complications to income inequality measures. The mono-
tonic properties of income inequality measures are studied in Section 5. In Section 6, we
present various applications of the study. Finally, Section 7 provides major conclusions
of the study.

2. BASIC RESULTS

Let X be a non-negative random variable representing income of a population with ab-
solutely continuous distribution function F (x) and probability density function f (x).
Let Q(u) = infx{F (x) ≥ u}, 0 ≤ u ≤ 1 be the quantile function X . Assume that
E(X ) =µ is finite. The mean of the distribution can be written as

µ=
∫ 1

0
Q(p)d p =
∫ 1

0
(1− p)q(p)d p, (1)

where q(u) is the derivative of Q(u), referred to as quantile density function. Instead
of considering the entire incomes and the corresponding distributions, income analysts
have found certain functions of income that characterize the distribution through the
properties of the income distribution. Such properties can also help in finding suitable
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models of income. In this Section we present some such functions within the quantile
framework so as to provide alternative methodology for the modelling and analysis of
incomes. Individuals whose incomes are above a chosen level t ∗ are considered to be
affluent. The income distribution of the affluent about the line X = t ∗ is based on left
truncated random variable X (t ∗) = {X |X ≥ t ∗}. As a measure of affluence in popula-
tion, the income gap ratio among the rich is defined with reference to the affluence line
X = t ∗ (Sen, 1986) as

β(t ∗) = 1− t ∗

E(X (t ∗))
. (2)

In the quantile function Q(u) of X , we can modify Eq. (2) as

B∗(u) =β(Q(u)) = 1−
(1− u)Q(u)
∫ 1

u Q(p)d p
. (3)

When quantile functions which has no closed form distribution functions are used,
formula in Eq. (2) is difficult to apply and Eq. (3) is needed in such situations. Defini-
tions in Equations (2) and (3) have analogous measures used in the analysis of poverty and
income data of the poor when the truncation is reversed. However, Sen (1988) pointed
out the limitations of Eq. (2) when a few very large incomes or an outlier may adversely
affect the estimate of β(t ∗) (B∗(u)) and to overcome this difficulty suggested the use of
the harmonic mean instead of the mean in Eq. (2).

The harmonic mean of X is

H =
�

E
�

1
X

�

�−1

=
�

∫ 1

0

1
Q(p)

d p

�−1

. (4)

For the truncated income X (t ∗), harmonic mean is

h(t ∗) =
�

1− F (t ∗)
∫∞

t ∗
1
x f (x)d x

�

, (5)

which is equivalent to

H ∗(u) = h(Q(u)) =
�

1− u
∫ 1

u
1

Q(p)d p

�

. (6)

Analogous to the income gap ratio, replacing the mean by harmonic mean, the harmonic
mean proportional residual income (HMPRI) defined by

p(t ∗) =
h(t ∗)

t ∗
, (7)
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has the quantile version

P ∗(u) = p(Q(u)) =
�

Q(u)
1− u

∫ 1

u

1
Q(p)

d p

�−1

=
1− u

Q(u)
∫ 1

u
d p

Q(p)

. (8)

Now the income gap ratio for the affluent based on harmonic mean h(t ∗) given in Sen
(1988),

r (t ∗) = 1− t ∗

h(t ∗)
, (9)

takes the quantile form

R∗(u) = r (Q(u)) = 1−
Q(u)
(1− u)

∫ 1

u

d p
Q(p)

. (10)

From Eq. (8), it follows that

R∗(u) = 1− 1
P ∗(u)

. (11)

A second measure proposed is the mean left proportional residual income (MPRI)
defined in Belzunce et al. (1998) as

a(t ∗) = E
�X (t ∗)

t ∗

�

, (12)

which is related to β(t ∗) as

β(t ∗) = 1− 1
a(t ∗)

. (13)

The quantile version of MPRI is obtained as

A∗(u) = a(Q(u)) =
1

Q(u)(1− u)

∫ 1

u
Q(p)d p. (14)

Now, it follows that

B∗(u) = 1− 1
A∗(u)

. (15)

In reliability, mean residual life m(t ∗) = E(X − t ∗|X > t ∗) = E(X (t ∗))− t ∗ is an
important concept to study failure patterns in lifetime data. Nair and Sankaran (2009)
introduced quantile version of m(t ∗) as

M (u) = m(Q(u)) =
1

(1− u)

∫ 1

u
(Q(p)−Q(u))d p. (16)
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It is easy to see that

A∗(u) =
M (u)
Q(u)

+ 1. (17)

Eq. (17) helps to translate the properties of M (u) to A∗(u), and hence such results are
not included here.

