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SUMMARY

In this article, we propose estimates of the unknown parameters of the power function distribu-
tion in the context of progressive type-II censoring with binomial removals, where the number of
units removed at each failure time follows a binomial distribution. The maximum likelihood esti-
mators (MLEs) for the power function parameters are derived using the expectation-maximization
(EM) algorithm. The EM-algorithm is also used to obtain the asymptotic variance-covariance
matrix. By using the variance-covariance matrix of the MLEs, the asymptotic 95% confidence
intervals for the parameters are constructed. Bayes estimators under different loss functions are
obtained using the Lindley approximation method and the importance sampling procedure. We
also introduce one and two sample prediction estimates and corresponding confidence intervals
by using Bayesian techniques. To compare performance of the proposed estimators, we introduce
simulation and real-life data studies.

Keywords: Power function distribution; Maximum likelihood estimation; Lindley approxima-
tion; Importance sampling procedure; Prediction.

1. INTRODUCTION

The Power Function distribution (PFD) is also known as a flexible lifetime distribution,
and it provides a good fit to some sets of failure data. It has applications in several sci-
entific areas, including finance, economics, reliability, etc. In addition to this, the PFD
has received considerable attention in the literature as it can also be applied to model
the reliability growth of complex systems and repairable systems. Meniconi and Barry
(1996) have observed that reliability and hazard function plots of some data set suggest
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that the PFD model is the most suitable model compared to Exponential, Lognormal
and Weibull models. This paper aims at developing Bayes estimators for the parameters
of the PFD when the sample data available is a progressive type-II right censored sample.
We will create point and interval estimators for the parameters of PFD. The probability
density function (pdf) of the PFD is defined as

2

The cumulative distribution function (cdf) of the PFD is defined as

F(y,ﬂ,a):<%>a, a>0, >0, )

—(a—1)
f(,Bse)= <§> , 0<y<f, a>0,8>0. (1)

where o and 3 are the shape and the scale parameter, respectively.

Censoring is an important concept used in reliability and life-testing experiments.
When we face experimental difficulties and other restrictions during data collection in
life testing experiments, we cannot precisely identify the survival period of all the ex-
perimental units. Researchers in medicine and industry use censored data frequently
because they rarely have the time to follow all of the patients in the study throughout
their lives. Furthermore, subjects/items may fail for reasons unrelated to the ones being
studied. Among different censoring schemes, progressive type-II censoring is generally
used in reliability and survival analysis. One can refer to Balakrishnan and Aggarwala
(2000) and Balakrishnan (2007) for a detailed discussion of progressive censoring and its
applications.

Progressive censoring can be formulated as follows. Assume that Y},...,Y,, are n
random lifetimes that are independent and identically distributed (iid). We put 7 items
on test, and the test is terminated at the time of the m™ failure. At the time of first
failure, 7, surviving units are randomly selected and removed from the experiment. At
the second failure, 7, of the remaining 7—7,—1 units are randomly selected and removed
from the experiment. Finally, the remaining units r,, = n—m—r,—r,—...—7,,_, are
removed at the 7™ failure. In a clinical trial, Yuen and Tse (1996) pointed out that the
number of patients that drop out at each stage is random and cannot be prefixed. In such
cases, the pattern of removal at each failure is random. For studies related to estimation
using progressive censoring with binomial removals or random removals, one may refer
to Yan et al. (2011), Tse et al. (2000), Wu and Chang (2002), Wu and Chang (2003), Sarhan
and Abuammoh (2008) and Hashemi and Amiri (2011). In the present work, we focus
on estimating the parameters of the PFD when both the parameters are unknown using
progressive censored samples with binomial removals.

The rest of the paper is arranged as follows. In Sections 2 and 3, we introduce the
problem and derive the MLE of the unknown parameters. In Section 4, the Bayes esti-
mators of the parameters are obtained. The problem of one and two sample predictions
is discussed in Section 5. A simulation study is carried out in Section 6, and a real-life
data study is carried out in Section 7. A brief conclusion is given in Section 8.
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2. ESTIMATION UNDER PROGRESSIVE CENSORING WITH BINOMIAL REMOVAL

Let Y = (V1.mons Yaomens - - s Ymemen ) deniote a progressive type-II censored sample of size
m drawn from a parent sample of size ». With censoring scheme R, =7, R, = 1,, ..

R,, = r,,, the conditional likelihood takes the following form:

)

m

L1<“’/8>3’|R:”):Bl_[g@i)[l_G(yi)]V” ©)

=1

where B=n(n—1—r)n—2—r,—r)...n—m+1—r,—...—7,), g(y;) and
G(y,) represent the pdf and the cdf of the population from which the sample is drawn,
respectively. Also, y; is used instead of y,,,,..,, to simplify notation. Using Eq. (1) and (2)
in Eq. (3) the conditional likelihood simplifies to

lﬁmﬁﬂﬂw<gﬁmw%w—Dfﬁ%@ﬁ+f}ﬂ%b—<%fﬂ- @

=1 =1

Thescheme R, R,,...,R,, is pre-fixed in typical progressive type-II censoring. How-
ever, in some practical situations, these numbers may occur at random. For example,
in some reliability trials, an experimenter may decide that continuing to test any of the
tested units, even though they have not failed, is unsuitable or too unsafe. In such cases,
the pattern of removal at each failure is random. This leads to progressive censoring
with random removals. In this paper, we assume that the random removal R; follows
a binomial distribution with parameter p. It means that each unit leaves with equal
probability p, and the probability of R; units leaving after the ;™" failure is