We now show that P ∗(u) uniquely determines the distribution Q(u).

THEOREM 1. Let X be a non negative continuous random variable with E( 1
X )<∞.

Then P ∗(u) determines Q(u), the quantile function of X uniquely.

PROOF. From Eq. (8), we get

P ∗(u)Q(u)
∫ 1

u

d p
Q(p)

= (1− u). (18)

Differentiating Eq. (18) with respect to u, we get

P ∗
′
(u)Q(u)
∫ 1

u

1
Q(p)

d p + P ∗(u)q(u)
∫ 1

u

d p
Q(p)
− P ∗(u) =−1,

which leads to
P ∗
′(u)

P ∗(u)
+

q(u)
Q(u)

=
P ∗(u)
(1− u)

− 1
(1− u)

. (19)

Now integrating Eq. (19) over (0, u), we get

log
P ∗(u)
P ∗(0)

+ logQ(u) =
∫ u

0

P ∗(p)
(1− p)

d p + log(1− u),

which gives

Q(u) =
P ∗(0)(1− u)

P ∗(u)
e
∫ u

0
P∗(p)
(1−p) d p . (20)

2

REMARK 2. Theorem 1 is useful for deriving new models. Suppose that P ∗(u) = 1
au+b ,

a reciprocal linear function in u. Then

Q(u) =
�au + b

b

�

1−a−b
a+b

(1− u)
a+b−1

a+b , 1− a− b > 0.

The quantile function Q(u) is the product of two quantile functions; the first term represents
a power distribution and the second term is the quantile function of a Pareto I distribution.
This distribution has no closed form distribution function and hence cannot be obtained
directly from the definition based on the distribution function. It also demonstrates the need
for Theorem 1 to generate new useful models and also the advantage of the quantile approach.
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In the following, we can show that A∗(u) uniquely determines Q(u).

THEOREM 3. Let X be a non negative continuous random variable with E(X )<∞.
Then A∗(u) uniquely determines Q(u).

PROOF. From the definition of A∗(u), we get

A∗(u)Q(u)(1− u) =
∫ 1

u
Q(p)d p. (21)

Differentiating Eq. (21) with respect to u, we obtain

−q(u)
Q(u)

=
1+A∗

′(u)(1− u)−A∗(u)
A∗(u)(1− u)

, (22)

where A∗
′(u) is the derivative of A∗(u).

Integrating Eq. (22) over (0, u) we get

Q(u) =
A∗(0)

A∗(u)(1− u)
e−
∫ u

0
d p

A∗ (p)(1−p) . (23)

2

COROLLARY 4. The constancy of A∗(u) (A∗(u) = k , k > 1) characterizes Pareto I with
Q(u) = (1− u)−

(k−1)
k ; k > 1.

REMARK 5. Theorem 3 is useful to characterize quantile functions. For example, the
distribution of X is specified by

Q(u) =−(c +µ) log(1− u)− 2c u, µ> 0,−µ≤ c <µ

if and only if

A∗(u) =
c u +(c +µ) log(1− u)−µ

2c u +(c +µ) log(1− u)
.

The properties of the above distribution are discussed in Midhu et al. (2013). The latter part
of Remark 2 applies to this case, as well.

REMARK 6. Theorem 3 is useful for deriving new quantile function models for income
based on empirical properties. For example, when A∗(u) = c u + d , then

Q(u) = d
c+d+1

c+d (1− u)
1

c+d −1(c u + d )−
c+d+1

c+d , c , d > 0.
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EXAMPLE 7. Consider the quantile function given by

Q(u) =
�au + b

b

�

1−a−b
a+b

(1− u)
a+b−1

a+b , 1− a− b > 0.

Then, for this quantile function, we can obtain

B∗(u) = 1−
(au + b )

1−a−b
a+b (1− u)

2(a+b )−1
a+b

(a+ b )
1−2(a+b )

a+b Beta
�

a(1−u)
a+b , 2− 1

a+b , 1
a+b

� ,

H ∗(u) =
1

(au + b )

�au + b
b

�

1−a−b
a+b

(1− u)
a+b−1

a+b ,

P ∗(u) =
1

au + b
,

R∗(u) = 1− (au + b )
and

A∗(u) =
(a+ b )

1−2(a+b )
a+b Beta
�

a(1−u)
a+b , 2− 1

a+b , 1
a+b

�

(au + b )
1−a−b

a+b (1− u)
2(a+b )−1

a+b

.

3. RELATIONSHIPS TO OTHER INCOME INEQUALITY MEASURES

A well known classical measure of income inequality is the Lorenz curve given by

L(u) =
1
µ

∫ u

0
Q(p)d p. (24)

The curve L(u) is increasing and convex with L(0) = 0, L(1) = 1 and L(u)≤ u. Various
functions given in the last Section can be expressed in terms of L(u). For example, the
A∗(u) curve is related to the Lorenz curve by the identity

L(u) = 1− 1
µ

∫ 1

u
Q(p)d p

= 1−
A∗(u)(1− u)Q(u)

µ
.

This gives two unique representations

A∗(u) =
1− L(u)
(1− u)L′(u)
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and

L(u) = 1− exp[−
∫ u

0
[(1− p)A∗(p)]−1d p]. (25)

Apart from the non-parametric version of income inequality presented by the Lorenz
curve, there have been attempts to derive parametric versions of inequality measures.
One approach in the latter case is to assume a family of income distributions and then to
obtain its Lorenz curve analytically. See the literature from Kakwani and Podder (1973)
to Gómez-Déniz et al. (2021). Such a method was adopted by Sarabia (1997) by con-
sidering the quantile function of the generalized lambda distribution of Ramberg and
Schmeiser (1974) and pointed out that it can generate a hierarchy of Lorenz curves. A
similar work is done in Haritha et al. (2008) using the modified lambda model of Freimer
et al. (1988). With more general and flexible models in the form of quantile functions are
available in literature, this approach can be further strengthened to find more realistic
Lorenz curves which are easier to estimate. For example, consider a parametric Lorenz
curve given in Sarabia et al. (2017) with

L(u) = 1− (1− ua)
1
a , a ≥ 1. (26)

The quantile function for Eq. (26) is

Q(u) =µ(1− u−a)−
(a−1)

a ,

where µ= EX .
Then we can get,

A∗(u) =
µ(1− L(u))
(1− u)Q(u)

=
(1− ua)

1
a (1− u−a)

a−1
a

(1− u)

and

B∗(u) = 1−
(1− u)

(1− ua)
1
a (1− u−a)

a−1
a

.

Another concept employed to measure income inequality is the Bonferroni curve. From
Nair et al. (2013b), Bonferroni curve is defined by

B(u) =

∫ u
0 Q(p)d p

uµ
, (27)

which is closely related to L(u) by

uB(u) = L(u).

Thus B(u) is related to A∗(u) by the relation

A∗(u)(1− u)Q(u) =µ(1− uB(u)) (28)



Income Inequality Measures - A Quantile Approach 159

and hence we have

A∗(u) =
(1− uB(u))

(1− u)(B(u)+B ′(u))
and B(u) = u[1− exp[−

∫ u

0
(1− p)A∗(p)d p]].

A third important measure used in informatics as well as in income analysis is the
Leimkuhler curve K(u) (Sarabia, 2008). It represents the cumulative proportion of pro-
ductivity against cumulative proportion of sources. We define K(u) as

K(u) =
1
µ

∫ 1

1−u
Q(p)d p. (29)

Thus

K(1− u) =
1
µ

∫ 1

u
Q(p)d p.

Then A∗(u) is related to K(u) by

A∗(u)(1− u)Q(u) =µK(1− u). (30)

More recently, Zenga (2007) proposed a new measure to compare the mean income
of the poorest income earners with the mean income of the remaining richest part of
the population. The Zenga curve c(t ) is defined by

c(t ) = 1−
E(X |X ≤ t )
E(X |X > t )

.

In terms of quantiles, c(t ) becomes (Nair et al., 2012)

C ∗(u) = c(Q(u)) = 1−
(1− u)

u

∫ u
0 Q(p)d p
∫ 1

u Q(p)d p

= 1−
(1− u)(µ−
∫ 1

u Q(p)d p)

u
∫ 1

u Q(p)d p
.

(31)

Now A∗(u) and C ∗(u) are related by

C ∗(u) =
1
u

�

1−
µ

A∗(u)Q(u)

�

. (32)

which can be written in terms of A∗(u) only using Eq. (23).
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Now we investigate relationship between A∗(u) and various income inequality in-
dices. One of the popular indices is Gini index G which is defined by

G = 2
∫ 1

0
(p − L(p))d p

= 2
∫ 1

0

�A∗(p)(1− p)Q(p)
µ

− (1− p)
�

d p

= 2
∫ 1

0
(1− p)
�A∗(p)Q(p)

µ
− 1
�

d p.