P(a)z( e >p”(1—p)"‘”"” 0<r <n, )
1
and -
Pl =( 7T TR i,
where0<r, <n—m —ZZ’_ll 7,31 =2,3,...,m — 1. Furthermore, we assume that R;

is independent of Y for all . A schematic illustration of progressive type-II censoring
with binomial removals is given in Table 1.

TABLE 1
Schematic illustration of progressive type-1I censoring with binomial removals.
Process The number in life testing ~ Failures Binomial removals Remains
1 n 1 Ry ~B(n—m,p) n—1—R,
2 n—1—R, 1 R,~B(n—m—R,,p) n—2—R,—R,
m—1 n—(m—2)— ;”:_]ZRk 1 Rm71~B(n—(m—2)—Z;”;2Rk,p) n—(m—l)—zz‘:Rk
m n—(m—1)— Z’;IIR,E 1 Rm:”*m*ZZZ;Rk 0
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The joint likelihood function of Y =(Y},Y,,...,Y,,) and R = (R, R,,...,R,,) can
be expressed as

L(e, B, psy,7)=L(a, B,y|[R=7)P(R=1), @)
where
P(R=r) = PR, =7, 4R, ,=7, 5....R=1)
P(R,=1y|Ry =1r)P(R; =1)). )
Substituting Eq. (5) and (6) in Eq. (8), we get
—m) - ot
PR=)= e P R (1 pfr e S
ol —m =20 )

Now using Eq. (4), (7) and (9), the full likelihood function can be written as
L(a, B, p)= WLi(a B)Ly(p),

where W = W2 (n—m)! -, and W* =2"B, which is independent of the parame-

;”:711 7 \(n—m— :”:711 7))

ters 2, 3, and p. Further, we have

Ly(a, ) o <16i>m X exp|:(a— 1);::log(yi)+§: 7, log|:1—<%>a]] (10)

and B P
Ly(p) oc 57 (1 p) =S =i, a

In the next section, we use the MLE method to estimate the unknown parameters.

3. MAXIMUM LIKELIHOOD ESTIMATION

In this Section, we discuss the process of obtaining the MLEs of the parameters @, 3,
and p based on progressive type-II censored data with binomial removals. Both point
and interval estimators are derived. From Eq. (10), we can observe that L, does not
involve the unknown parameter p. Therefore, the MLE of a and 3 can be derived by
maximizing Eq. (10) directly, and the log of L, can be written as

log (e, B) = mlog</%> + |:(a— 1)§Iog(yi)+lZ:: 7, log|:l - <%>]] (12)

To obtain the normal equation for the unknown parameter o, we differentiate
Eq. (12) partially with respect to the parameter o and then equate to zero. The resulting
normal equation of a will be of the following form:

dlo a, m 3 3
W - ;—mlog[ﬁ]-i-;log[yi]'i'zri
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The MLE of 3 can be obtained as

IBmle = Yv(m)

Similarly, since L, does not involve a and 3, the MLE of p can be derived by maximizing
Eq. (11). The MLE of binomial parameter p is of the following form:
m—1

=1 7

(m—1)(n—m)—>"(m—i—1)r,

Pmie =

Since Eq. (13) has no analytical solution, we have to use the expectation-maximization
(EM) algorithm to derive the MLE of a. This is discussed in the next Section.

3.1.  EM algorithm

The EM algorithm is a beneficial iterative method for computing MLEs in estimation
problems involving missing information such as censored samples. It was first intro-
duced by Dempster et al. (1977) and further explored by Ng ez al. (2002), who obtained
several applications of this algorithm in life testing experiments. In this section, we de-
rive the MLE of a on the basis of progressive censored samples. Now, suppose that Y =
Vtomens Vamems - - > Vo) deniotes the observed data, and that Q = (¢,,¢;,...,9,,) de-
notes the censored data. Here, Q; represents 1 x r; vector with Q; =(q;1,9;25--->9;)>
7 =1,2,...,m. The complete data set is of the form (Y,Q) = X. The corresponding

log of L,(a, ) is given by

log[L,(a, B)]=nlogla]—anlog[ ]+ (a—1 <Zlog ly; +ZZlog ql] >

=1 j=1

In the EM algorithm, the E-step involves the computation of conditional expecta-
tions of unobserved data given the observed data. This gives the following expression
for the log-likelihood function:

logL;(Y,a, B) o< nlog[a]—anlog[ B]+(a—1) <Z log[y, 1+ Z A ) ,B(j))> ,

- - (14)

where A(y;, a(;), B(;)) = E[log[g;;1l9;; > v;1= <%)a % The second step of the

EM algorithm is the M-step, which involves maximization of Eq. (14) with respect to

a, and hence the derived estimate of « is given by
. n

Xiple = nlog[ﬁ] +D’ (15)
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where .
D= ZJ’;"‘VA%’ Bl

Using the updated estimate of « from Eq. (15), we can find the initial estimate of a.