(33)

Similarly, one can write Bonferroni index B given by

B = 1−
∫ 1

0
B(p)d p,

in terms of A∗(u).
From Eq. (28), we get

B = 1−
∫ 1

0

�

1−
A∗(p)(1− p)Q(p)

µ

�d p
p

. (34)

The Zenga index Z given in Arnold (2014) is obtained as

Z =
∫ 1

0
C ∗(u)d u

= log u −µ
∫ 1

0

d u
uA∗(u)Q(u)

.

Thus the quantile functional form of Q(u) along with A∗(u) from Eq. (14) is enough to
find most of the income measures.

4. DULLNESS PROPERTY IN QUANTILE SET UP

Let X be a non-negative continuous random variable as mentioned in Section 2. In
this Section we present the quantile-based definition of the dullness property of income
distribution and derive some new results.

DEFINITION 8. The distribution of X is said to have dullness property if

P (X ≥ s t |X ≥ t ) = P (X ≥ s); s , t > 1. (35)
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This means that the conditional probability that the true income X is at least s times the
reported value t is same as the unconditional probability that X has at least income s . As
mentioned in the introduction, under reporting of income occur among the affluent and
therefore to have realistic assessment of the income distribution one should know the
under reported income or reporting error. It has been observed that the distribution
of reporting error in income is independent of the reported value. We now present
quantile version of Eq. (35). To derive this, we can write Eq. (35) as

F (st) = 1− (1− F (s))(1− F (t )). (36)

Setting F (s) = u and F (t ) = v, we obtain s =Q(u) and t =Q(v) so that Eq. (36) leads
to

st= F −1(1− (1− F (s))(1− F (t ))). (37)

Since F (Q(u)) = u and F (Q(v)) = v, we get

Q(u)Q(v) =Q(1− (1− u)(1− v)); 0< u, v < 1. (38)

The identity in Eq. (38) is the quantile version of dullness property. The property Eq.
(38) is the multiplicative version of the well known lack of memory property given in
Nair et al. (2013a) in the quantile set up.

The relationship among dullness property, A∗(u) and Pareto I distribution is given
below.

THEOREM 9. Let X be a non-negative random variable as stated in Section 2 with
quantile function Q(u). Assume that µ = E(X ) <∞. Then following results are equiva-
lent:

(i) The distribution of X satisfies dullness property in Eq. (38).

(ii) A∗(u) =µ.

(iii) The distribution of X is Pareto I.

PROOF. We prove (i) =⇒ (ii) =⇒ (iii) =⇒ (i). To prove (i) =⇒ (ii), we note that

Q(u)Q(v) =Q(1− (1− u)(1− v)); 0< u, v < 1.

Integrating above over v ∈ [0,1], we get

Q(u)
∫ 1

0
Q(v)d v =
∫ 1

0
Q(1− (1− u)(1− v))d v,

which leads to

Q(u)µ=

∫ 1
u Q(p)d p

(1− u)
.
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Thus
A∗(u) =µ.

To prove (ii) =⇒ (iii), we note that

Q(u)µ(1− u) =
∫ 1

u
Q(p)d p. (39)

Differentiating Eq. (39) with respect to u, we get

[q(u)(1− u)−Q(u)]µ=−Q(u),

which implies
q(u)
Q(u)

=
µ− 1
µ(1− u)

.

We now integrate over (0, u), we obtain

Q(u) = (1− u)−
(µ−1)
µ , (40)

which is the quantile function of Pareto I.
The proof for (iii) =⇒ (i) follows by substituting Eq. (40) in the identity of Eq.

(38). 2

Since it is more advantageous to use the harmonic mean instead of the arithmetic
mean when measurement of affluence and related concepts are studied, a similar result
based on harmonic mean P ∗(u) is worth investigating.

THEOREM 10. Let X be a non-negative random variable as stated in Section 2. Assume

that
�

E
� 1

X

�

�−1
=µ∗ <∞. The following statements are equivalent.

(i) The distribution of X satisfies dullness property (38).

(ii) P ∗(u) =µ∗.

(iii) X follows the Pareto I distribution.

PROOF. The proof is similar to that of Theorem 9. 2

We now examine the behaviour of income inequality indices when dullness property
prevails. When A∗(u) =µ, we get Eq. (25) as

L(u) = 1− (1− u)Q(u)

or Q(u) =
1− L(u)

1− u
. (41)
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On similar lines, A∗(u) =µ leads to

B(u) =
1− (1− u)Q(u)

u
, (42)

K(1− u) = (1− u)Q(u) (43)

and

C ∗(u) =
1
u

h

1− 1
Q(u)

i

=
Q(u)− 1

uQ(u)
.

(44)

5. MONOTONICITY OF RESIDUAL INCOMES

In this Section, we discuss monotonic properties of A∗(u) and P ∗(u). Throughout this
Section, prime denotes derivative with respect to u.

DEFINITION 11. The income distribution Q(u) is said to have increasing (decreasing)
Q(u) (IQMPRI/ DQMPRI) if A∗(u) is non-decreasing (non-increasing) in u.

In other words, Q(u) has IQMPRI (DQMPRI) if A∗
′(u)> (<)0.

For Pareto I distribution, A∗(u) is constant which means that Q(u) has both IQM-
PRI and DQMPRI.

EXAMPLE 12. When X follows exponential distribution with Q(u) =− 1
λ log(1− u),

we obtain

A∗(u) = 1− 1
log(1− u)

.

Thus A∗(u) is non-decreasing in u and Q(u) has DQMPRI.

EXAMPLE 13. Let X has a power distribution with Q(u) = 1
θ log(u). Then

A∗(u) =− u
1− u
− 1

log u
,

has derivative

A∗
′
(u) =

(1− u)2− u(log u)2

u(1− u)2(log u)2
.

Since (1− u)2 > u(log u)2, we get A∗
′(u)> 0 so that Q(u) has IQMPRI.
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EXAMPLE 14. When X has lambda distribution with Q(u) = uβ− (1− u)β;β> 0,
then

A∗(u) =
1− uβ+1− (1− u)β+1

(β+ 1)(1− u)(uβ− (1− u)β)
.

Then A∗
′(u)> 0 so that X has IQMPRI.

DEFINITION 15. The distribution of X has decreasing (increasing) mean residual life
(DMRL/ IMRL) if M (u) is non-increasing (non-decreasing) in u (Nair et al., 2013a).

THEOREM 16. Let X be a non-negative continuous random variable with mean resid-
ual life M (u) and QMPRI A∗(u). Then following results hold.

(i) DMRL =⇒ DQMPRI

(ii) IQMPRI =⇒ IMRL

PROOF. From A∗(u) = M (u)
Q(u) + 1, we get the derivative of A∗(u) as

A∗
′
(u) =

Q(u)M ′(u)− q(u)M (u)
(Q(u))2

. (45)

When X has DMRL, we get M
′(u)< 0, so that Eq. (45) leads to A∗

′(u)< 0. Thus X has
DQMPRI.
To prove (ii), note that

A∗(u)Q(u) =M (u)+Q(u).

Differentiating above with respect to u, we obtain

A∗
′
(u)Q(u)+ q(u)[A∗(u)− 1] =M

′
(u),

which implies

M ′(u) =A∗
′
(u)Q(u)+

q(u)M (u)
Q(u)

.

When A∗
′(u)> 0, then M

′(u)> 0. Thus X has IMRL. 2

The DMRL class is discussed extensively in reliability analysis and it is a subclass of
DQMPRI and IMRL class is a super class of IQMPRI. Note that monotonic behaviour
of A∗(u) and quantile income gap ratio B∗(u) are identical.

DEFINITION 17. The income distribution Q(u) is said to have increasing (decreasing)
income gap ratio (IIGR/ DIGR) property if B∗(u) is non-decreasing (non-increasing) in u.

The Pareto I distribution has both IIGR and DIGR property in the sense that its IGR
is a constant.
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6. APPLICATIONS

In income studies, identification of an income model based on physical characteristics
of the data is an interesting problem. The dullness property in terms of A∗(u) (P ∗(u))
can be employed in such contexts. We define

D∗(u) =
A∗(u)
µ

.

Then from Theorem 9, it follows that D∗(u) = 1 characterizes Pareto I distribution.
A rough estimate of D∗(u) may provides adequate information on the form of D∗(u).
Non-parametric estimator of A∗(u), using empirical quantile function is employed to
get an estimator of D∗(u). Further, income models can be classified on the basis of the
values of D∗(u), as explained in the following discussions.

DEFINITION 18. The distribution of X is said to be positively (negatively) dull if D∗(u)>
(<)1 for all u, 0< u < 1. It is completely dull when D∗(u) = 1.