3.2, Fisher information matrix

Based on the asymptotic distribution of the MLE of the parameters a, 3, and p, we
obtain appropriate confidence intervals for the parameters in this section. The Fisher
information matrix elements for the parameters based on progressive censored samples
are formally derived. The Fisher information matrix can be defined as

d%InL ?Inl  J%InL

da? dadf  Jdadp
I=—E _azlnL ?Inl  3?InL
- dpda ap2 dpap
d%nl  %nl  I*InL

T 9pda  Ipdp dp?

Unfortunately, exact mathematical expressions for the elements of the above matrix
are difficult to obtain. As a result, we give the approximate asymptotic distribution of
the MLE of the parameters a, /3, and p, which is obtained by dropping the expectation
operator E, and hence I can be written as

?lnl  J%lnL ?Inl
da? dadfs dadp
I ?lnl  F%lnL ?Inl
- B d 32 dpIp
?lnl  F%lnL 2?Inl

dpda  dpdp dp?

Laa La,B Lap
= | Loa Lpp Lp, |> (16)
Lpa Lp/@ Lpp
where
n n na
la==p Lap=lp=—p Lpp=gp
- ;”:_1171- (m—1)(n—m) ;’l:_ll(m—i)rl-
Py pz (1—[))2 >
and

Lop=Lpp=Lpa=1Lpp=0.

The variance-covariance matrix can be approximated as

T, T,z O L, Lg O
[ = Tﬂa T/Bﬁ 0 = Lﬁa Lﬁlg 0
0 0 T 0 0 L

rp rp
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A

Thus, the asymptotic distribution of the MLE of (&, /é , P) is given by

2 T T,; 0

& a aa a
[ = é NN é , Tﬁa Tﬁlﬁ 0
p p 0 0 Tpp

Hence, the asymptotic distribution of the MLE can be written as

[(@—ar(B=p).G—p)]|~N0.T), (17)

where T is the variance-covariance matrix. Using the MLE estimators of 2, 3, and p, we

can derive an estimate of 7', which is denoted by 7', because T involves the parameters
a, B, and p. Utilizing Eq. (17), approximate 100(1—{ )% confidence intervals for o, 3,
and p are obtained, respectively, as

&ZbZ(/z V Taa, ﬁ:l:zg/zv Tﬁﬂ dnd ]A)Zl:Z(/Z‘[ TPP’

where z;, is the upper censored ({'/ 2)'™ percentile of the standard normal distribution.

4. BAYESIAN ESTIMATION

In this section, we provide the Bayes estimates of the unknown parameters of the PFD
using different loss functions. We consider symmetric as well as asymmetric loss func-
tions for our estimation purposes. One of the symmetric loss functions we consider here
is the squared error loss function (SELF), which is defined as L(5, 8(Y)) = [8(Y)—n].
Varian (1975) proposed an asymmetric linear-exponential loss function known as Linex
loss function (LLF), which is defined as L(7, 8(Y)) = exp[h(8 — )] —h(S —n) —1,
h # 0, where p is the shape parameter known as the degree of asymmetry. Also, another
asymmetric loss function is the Entropy loss function (ELF) proposed by Calabria and
Pulcini (1996). It is defined as L[ &, ] o< [%AP —p [log(g)]— 1, p #0. Under the SELF,
LLF, and ELF, Bayes estimators of 7 are defined, respectively, as

S(Y)sar =E(|Y),

sel
1
S(Y )y = 3 log(E(e™" | Y))

and
(V) =[E(n )| YT .

In the Bayesian approach, unknown parameters are considered as random variables
that follow some specified distribution, and this distribution is known as the prior dis-
tribution. It may be noted that if all the parameters a, 3, and p are unknown, joint
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conjugate priors do not exist. In such cases, there are several ways to choose the pri-
ors. One way is to consider the piecewise independent priors. In this article, we assume
that @ and S have independent gamma priors and p has a beta prior. The priors are

formulated as

Fl(a)oca”1_1e_b'“, a>0, ayb >0,

E(B)oc fuale™™P B>0, a,,b,>0,
and
Fy(p) o< p™ I (1—p)™!, 0<p<1, a5,by>0.
Then the joint prior distribution of @,  and p is given by
F*(a,/g,p) o aal—lﬂaz—le—(bla-i—bzﬁ)pa}—I(1 _P)b3_1-

Hence, the joint posterior distribution of , 3, and p is obtained as
P o 25 .

where uy = m+ay, uy = ay—ma, py = a3 + 377 1wy = by =S, ps = by, ug =

(m—1)(n—m)+ b, —Zl”‘:_ll(m —i)r;and S =37 log[y;].
The Bayes estimator of = («, 3, p) under the SELF, LLF, and ELF are the posterior
expectations of 7. They are defined, respectively, as