DEFINITION 19. The distribution of X is said to have mixed type of dullness (positive
at certain regions and negative at other regions) if D∗(u) crosses the line u = 1 at least once.

There is a useful interpretation for the above classification. In the class of distributions,
for which D∗(u) > 1, the behaviour is such that as the residual income beyond the tax
level increases, the under reporting error tends to become larger. On the other hand,
for lesser incomes, the under reporting error assumes a smaller percentage in excess of
the amount at the tax exemption level.

EXAMPLE 20. When X has exponential distribution with Q(u) =− 1
λ log(1− u), we

obtain
D∗(u) = λ
�

1− 1
log(1− u)

�

.

The D∗(u) depends on the values of λ. Suppose 0 < λ < 1, then D∗(u) > 1 if 0 < u <
1− e−

λ
1−λ and D∗(u) < 1 if 1− e−

λ
1−λ < u < 1. For λ > 1, D∗(u) > 1. Thus D∗(u) has

mixed dull property if 0< λ< 1.

EXAMPLE 21. Let X has generalized Pareto distribution with Q(u) = b
a [(1−u)−

a
a+1 −

1]; a, b > 0. Then

A∗(u) = 1+
a(1− u)−

a
a+1

(1− u)−
a

a+1 − 1
and µ=

b
a

.

Thus

D∗(u) =
(a+ 1)(1− u)−

a
a+1

b [(1− u)−
a

a+1 − 1]
=

(a+ 1)

b [1− (1− u)
a

a+1 ]
.

If b ≤ a + 1, D∗(u) > 1. Thus Q(u) has positive dullness. However, if b > a + 1, D∗(u)
crosses the line u = 1 so that Q(u) has mixed dullness.
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Figure 1 – Q-Q plot for the dataset.

A second application of the study is to employ A∗(u) for comparing two quantile
function models by a test of hypothesis. To test H0 : Q1(u) =Q2(u) for all u against the
alternative H1 : Q1(u)< (>)Q2(u) for at least one u, we can formulate hypothesis based
on A∗(u) as H

′

0 : A∗1(u) = A∗2(u) for all u against H
′

1 : A∗1(u) < (>)A
∗
2(u) for at least one

u, where A∗1(u) and A∗2(u) are QMPRI corresponding to Q1(u) and Q2(u) respectively.
We then define

T = sup
u
(Â∗1(u)− Â∗2(u)),

where Â∗i (u) is the non-parametric estimator of A∗i (u), i = 1,2. We then reject H0 if T is
large. The cut off values of the test T can be calculated using the asymptotic distribution
of Â∗i (u), i = 1,2, which is normal for fixed u.

To illustrate the importance of the proposed quantile based concepts, we consider
a data on household income of people in Malaysia. Sulaiman et al. (2020) carried out a
detailed analysis of the data and identified various causes of the rising cost of living. We
considered an extract of the data obtained from randomly selected 73 respondents of the
Johor state of Malaysia. The quantile function given by Midhu et al. (2013),

Q(u) =−(c +µ) log(1− u)− 2c u, µ> 0,−µ≤ c <µ,

is employed. The method of L-moments is used to estimate the unknown parameters µ
and c . The estimates are µ̂ = 4550.89 and ĉ = −1590.95. The Q-Q plot is presented in
Figure 1 and it is concluded that the model is a good fit to the given data.

We also plot the quantities B∗(u), P ∗(u), R∗(u) and A∗(u) in Figure 2 to 5 respec-
tively. It is easy to see from figures that B∗(u), P ∗(u), R∗(u) and A∗(u) are decreasing.
The D∗(u) is also plotted in Figure 6 and it follows that the distribution has a mixed dull
property.
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Figure 2 – B∗(u) for the dataset.

Figure 3 – P ∗(u) for the dataset.

Figure 4 – R∗(u) for the dataset.
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Figure 5 – A∗(u) for the dataset.

Figure 6 – D∗(u) for the dataset.
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7. CONCLUSION

Modelling and analysis of income data are extensively discussed in literature. In this
paper, we discussed the quantile-based income analysis. We have introduced quantile
versions of various income inequality measures. Properties of the income distributions
using mean proportional residual income were studied. Various applications of the re-
sults were discussed.

Two income models can be compared using A∗(u) (P ∗(u)). Stochastic ordering of the
models using A∗(u) (P ∗(u)) is an area of study to be explored. The non-parametric esti-
mator of A∗(u) can be derived from the non-parametric estimator of M (u), which was
studied by Sankaran and Midhu (2016). The work in these directions will be reported
in a separate paper.
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