J T T 7 (e, B, p)da d B dp

r)Aself = 1 oo o0 ’ (19)
JJ [ e, B, p)dadBdp
000
1 0o o0 -7
J I W, B, p)daddp
;}clf = ° o1 :ooo > (20)
M {H(a,ﬁ,wda dBdp
and 1 co o0
: [ [e?" e, B, p)dadBdp
p o1y 000 ‘ @1)
7711f h Og 1 co o0
[ [T, B, p)dadB dp

Equations (19), (20), and (21) cannot be computed analytically. From the various ex-
isting methods to approximate the ratio of integrals of the above form, here we use
two approximation methods, namely Lindley approximation and importance sampling
method, for obtaining Bayes estimates of @, 3, and p. This is discussed in the following
sections.
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4.1.  Lindley approximation

In this section, we discussed the approximation method proposed by Lindley (1980).
First we consider the function I(y), which is defined as

) = e, B, p)eH B @B (o, B, p)
(y) = (@,5,p)]= [ eL@pp+E@Bp)d(a, B, p)

1
~ U, S, p)+ Uy + Uy + Upys + vy +v5) + §[A1(U1811

U2812[]3813) + A2(Ul 321 + UZ(SZZ + 173823)
A3<Ul é\31 Z]2332 + []3833)]’ (22)

+
+

where ¥(a, 3, p) is a function of a, B, and p, L(a, 3, p) is the log likelihood, and
F*(a, B, p) is the log joint prior. Here we denote

aaa

Ay =081 Loua +20L5 5, +2815L; 0 +2053LY, +0pLys, + 851 0

A,=8,L; ﬁ+2812L /8+2313L ﬁ+2823Lﬁpﬁ+822Lﬁw+333LMﬁ,

+28,,L +822Lﬁﬁp+833 op»

12 Zﬁp +28

Ay =38, L; +28,L;

.
13Lapp Brp

aap

and
Vi:€13i1+528i2+538i3’ i:1,2,3,

1
V4= ”12811 113013+ #y38y; and vy = E(%llé\ll + 1128 + 338 33)-

Let = a, ¢, = f,and ¢; = p, ¢; = [;Ti], i =123 U = [%fﬁs’)],
. _ | ¥t | ;- | PL@dads) | - -
1 = 1,2,3, Ui/. = [(%1—3513] 1,7 = 1,2,3, Ll.]. = [#], i,j = 1,2,3,

i

i LD b, . )
Ll]/e = [%j@ﬂgf)], i,j,k =123, wherea =1, § =2 and p = 3. Also, Sij is

the (i,7)™ element of the inverse of the matrix L};. Moreover, &; denotes the deriva-
tives of the log of the prior with respect to ¢, ¢,, ¢;. The values of L ¢ are de-
rived as Lo, =[S£ ] Logs = [S5 ] Lppp = [55 ) L —[93]L =
VOO ® Yaaa = | T | BBEE T LTF ) Dore T TP “Ber T L3832 b "BEr T
L J°L a°L J°L
[5557 ) Leas = (7535 ] Lars = 757505 ) Lewr = [5555) Loss = [255)
J°L
Lapp = [aaapz ] :
Hence, the Bayes estimators of @ under the SELF, ELF, and LLF using the Lindley
approximation can be approximated as

A

N~

~ [a+ (v 4wy + v+ v, +vs) + <[ A (4,8, + 4,8 ,)
+ Ay, + 1, 8) + Ay(43853)]], (23)

a
self
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&~ [+ +upyy +ugvs v tvs) + %[Al(ulall +1,01)
+ AZ(”lé\Zl+M2822)+A3(%3833)]]_%5 24)
and
» 1 —ha 1
a. = —Zlog[e +(u1vl+u2v2+u3v3+v4+v5)+E[Al(u1311+u2312)
+ Ay(,8y1 + 1,8) + Ay(3853)]]. (25)

Similarly, retracing the same steps we can also derive the Bayes estimates of 5 and p.

4.2, Importance sampling procedure

The Bayes estimators of @, 3 and p are derived using the joint posterior distribution in
Eq. (18). It can be rearranged as

I (a,B,p) o< f(as uys ig) [ (Blas pos us) (s i3, 6) b (@, By p),s

where
m i \*
T(a,— ma) oS milog[ 1=(3 ) (s =) log(p)H(e—1) log(1—7)
h(a,B,p)=—2 3 26)
exp[—(a, —ma)log[5,]]
The prior distributions for the parameters are defined as
ﬂ(a) oc aa1+m—le—a(b1—5)’ (27)
f(B) o< prammete P, 28)
and
f}(p) oc paﬁ-Z:":’ll 71—1<1 _ p)173—(m—1)(n—m)—z;":’11(m—i)rl—l . (29)

The following are the steps used in the importance sampling procedure:
1. Generate ; from f(B;a,, b)).
2. For the generated value of a,, generate 3, from f(f|a;a,, by).
3. Generate p, from f(p;as, by).

4. Repeat steps 1 to 3 K times to obtain the importance sample

(@15 B1s PN @2 Bas P2)se @k Bres Po)-
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Hence, using the SELF, ELF, and LLF, the Bayes estimate of 3 using the importance
sampling procedure is defined, respectively, as

. iﬂh@f’lﬁj’p/)
IB\clf: = ’
S h(a B p;)

/=1

and

where b (a]-,,@]-, p]-), 7 =1,2,3, are given by Eq. (26). Similarly the Bayes estimates of
@ and p can be derived.

4.3.  HPD credible interval

In this Section, we discuss the HPD credible intervals for 5 as described by Chen and
Shao (1999). Define

n =" B%p"ke=12,..,p,
where a?, 3%, and p? are given, respectively, by Equations (27), (28), and (29). Let a®),
,5(@, and p(¢) be the ordered values of a?, 8%, and p?, respectively.
Also, define
h(a?, B?, p?)
@i= ”_ h(a? B psﬂ)'
1=1 ’ ’

Then @?, the v quantile of @, can be obtained as

o [ @q ifo=0

@ _{ ;) if ;;110)]'<’U<Z;:1w]‘~

Hence, the 100(1— )%, where 0 < { < 1, confidence interval for « is given by
(ai/P,a(H(l—C)P)/P), J=1,2...,p.

Similarly, we can obtain the HPD credible interval for 5 and p.
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4.4.  Metropolis-Hastings algorithm

In this Section, we used the MCMC approach to generate samples from the posterior
distribution Eq. (18) and then compute Bayes estimates of the three parameters using
various loss functions. We use a Metropolis-Hastings (M-H) algorithm proposed by
Metropolis et al. (1953) and Hastings (1970) to generate a sample from the posterior
density. The conditional posterior distributions of the parameters are given by

1, (a| B, p,Y) o< am et gma(b=XL losly,]) |:1—<%> ] i, (30)

IT)(Bla, p,Y) oc fromete=bl [1_%)] (31)

and
T, (pla, B,Y') o pF T (1= pypHOm o R =i 3

The following steps are used to create samples from the posterior distribution.
1. Start with initial guess («© = &, 8© :/JA7 and p© = p).
2. Generate o using Eq. (30) by assuming the proposal distribution as N (1), 1)-
3. Generate 8! using Eq. (31) by assuming the proposal distribution as N(3 (n—1)T2)-

4. Generate p’ using Eq. (32) where

m—1 m—1

p~Beta(a3+zrl-,b3+(m—1)(7l—m)—2(m—i)”i)~
=1 =1
5. Set/=1+1.

6. Repeat the steps 2 to 5 M times, and collect a sufficient number of replicates.

Bayes estimates of the parameters @, 3, and p with respect to the SELF, ELF, and
LLF are given, respectively, by
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and

. 1 1 L

p =—=log| —— Z e "7 ,
b M—=To | |2

where Tj is the number of iterations of the burn-in-period. The credible interval with

100(1—(>O/OO< ( <1 IS< ((M T, /2)) a(M T,)(1—{ /2)) >
Retracing the above steps, Bayes estimates of @ and 3 can be derived.

5. PREDICTION

Dey er al. (2018) discussed the prediction of censored data and the accompanying pre-
diction intervals using progressive censoring. In this section, we discuss one and two
sample prediction estimation as well as estimation of future observations.

5.1.  One sample prediction

In this section, we calculate one sample predictive estimates and predictive bounds for
censored samples Suppose that y = (y,, Yaseees %,,) denotes an informative sample of size
m observed using the progressive censoring scheme » = (7, 7,,...,7,,). Further assume

that x; = (x;;,%;5,-..,%;, ) denotes a sample censored at the i failure. The censored
observation x = (x,;,7 = 1,2,...,m;d = 1,2,..., ;) is then predicted. The conditional
distribution of x given (y;,7,,...,,,) is given by
r. ! d—1—7 d —1 ; 1—7
gabm=d( )0 (4T Ya—rogy -y )

j=0

where 7 = (a, 3, p). In the observed data, the posterior predictive density of x is given
by

¢'(xly) = f®g<x|y,n>n<n|y>dn,

where ©® ={(a, 8, p): @ >0,3>0,0< p < 1}. Hence, the predictive values of x using
the SELF, ELF, and LLF are

Yoo = J x g (x[y,n) dx
y;

_ J J J L0l B) (@, B, ply) dary dB dp
M
= Z 10alags Ba)s (33)

d=Ty+

>
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1

ot |:J x g (x[y,7) dx:|
5

i

*>
Il

1

- [Llfooo LOOIZ(yd|a’/6)H(a’,5,p|y)da,dlg dpi| :

1

., -
= [MiT > LodesBa)| (34)
0

d=T,+1

and

*>

S| —

1ogU e g"(x|y,n) dx
Vi

1 ] oo
= e [ [7] 13<yd|a,/5>n<a,ﬁly>da,dﬁ,dp]
0 Jo 0
1 &
= —Zlog —T Z IS(yd|ads/8d)]' (33)
Od:TO+1

Lule ) = f wxg*<x|y,n>dx

X
R;
|_|

—

|

/N
|
\_/sQ
—
r—|
/\
\_/sQ
1

2

Q

o

s

~

[N

N

N—

Ll ) = f g (xly,p)dx
:)/

X
S
3
|
o
| —
—_
|
RS
™=
\_/SQ
—
X
3
—
—_
|
7
|
\_/SQ
1
=
T
Q
L
Q.
=
~
[N
N
N—

and
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Lygle, B) = f e g"(x|y, n)dx
Vi

d—1

= ()e( ) Zvr

LG TG e o

i

X

To determine the prediction bounds, we need the survival function, which is derived
as
P(x>tly,n) _ [ 8(xly,7)du
PGx>yly,n) [ g(xly,n)du
iy () e
]

S(x[y,n)

j=0 7
— . (39)

b—1 d —1 (1)1
/=0 i =]

Also, the posterior survival function is defined as

S (xly) = LS(xly,W(nly)d'z-

The 100(1 — )% 0 < ¢ < 1 prediction bounds (L,,U,) for x are obtained as

S*(Ly|x) =1— % and $*(Uj|x) = %, where L, and Uj are the lower bounds and up-
per bounds, respectively.

5.2. Two sample prediction

In this section, we assume that y = (y,,7,,...,7,,) denote the progressive type-II cen-
sored data under the binomial removal scheme » = (r,7,...,7,). We write
Us=U,U,..., UM1 to represent a future sample taken from the PFD. The marginal

density of U'is
(M, = 1af J—1 M,—1—d
H gl = ( )dZ:;<—1>f (75" )R p ) w0

The Bayesian predictive density is given as

gily)= J@H(»@mm(mwdn, o)
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where © ={(a, 3, p): @ >0, 8>0,0< p < 1}. The Bayes prediction estimators of the
U using SELF, ELF, and LLF are ;™ future observed samples and are obtained as

1 M

= [ st = e 3 1@
1=1y+
\ i ¢ T _%
”elf = I:J; M]_Cg(%/b})duf] = M_TO l;115(ai’ﬁi> )
1=1y+
and
7 ——llo [Jwe_h”f (u;] )d%.]—_llo 1 % I(;,3,)
mo ;) g 0 g ! y 2 b g M— TO i:To+1 e ’
where
— a )\ M = j—1—d [ ] —1
LOile,B) = (27 )i\ (=1 d
! 1
: J ”'[“(ﬁ”l iy du (@41)
o ! /5 j j
_ a .M .« j—t—d (] —1
Kodep) = (=)i( M) ( 7
=2 M,—1—d
()T s
o B Y
and

wiem = (E(Er(3)

oo w\ @ M—1-d
T o
0
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6. SIMULATION STUDY

In this section, we present a simulation study of the performance of the estimators pro-
posed in the previous sections. For the simulation study, we choose the sample sizes as
n =15,18,20 and m =5, 8, 10, 15, 18 using various values of the parameters such as &
=0.80, 1.5, 8 =0.5,0.75, and p = 0.35, 0.50, 0.80. Table 2 presents the values of MSE,
ACI, and HPD corresponding to MLEs.

TABLE 2
MSE for MLE, ACI, and HPD for a, [3, and p
(m)  (rorpenr,) @B Gme B P ACI HPD
AIL CP

(15,5) ©...02)  (0.80,05035 002 000 056 (0.10,0.11,046) (0.10,0.26032) (0.93,0.92,0.94)
(158  (2.20,..,0) (15075035 002 002 045 (0.180.28,048) (0.10,0.28,0.36) (0.93,0.91,0.92)
(18,10)  (30,....00  (0.80,0.50.50) 002 004 042 (0.11,024,048) (0.10,0.18,0.36) (0.99,0.95,0.93)
(18,15)  (5.0....05 (15075050) 002 009 036 (0.13,0.23,036) (0.23,0.16,0.35) (0.93,0.90,0.91)
(20,15)  (5,0....,0) (0.80,05,80) 001 002 033 (0.11,0.260.36) (0.32,0.26,0.22) (0.91,0.95,0.93)
(20,18) (2.22...,13) (1507580 000 001 032 (0.17,0.23,052) (0.24,0.280.25) (0.95,0.93,0.94)

Bayes estimates using the Lindley approximation, importance sampling, and one and

two sample predictions are presented, respectively, in Tables 3-5.

TABLE 3
MSE of the Bayes estimators of a, B, and p using the Lindley approximation method.
(nym) (1,7 7y) (a,8,p) SELF ELF LLF
s b b & B b & B
(15,5) ©,...,0,2) 0.80,0.5,0.35 0.00 0.00 0.02 0.1 000 0.4 000 0.00 0.01
(158  (2,20,..,00 15075035 000 002 002 001 002 003 000 000 001
(18,10) ©,...,0,3) 0.80,0.5,0.50 0.00 0.02 0.02 0.02 002 003 000 0.00 0.01
(18,15  (5.0,...,05) 15075050 001 002 003 002 002 003 000 000 001
(20,15) (5,0,...,0) 0.80,0.5,0.80 0.01 0.05 0.05 0.02 002 0.03 001 0.00 0.02
(20,18) (2,2,2,...,1,3) 15,075,080 0.01 0.09 0.05 0.2 002 003 0.01 0.1 0.02
TABLE 4
MSE of the Bayes estimators of a, [3, and p using the importance sampling procedure.
(n,m) (1 795ee57y) (a,3,p) SELF ELF LLF
& B b & B p & B b

(15,5) ©,...,0,2) 0.80,0.5,0.35 0.01 0.00 0.03 000 001 0.5 000 002 0.02
(15,8) 2,2,0,...,0) 1.5,0.75,0.35 0.01 0.00 0.06 0.00 0.01 0.5 000 002 0.02
(18,10) ©,...,0,3) 0.80,0.5,0.50 0.01 0.00 0.7 0.00 003 005 001 0.02 0.02
(18,150  (5,0,...,05) 15075050 001 000 005 001 002 005 001 002 0.03
(20,15) (5,0,...,0) 0.80,0.5,0.80 0.02 0.00 0.05 0.02 002 006 001 0.02 0.04
20,18) (2,2,2,...1,3) 15075080 002 000 008 003 002 006 001 003 0.04
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TABLE 5
MSE of one and two sample predictions of Y.

(n,m) (11,7905 7,,) P ik Onesample prediction  Two sample prediction

)eself },&elf J?:llf ﬁself ﬁelf ﬁllf
(15,5) ©,...,0,2) 035 1 1 0.05 0.06 0.01 0.03 0.02 0.01
(158)  (220,..00 035 1 2 005 006 001 003 002 001
(18,10) ©.,...,0,3) 050 1 1 005 0.07 0.01 0.03 0.02 0.02
(18,15  (5,0,...05 050 1 2 005 008 002 003 002 002
(20,15) (5,0,...,0) 080 1 1 005 0.08 0.02 0.03 0.02 0.02
20,18) (22,2,...13) 080 1 2 005 008 002 003 002 002

Based on the simulation results reported in Tables 2-5, we can list the following con-
clusions.

1. The MSE of the MLE decreases when the number of censored samples increases.

2. The average length of the approximate confidence interval and HPD are decreases
as the sample size increases.

3. The value of the MSE decreases when the sample size increases for Bayes estima-
tors.

7. DATA ANALYSIS

In this section, we consider two real data sets: the duration of remission of 13 leukemia
patients treated with a single drug (Balakrishnan and Cramer (2014)) and the breaking
strength of jute fibres under gauge lengths of 15mm and 20mm (Chaturvedi ez al. (2018)).

The first real data set, which includes the duration of remission of 13 leukemia pa-
tients, is reported in Table 6:

TABLE 6
First real data set.

Duration of remission of 13 leukemia patients:

1.013, 1.034, 1. 109, 1.266, 1.509, 1.533, 1.563,
1.929, 1.965, 2.061, 2.344, 2.546, 2.626.
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The second real data set consists of two data sets, each of which contains gauge length
of 15mm and 20mm of 30 fibres (Table 7).

TABLE 7
Second real data set.

Gauge length of 30 fibres:

15mm  594.40, 202.75, 168.37, 574.86, 225.65, 76.38, 156.67, 127.81, 813.87, 562.39,
468.47, 135.09, 72.24, 497.94, 355.56, 569.07, 640.48, 200.76, 550.42, 748.75,
489.66, 678.06, 457.71, 106.73, 716.30, 42.66, 80.40, 339.22, 70.09, 193.42.

20mm  71.46, 419.02, 284.64, 585.57, 456.60, 113.85, 187.85, 688.16, 662.66, 45.58,
578.62, 756.70, 594.29, 166.49, 99.72, 707.36, 765.14, 187.13, 145.96, 350.70,
547.44, 116.99, 375.81, 581.60, 119.86, 48.01, 200.16, 36.75, 244.53, 83.55.

Table 8 shows the test values obtained by fitting PFD to the data set. The Kolmogorov-
Smirnov (K-S) and Anderson-Darling (A-D) statistics and the corresponding p-values are
given. As a result, we generate point and interval estimates of the unknown parameters
using the binomial removal pattern based on progressive type-II censored samples. For
the Bayes estimation, we choose the values of the hyperparameters as ¢, = 1.6, b, =3.2,
a, =2, by =2, ay; = 2.5, and by = 2.5. Bayesian estimates using LLF and ELF are
evaluated by fixing h = ¢ = 2.

TABLE 8
Fitting the PFD to the real data-sets.
Data set Parameters K-S Test A-D Test
a B Statistic  p-value  Statistic  p-value
Lekumia patients 0.38 2.14 0.21 0.55 1.26 0.24
Gauge length 15mm  0.00  0.90 0.15 0.44 1.40 0.20
Gauge length 20mm  0.00 0.86 0.15 0.44 1.03 0.34

The MLEs of @, 3, and p and are given in Table 9, and the Bayes estimates of a, 3
and p under the SELF, LLF, and ELF are given in Table 10.



220 E.LA. Sathar and G.S Sathyareji

TABLE 9
MLE of a, B, and p using the duration of remission of the leukemia data-set.

(n’m) &mlc IBAmI‘\ f)mle
85) 0.14 0.14 0.13
88 018 0.16 0.28
(10,6) 0.19 0.18 036
(10,8) 029 022 0.46
(12,10) 0.39 0.38 0.48

TABLE 10
Estimators of a, 3, and p using the duvation of remission of the lenkemia data set using the M — H
algoritham.
(n,m) M-H

A A A A A A A
Aar Berr Psat @ar Bar Par % Bu Pue

(8,5) 0.10 0.12 031 034 0.12 0.13 042 033 044
(8,8) 0.15 0.15 035 042 0.14 0.18 044 040 045
(10,6) 0.19 0.19 036 044 0.19 0.18 047 048 045
(10,8) 021 026 041 045 028 027 050 049 045
(12,10) 021 036 052 049 032 033 055 058 0.62

Table 11 contains the details of one or two sample predictive estimates and predictive
intervals using different loss functions.

TABLE 11
Prediction of Y using duration of remission of leukemia data-set.
(n,m) p i k N Prediction Prediction interval
One sample Two sample

A A A N n N
Retf Xelf Ry Hgy  Hge Ay Onesample  Two sample

@5 02 2 1 8 1 012 026 018 039 023 020 (0.16072)  (0.20,0.76)
88 05 2 2 8 2 012 036 028 038 052 031 (044100  (0.23,0.75)
106) 07 2 1 10 1 012 033 046 042 031 040 (022,073)  (0.47,0.98)
(10,8 09 2 2 10 2 012 029 038 044 044 057 (0.46,098)  (0.250.75)
(12100 12 2 1 12 2 012 033 049 048 053 039 (0.24074)  (0.46,1.00)
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The MLE and Bayes estimators of the parameters are given in Tables 12 and 13.

TABLE 12
Bayes estimators using the real data-set of gange length 15mm.
(n, m)  Estimators Estimation Methods Prediction
MLE LAM ISP M-H Onesample Two sample
(30,20) Qe 0.22 - B, B j _
ﬁmle 0.34 - - - - -
]Ajmle 0.58 - - - - -
Q¢ - 052 044 056 . ;
B : 036 028 047 . }
Pt - 042 046 058 ; )
Ay - 0.25 051 045 . ;
et - 055 048 036 ; ;
B - 087 062 075 ; .
Q¢ - 023 027 0.44 . ;
ﬁllf - 0.68 0.46 0.63 - -
Pus - 0.56 053  0.49 ; ;
}eself - - - - 0.25 -
’eelf - - - - 0.35 -
’A‘m - - - - 0.29 R
At - - - - - 0.33
b - - - - - 0.36
i - - - - - 0.30
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TABLE 13
Bayes estimators using the real data-set of gange length 20mm.
(n,m)  Estimators Estimation Methods Prediction
MLE LAM ISP M-H Onesample Two sample
(30,25) Qe 0.29 . - . . i
IBmlc 0.49 - - - - -
f)mle 0.52 - - - - -
Ayt - 026 031 038 . )
Bt - 038 023 042 ; )
Dt - 047 053 0.5 ; ]
Q¢ - 0.48 032 039 ; }
B - 045 052 051 ; .
Dt - 054 056 0.8 ; )
Q¢ - 0.18 026 0.46 . )
Bt - 010 049 059 ; .
Pus - 048 036 0.65 ; ]
)eself - - - - 0.13 -
"eelf - - - - 0.52 -
g - - - - 0.47 -
At - - - - - 0.18
A - - - - - 0.31
g - - - - - 0.56

MLE and Bayes estimators of @, 5, and p using different loss functions and the
varying values of 2 are plotted in Figures 1-6.
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<« 0.2

Figure 1 - MLE and Bayes estimators of Figure 2 - MLE and Bayes estimators of 3
under SELF, ELF and LLF using Lindley under SELF, ELF and LLF using Lindley
approximation methods approximation methods

Figure 3 - MLE and Bayes estimators of p
under SELF, ELF, and LLF using the Lind-
ley approximation method
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0.3

« 0.2

0.0

Figure 4 - MLE and Bayes estimators of
under SELF, ELF, and LLF using the impor-
tance sampling procedure

<« 0.2

5 6 7 8 9 10 " 12

Figure 5 - MLE and Bayes estimators of 8
under SELF, ELF, and LLF using the impor-
tance sampling procedure

Figure 6 - MLE and Bayes estimators of p
under SELF, ELF, and LLF using the impor-

tance sampling procedure
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8. CONCLUSIONS

This paper discusses the Bayes estimation of the unknown parameters of the PFD us-
ing progressive type-II censored data with binomial removal scheme. The MLEs of the
parameters @, 3, and p are obtained. The Bayes estimates are obtained using different
loss functions such as SELF, ELF, and LLF. To evalute the Bayes estimates, the MCMC
method has been applied. Further, with the help of the posterior density and using the
importance sampling procedure, we also computed highest posterior density credible
intervals of the parameters a, 3, and p. Also, we discussed one and two sample pre-
diction and its confidence intervals. Based on the simulation study, Bayes estimation
provides better results than the MLE in terms of the MSE. The estimation techniques
described in this paper are demonstrated using two real data sets. Moreover, we showed
that as m increases, the values of the estimator also increase.
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